Variance Estimation with Dependence and
Heterogeneous Means

Luther Yap*

July 16, 2026

Abstract

This paper develops a framework for variance estimation under dependence
and heterogeneous means. This paper shows that consistent estimation of the
variance target is impossible in general, and characterizes necessary and suf-
ficient conditions for conservative variance estimation using dual cones. To
choose among the valid estimators, this paper formulates three criteria — min-
imal correction, pointwise level estimand, and pointwise MSE — and shows
how an eigenvalue truncation solution is optimal under all three criteria. This
characterization and solution allow us to assess if existing variance estimators
are valid and optimal in their respective settings, and construct the first opti-
mal variance estimator that is simultaneously robust to heterogeneous means
and cross-cluster serial correlation.
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1 Introduction

Suppose Y, € R" is a vector of random variables with E[Y,] = u € M, and
Var(Y,) = ¥ € S,. We are interested in a variance target 6,, = tr(WW,X) for some
known weight matrix W,,. The object 6, can be interpreted as the oracle variance
for >, Y, ;, which is used for inference after applying a central limit theorem. As an
example, with independent observations, W,, = I,,, but W,, also encodes dependent
observations such as one/ two- way clustering and serial correlation. To obtain the
variance target, we rely on a variance estimator that takes a quadratic form Y, A,Y,,
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for some A,,. Observe that E[Y,A,Y,] = tr(A,X) + @/ A, . When the mean is known
or consistently estimable, the second term p’ A, 1 is innocuous and can be removed by
demeaning, and the first term can recover the target. The difficulty confronted in this
paper is when means can be arbitrarily heterogeneous, so the means are no longer
consistently estimable. Considering heterogeneous means with a general dependence
structure is the novel problem addressed in this paper.

Heterogeneous means arise in several settings. Under design-based uncertainty,
where potential outcomes are fixed and cluster dependence reflects correlated assign-
ment or sampling (Abadie et al., 2023), the score for each observation is heterogeneous
and not consistently estimable by construction. In asset pricing, when we condition
on the set of assets and time observed, any omitted priced factor leaves the regression
score with a mean that varies across assets and time. In both cases the individual
means are not consistently estimable even though the grand mean is, which is the
regime in which a central limit theorem governs the sum while the summands’ means
remain unidentified and the variance of the sum becomes difficult to estimate.

This paper makes three contributions.

First, this paper establishes the limits of identification in the problem in Section 3.
With dependence and arbitrary mean heterogeneity, this paper shows that consistent
estimation of the variance target 6,, = tr(W,,X) is impossible in general (Theorem 1),
because the second moment alone is uninformative of the split between the covariance
component and the mean component. The obstruction is one of identification, not
of finite samples. Since consistency is unattainable, we can only pursue the second
best goal, a conservative variance estimand, one that is guaranteed not to fall below
the target, so that the associated statistical test remains valid (i.e., with size guaran-
tee). Seemingly disparate estimators are quadratic forms governed by the same two
objects: a linear subspace M,, of admissible mean vectors and a closed convex cone
S, of admissible covariance matrices. Necessary and sufficient conditions for conser-
vativeness in terms of these spaces are derived (Theorem 2): Y!A,Y, is uniformly
conservative for 6, if and only if A, — W, lies in the dual cone S} and A,, is positive
semidefinite on M,,.

In light of how there are many variance estimators that are valid, the second
contribution of the paper is to propose an optimal variance estimator in Section 4.
Optimality is defined relative to criteria, so this paper proposes three natural criteria
— minimal correction (which respects the dependence structure), minimum level of
the variance estimand (in the interest of having the smallest variance used in the
t-statistic and hence the most powerful test), and mean-squared error (MSE) (which
is a common benchmark that assesses the quality of an estimator). The solution
proposed in this paper is to set A, to be an eigenvalue truncation (ET) of W,,.
Under some conditions, this solution is optimal under all three criteria. (Theorem 3)
If these conditions do not hold, then these criteria can nonetheless be transformed
into constrained conic optimization problems, so an optimal solution can be obtained
numerically. (Proposition 3)



Given the framework and conditions for validity and optimality, the third contri-
bution of the paper is to assess if existing variance estimators in economically relevant
settings with dependence are valid and optimal under heterogeneity, and if they are
not, obtain the optimal conservative variance estimator. Section 5 considers several
existing examples. The plug-in one-way cluster robust variance estimator is valid un-
der mean heterogeneity (a result known from Abadie et al. (2023)), but now we also
certify that it is optimal. In two-way clustering, the plug-in variance estimator from
Cameron et al. (2011) (CGM) is not valid under mean heterogeneity, while the CGM2
modification from Davezies et al. (2021) is valid — these results are known from Xu
and Yap (2024), and are corollaries of our setting. While CGM2 is valid, the new
result is that CGM2 is not optimal as it does not match the ET solution — the dif-
ference is that CGM2 adds observation-specific variances to CGM, while ET adds the
observation-specific within-transformed variances, which results in a smaller variance
estimand. Section 6 extends the two-way cluster dependence to allow for cross-cluster
weak dependence, a dependence structure considered in Chiang et al. (2024) (CHS).
The plug-in variance estimator from CHS is invalid under mean heterogeneity, so a
novel optimal conservative variance estimator is proposed as a corollary of this pa-
per’s theory. This section also develops the w-dependence framework, the central
limit theorem, and consistency. Simulations and an empirical application close the
section.

Related literature. This paper relates to three strands of literature.

The first is variance estimation in dependent arrays. Cameron et al. (2011) and
Chiang et al. (2024) provide variance estimators under the two-way clustering and
two-way clustering with cross cluster correlations, but both assume mean homogene-
ity. This paper extends their variance estimators to be robust to mean heterogeneity.
Beyond variance estimation in the setting with two-way clustering with cross cluster
correlations, this paper also provides a central limit theorem that is weaker than the
one used in CHS, as this paper relies on the i-dependence limit theory from Ko-
jevnikov et al. (2021) (KMS) that does not rely on an Aldous-Hoover representation,
thereby accommodating data-generating processes outside the representation, similar
to Yap (2025).

The second is distributional and mean heterogeneity. In time series, Chan (2022)
and Casini (2023) permit time-varying means and second moments but require enough
regularity to estimate the mean function consistently, whereas we impose no regularity
on the mean sequence and instead modify the estimand to guarantee conservative-
ness. The interaction between dependence and mean heterogeneity has been rather
disparate in design-based settings: settings with independence (Abadie et al., 2020)
or one-way clustering (Abadie et al., 2023) have conservative plug-in variances, while
two-way clustering does not (Xu and Yap, 2024). This paper’s framework unifies
these dependence structures, and the conservativeness criterion gives a general and
practical way to check if a dependence-robust plug-in is conservative. Further, this pa-
per extends conservative variance estimation under mean heterogeneity beyond these



settings to the CHS dependence structure, and additionally derives optimal variances.

Third, a long tradition in time-series and clustered variance estimation is con-
cerned that a quadratic form YW, Y, can return a negative number in finite sam-
ples when W, is not PSD. Newey and West (1987) address this ex ante by adopt-
ing the Bartlett kernel; Andrews (1991) characterizes the class of kernels delivering
positive-semidefinite estimates and identifies the quadratic-spectral kernel as mini-
mizing asymptotic mean-squared error within it. A complementary, ex post tradition
takes a possibly non-PSD estimate and projects it onto the PSD cone by eigenvalue
correction, the operation which appears in clustered inference as the eigenvalue cor-
rection of Chiang et al. (2024). Our framework differs in two respects. First, the
non-PSD-ness we confront is not a sampling-noise artifact of a particular realization
but a structural feature of the population weight matrix that the dependence design
dictates so it does not vanish as the sample grows and cannot be diagnosed from any
single estimate. Second, and consequently, our optimality is stated for the estimand,
not the estimate: where the classical corrections enforce a threshold on a realization or
minimize the distance of an estimate to the positive-semidefinite cone, ours minimizes
the mean-induced bias of the targeted variance subject to conservativeness.

2 Framework and Quadratic Representation

2.1 Statistical model and parameter

For each n > 1, let Y,, = (Y,,1,...,Y,n)" € R™ be observed, distributed according to
P,. Define
w(P,) = Ep, Yy, Y(P,) := Varp, (V).

This paper will drop the indexing on P, when it is without ambiguity.
The researcher commits to two structural objects:

e a linear subspace M,, C R" of admissible mean vectors;

e a closed convex cone S,, C Sym;r of admissible covariance matrices, where Sym;r
denotes the positive semidefinite cone in the space of symmetric n X n matrices
Sym

n-

The model is
Pu(M,, S,) :={ P, : Ep,||[Yall? < 00, u(P,) € M,,, 2(P,) €S, }.
Let W,, € Sym,, be a known symmetric weight matrix. The parameter of interest is
0, (Pp) := to(W,5(Py)), P, € Po(M,,S,).

An important context where 0, is interesting is whenever some central limit the-
orem is applied while allowing for dependence across observations and mean hetero-

4



geneity. The central limit theorem yields (>, Y, ; — E[Y,,]) /v/Var (3, Vo) 4
N(0,1). While 237" | E[Y; ;] is consistently estimable from the theorem, the indi-
vidual means may not be when there is sufficient heterogeneity, which makes the
estimation of Var ()", Y,,;) tricky when conducting statistical inference. When W,
corresponds to an adjacency matrix and encodes several dependence structures, this
parameter of interest 6, converges to Var (Y ,Y;,;) under some conditions, even
when dependence across Y,,; is permitted. For instance, W, = I,, corresponds to
independent observations. In time series settings with a kernel adjustment for the
variance, W,, would reflect these kernel adjustments.

The pair (M,,,S,,) encodes the researcher’s structural commitments. Larger M,,
and §,, correspond to weaker assumptions and stronger demands for robustness. Two
extreme cases are instructive. At one end, S, = Sym;L imposes no structure on the
covariance and yields the maximally dependence-robust posture: the researcher seeks
conservativeness against any covariance compatible with 3 > 0. At the other end,
S, = {0*I, : 0 > 0} encodes iid sampling and admits the classical demeaned sam-
ple variance. Intermediate cones encode block independence (clusters), bandedness
(m-dependence), or diagonal structure (without correlation), each yielding its own
optimal estimator.

Examples of §,,.

o Sid.— {52],: 0% > 0}: iid sampling.

o Sdiag .= {3 = (: X diagonal}: heterogeneous variances but uncorrelated.
o SPlock .= {31 =0:%; =0if g(i) # g(j)}: cluster independence.

o S .— (30 ¥i; = 01if |i — j| > b}: b-dependence.

Similarly, M, can encode the known structure of the problem. Fully unre-
stricted means corresponds to M, = R", while constant means corresponds to
M, = span{l,}, as two extreme cases. If we have heterogeneous means but are
able to consistently estimate the mean of all elements in p, then after demeaning by
the grand mean, we may restrict our attention to M,, = {u: 1/,u =0} = 1;-.

2.2 Quadratic-form estimators and dual cones

A quadratic-form estimator takes the form XA/AW(Y,L) =YA,Y, for some A, € Sym,,,
with expectation

Van(Py) == Ep, [V, AY,] = t(A.S(P,)) + w(P) App(Py). (1)

Van(P,) is an estimand, which is not necessarily the target 6,,(F,).



The canonical plug-in estimator for the sum of Y,, (i.e., 1)Y;,) corresponds to

A, = W,, with bias
VW,n(Pn) —0u(P) = ﬂ(Pn)/Wn:U(Pn)'

This bias can be negative when W, has negative directions inside M, arising in
anticonservativeness in inference.

To analyze conservativeness across the full pair (M,,S,), we use cone duality.
The dual cone of S,, is

S :={B€Sym,:tr(BX) >0forall ¥ €S,}. (2)

Since S, € Sym; and Sym’ is self-dual, S O Sym., with equality when S,, = Sym,".
For strict subcones, S contains symmetric matrices that are not positive semidefinite,
and this larger admissible region is precisely what licenses non-PSD corrections such
as demeaning.

Examples of dual cones, all easily verified from (2):

(S5 = {A: tr(4) > 0}, (51" = {A: diag(A) > 0}.

For SPleck A € SPlock* if and only if each within-cluster diagonal block of A is positive
semidefinite, with arbitrary off-block entries. The covariance cones sit in a partial
order: Sid c §dias C Shlock © Sym*. Dual cones reverse the order.

3 Impossibility and Conservativeness

3.1 When consistent estimation is impossible

The same second moment matrix may admit different decompositions into a mean
component and a covariance component:

E[Ynyﬁ = Z(Pn> + M(Pn),u(Pn)/‘

The target 0, (P,) = tr(W,X(P,)), however, depends only on the covariance com-
ponent. Hence, if the model permits a rank-one term pp’ to be shifted between
covariance and mean while preserving admissibility, then the target changes but the
expectation of every quadratic estimator does not. This yields an impossibility result
for uniform consistency over the quadratic class.

Theorem 1 (Impossibility of consistency). Fizn and consider the model P,(M,,, Sy).
Suppose there exist g € S, and v, € M, with ¥y + v,v, € S,. Then, for any
A, € Sym,,

~ 1
sup ‘Epn Van] — Qn(Pn)’ > §|U;ann|
Pn€Ppn(Mn,Sn)



To gain some intuition for the result, suppose &, is the set of diagonal matrices,
and v, = (1,0,---,0) € M,,. Then, the second moment alone cannot distinguish
p1 =1 and ¥y =1 from gy =0 and ¥y = 2.

As a corollary, write A, =< 6, for the scale of the target. If v W, v, # o()\,), then
the relative worst-case bias of every quadratic estimator is bounded below,

1 -~ v, Wy,
— sup ‘Epn Van] — Gn(Pn)| | |
i PoePr(Mn,Sn) 20

4 0.

Consequently no quadratic estimator is consistent in that XA/Ayn /0, 2 1, uniformly
over the model: at the two Gaussian points P, @, of Theorem 1 the normalized
forms V4, /0, are L>-bounded along the sequence, hence uniformly integrable, so
consistency would force relative asymptotic unbiasedness Ep, [‘A/Ayn] /0, — 1 at each
point, contradicting the display.

The proof rests on a two-point moment-matching argument: two distributions
P,,Q, € P, can have the same expectation of every quadratic functional yet dif-
ferent values of 6,,, rendering them indistinguishable in expectation to the quadratic
class. The factor reflects that any estimator’s expectation is a single number that
cannot simultaneously match two admissible distributions with the same quadratic-
form expectation but targets differing by v/,W,,v,,, so its bias against the worse of the
two is at least half that gap.

Example 1 (Demeaned sample variance). The following example does not satisfy the
conditions of the impossibility result. Let W, = I,,, M,, = span(1,,), and S,, = Sii4,
s0 0, = no?. Then S = {A:tr(4) > 0}, and

1
Ap=—"My . My, =1, —-1,1..
n—1 n

The estimator Y, A, Y, = 22> (Y, — Y,,)? is exactly unbiased for no? on the model.

The impossibility in Theorem 1 requires the cone §,, to admit a perturbation along
the mean direction: there must exist ¥y € §,, and v, € M,, with ¥y + v,v/, € §,, and
vl Whv, # 0. In the iid case this feasibility condition fails. Any v, € M,, = span{1l,}
has the form v, = al,, so v,v, = =a?l » 1! arank-one matrix with nonzero off-diagonal
entries. For any Xy = 021, € Sid the perturbed covariance ¥y + 21,1/, is not a
scalar multiple of I,, and therefore lies outside Si¢ whenever a # 0. The cone is too
narrow for the adversary to hide mean variation inside a covariance perturbation, and
consistent estimation of 6,, = no? is restored.

3.2 Characterization of conservative estimands

In light of how consistent variance estimation may be impossible, we may use conser-
vative variance estimators to avoid being oversized in inference. The following result



provides necessary and sufficient conditions for a variance estimand to be conservative
using the dual cone representation.

Theorem 2 (Conservativeness via dual cones). The estimand Va ,(P,) = Ep,[Y, A, Y]
satisfies Van(Pn) > 0,(Py) for every P, € Pn(M,,S,) if and only if

(C1) A,—-W,eS:, (3)
(C2) WA, >0 forall p € M,,. (4)

When S, = Sym,!, self-duality gives S = Sym_ and (C1) reduces to A, — W,, =
0 on R™, since tr(BY) > 0 for every PSD ¥ if and only if B is itself PSD. For
strict subcones, (C1) is weaker, admitting estimators that exploit covariance structure
to sharpen the correction. A corollary of this lemma is that the plug-in variance
estimator with W,, is conservative whenever W,, is positive semidefinite.

However, if A, = W,, is not positive semidefinite, (C1) can still be satisfied, and
(C2) is still satisfied if M,, is sufficiently restricted (e.g., M,, = {0}). Nonetheless, if
M, = R" then (C2) is equivalent to positive semidefiniteness of A, = W,,, so W,, not
being positive semidefinite implies that Vi, (P,) < 6,(P,) for some u € M,. This
result will be evident in CGM and m-dependence.

The characterization of conservativeness appears similar to the classical positive-
semidefiniteness corrections in the variance-estimation literature. Proposition 1 states
the connection between the estimator and the estimand: if W, is positive semidefinite,
then both the estimator is always positive semidefinite, and the estimand will be valid.

Proposition 1 (Correction of Estimand vs Estimate). Consider the plug-in ‘A/Wm =
YW,Y,, with target 6,,(P,) = tr(W,,3(F,)). The following are equivalent:

(1) VW,n > 0 for every realization Y,, € R™ (realized non-negativity);
(ii) Ep, [?Wn] > 0,, on P,(R",S,,) for every closed convex cone S,, C Sym.';
(iii) W, = 0.

Beyond this similarity, the purpose and objective of the conservativeness are differ-
ent. Corrections of the variance estimator are motivated by realized non-negativity: a
quadratic form YW, Y, with W,, # 0 can return a negative number in a given sample,
and the standard remedy enforces 1% > 0 directly. A realized-non-negativity fix acts
on the estimate: it adjusts the random variable Vyy,, so that no draw falls below zero,
but it does not change which estimand Vi, (P,) = tr(W,X) + @/'W,, i is being tar-
geted. When the plug-in is anticonservative, the problem is that Viy,(P,) < 0,(FP,),
i.e. W”'Wop < 0, even though Viy,,(P,) itself remains positive because the covariance
term tr(W,X) = 6,, dominates; a floor at zero leaves the gap p/W, u untouched. The
correction developed in this paper acts instead on the estimand: replacing W, with
an A, that satisfies the conditions of Theorem 2 changes the targeted quantity.



4 Optimal Conservative Variance Estimation

This section develops criteria that define an optimal variance estimator. Section 4.1
introduces these optimization criteria while Section 4.2 shows that an eigenvalue
truncation (ET) solution A% solves all problems under some conditions. When the
conditions for ET optimality fail, these criteria can nonetheless be formulated as conic
programs that can be solved numerically — the topic of Section 4.3.

4.1 Three optimization problems

By Theorem 2, every uniformly conservative quadratic estimator on P,(M,,S,,) cor-
responds to a matrix A, € Sym,, satisfying (C1)-(C2). Among such estimators we
seek one that is “best”. Three natural criteria arise: the first is a minimal correction
criterion that ensures A, departs from W, as little as possible; the second is a level
criterion that minimizes the variance estimand subject to validity, in the interest of
the most powerful tests; and the third is the MSE, the common benchmark for the
quality of an estimator.

The target 0,, = tr(W,,X) is a known function of W,,, and the plug-in A, = W,
estimates it with mean bias p/'W, . The plug-in is anticonservative precisely when
W, % 0 (Theorem 2); when it is conservative, no correction is warranted. Where a
correction is needed, the natural object is the one that repairs anticonservativeness
while disturbing the plug-in as little as possible. We measure the disturbance by the
worst-case upward adjustment of A, relative to the plug-in W,, over admissible mean
directions,

Rn(An) = Sup W (An — Wa)p. (5)
HEMn, [|lp]=1

Criterion 1: Minimal Correction. Let P, denote the orthogonal projector

onto M,,. The minimal-correction problem is

min R, (4,) subject to A, —W, €S;, Pum,A.Pnm, =0, (6)

ApESym,,

and it depends on (M,,, W,,) alone, so its solution applies uniformly across the model
class. In the optimization problem (6) (C2) is imposed in the equivalent single-
matrix form Ppy, A, Pr, = 0. The equivalence is immediate: for every p € M, one
has Py, i = p, so ' App = i/ Pa, A P, i1, and ranging over p € M,, shows (C2)
holds if and only if the restriction of A,, to M,, is positive semidefinite. The projected
form is the usable one for computation: it is a single linear matrix inequality rather
than an infinite family of scalar constraints.

Criterion 2: Level. The level of the estimand targeted by A, is its expectation

Van(p, B) = Ep, [V A Y] = tr(AE) + pf App = tr (A, (S + i),

and among conservative corrections one would like the one whose estimand is smallest,



so as not to over-inflate the variance and lose power. The pointwise level problem at
a given admissible (u,Y) is

min  tr(A,(Z + pp)) s.t. A, —W,eS:, Pum,APm, =0. (7)

Ap€Sym,,

Criterion 3: MSE. With MSE, (A,; 1, ¥) := Ep,[(Y,/4,Y,, —0,)?], the pointwise
MSE problem at a given admissible (u,Y) is

min  MSE, (4,; i, X) s.t. A, —W,eS:, Pu,APm, =0. (8)

Ap€Sym,,

Both (7) and (8) reference the unknown (u, ¥), and—unlike minimal correction—
neither admits a worst-case formulation over the model: along ¥ = ¢}y the MSE
variance term grows like ¢ and the level term tr(A, X)) grows like ¢, so the supremum
over the scale-free cone S,, diverges for every feasible A,, and cannot rank candidates.
Section 4.3 resolves this by replacing the worst case with an average case.

Remark 1 (The bias and level criteria coincide). A natural objective to consider
is to minimize the bias |V4,(u, X) — 6,], but this problem coincides with the level
problem. The bias of A,, decomposes as Vi, (ut, 2) — 0, = tr(A, (S + pp')) —tr(W,X),
and tr(W,X) does not depend on A,. Hence, minimizing the bias and minimizing
the level are therefore the same optimization problem. This result is also intuitive:
validity implies V4, (1, £) > 6, so for a given (u, X), the bias is simply Va (1, £)—6,,
and minimizing that object is the same as minimizing V4 (1, X), subject to validity.

Remark 2 (A degenerate minimizer). Since (6) reads A, only through its M,,-
block, it cannot exclude estimators that are cheap on M,, but wild off it. Take Sdi28,
M, = 1#, and W,, = I,,. Because W,, = I, acts as the identity on M,,, every feasible
A, satisfies

Ru(A,) = sup (A, —L)pn= ( sup M/An/l> -1 > -1,
HEM, [lull=1 HEMu, |lpll=1

the inequality by (C2), with equality if and only if /A, u = 0 for every u € M,,. The
value —1 is therefore the minimum of (6), and it is attained by A, = 1,1/, which is
feasible — (C1) holds since diag(1,1,, — I,) = 0, and (C2) since P, 1, = 0 — and
which yields the trivial estimator ?A,n = (3>, Y,:)? The minimal-correction criterion
thus selects an estimator with no sampling content at all, strictly preferring it to the
truncation; it is insufficient for selecting an estimator, and the variance discipline of
the MSE problem (8) is what rules such minimizers out.

The MSE criterion controls sampling variance directly, eliminating the degeneracy
illustrated by (3, Y;.;)?. The cost is that the objective involves the third- and fourth-
moment tensors. Specifying these requires distributional assumptions beyond the
second-moment structure encoded by (M, S,).
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4.2 The eigenvalue-truncation solution
The weight matrix W,, has the following spectral decomposition
W, = U,A\,U;, A, =diag(An 1, .-, Adnn)-
Write AT := max{),0} and A~ := max{—\,0}, set AF := diag(),;,...,A},), and

n,17
define

n

WH=UAU,  Wo=UALUL, A™ = min Ay, = Ain(Wh),
J

so W,, = W — W, both terms are positive semidefinite, and A™" is the smallest
eigenvalue of W,,. The eigenvalue-truncation (ET) weight matrix is:

Ar =W =UAU. 9)

It is identical to W, except that it truncates the negative eigenvalues at zero. A% de-

pends only on the known W,,; it never references S,, and never requires an estimate of

Y. Due to Theorem 2, A% is valid for any (M,,, S, ), since W, is positive semidefinite.
The following definitions and assumptions are used to characterize optimality.

Definition 1 (Spectral class and aligned cone). Fix an orthonormal eigenbasis {gy,;}7—,
of W, so that W,, = 2?21 Anj Qnjqn; (Where g, j = U, ;), and write

n

Ala) = Zaj . > a € R"™

j=1
The spectral class is
= {A,(a) =W, + Aa) : a€R"},

and the aligned cone is .
SZV‘d‘ag = {A(s) 18 € Rﬁ},

the covariances commuting with W,.

SW-diag ig generated by the eigenprojectors Gn.jn,j> SO
SW-diag € Gy qqu,/%j € S, for every j. (10)

The containment (10) is the operative restriction on the cone in (ii) and (iii) below.
It is a demand on §,, from below, and is inherited by every larger cone.

The MSE criterion is a fourth-order object, so it cannot be evaluated from (M,,, S,,)
alone. We impose the following shape restriction, which makes the MSE a function
of (u, ) only.
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Assumption 1 (No skewness, Gaussian fourth-cumulant structure). For every P, €
Pn(M.,,S,) the vector Y, has finite fourth moments, and Z :=Y,, — i satisfies

Epn [ZleZk] =0 for all i,j, k’, /iijkl(Pn) =0 for all i,j, k', l,
Where Hz’jkzl(Pn) = Epn [le]ZkZl] —]E[ZZZ]]E[ZkZl] —E[Zle]E[ZJZl] —]E[lel]E[ZjZk]

The no-skewness condition is implied by symmetry of Z about zero, Z L 7z ; the
Gaussian fourth-cumulant condition is implied by Gaussianity, and for elliptical dis-
tributions k) is proportional to the Gaussian tensor scaled by a kurtosis parameter.
Assumption 1 restricts the shape of Z, not its location p or scale ¥, both of which
remain arbitrary within M,, x S,,.

Theorem 3 (Eigenvalue truncation: validity and optimality). Let A} be as in (9),
and assume M, = R".

(i) Minimal correction. Suppose S, # {0}. Then, A7 = W, solves (6) with
optimal value R, (A%) = (—Amin),

Parts (ii)(a)-(b) and (iii) assume in addition the containment (10).
(ii) Level.

(a) For every W = X + up’ = 0, A% solves the level problem (7) over the
uniformly conservative members of AP. This solution is unique if and
only if ;= q;, ;Wqn,; > 0 for every j.

(b) If in addition ¥ € SV-4e then A% minimizes tr(A, V) over all uniformly
conservative A, € Sym, , spectral or not.

(¢c) Let S, be closed. If qnrq, ) & Sn for some k with A,y > 0, then some
uniformly conservative A, € Sym,, satisfies tr(A,¥) < tr(AxV) at ¥ =
Gn kG g, = 0.

(iii) MSE. Suppose Assumption 1 holds. Then for every u € R" and every ¥ €
S;L/V—diag}

MSE, (A; 1, ¥) < MSE,,(A; i1, X) for every uniformly conservative A, € AP,

so Ay, solves (8) pointwise; the minimizer is unique if sj = q,, ;%qn; > 0 for
every j.

In (ii) and (iii), the spectral class AP is the set of weight matrices built from the
known W,, by adjusting its eigenvalues but not its eigenvectors: every estimator in
Section 5 lies in it, so it is not restrictive. Within it, ET is the Loewner-least element.
By (ii)(b), at any ¥ diagonal in the eigenbasis of W, no uniformly conservative
A,, undercuts ET. What a non-spectral A,, can do is beat ET at particular (p,3);

I
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capturing that gain means orienting weight toward the unknown second moment and,
for MSE, toward its split into uu’ and ¥, which Theorem 1 forbids learning. Parts
(ii)(a) and (iii) differ only in that (iii) claims pointwise optimality in Sy =48 while
(ii) claims pointwise optimality for every W = 0.

Remark 3 (The conditions constrain the cone). The constraint (10) asks the cone to
place mass on each eigendirection of W,,, which can be restrictive. Let the covariance
model be a zero pattern, S,, = {X > 0 : ¥;; = 0 whenever units ¢ and j are not
permitted to covary}. By (10), what matters is whether each g, ;q, ; vanishes at
every forbidden cell. Under two-way clustering, units are indexed by (g,h) with
g < Gand h < H, G,H > 2; two units may covary exactly when they share g or
share h. The top eigenvector is ¢ = 1,,/4/n, and its projector 1,1/ /n is nonzero
at every cell, including the pairs sharing neither index. Hence ¢¢’ ¢ S, (10) fails,
and by Theorem 3(ii)(c) some uniformly conservative A, strictly undercuts ET at
U = ¢¢’. Under a bare two-way cone, then, ET remains uniformly conservative and
minimal-correction optimal, but is not level- or MSE-optimal.

A researcher unwilling to buy optimality with those covariance restrictions can
instead enlarge the cone until the containment holds. Call a convex cone 7 C Sym
an admissible enlargement of S, if S,, C T and T satisfies (10). Adding the aligned
cone produces the smallest enlargement, formalized in the next proposition.

Proposition 2 (The minimal aligned enlargement). Let M,, = R", let S,, C Sym;
be a convex cone, and let

87? = Sn _'_SZV—diag = {21 + 22 : 21 € Sn, 22 € S);V—diag}

denote their Minkowski sum.

(i) Minimality. ST is an admissible enlargement of S, and S& C T for every
admissible enlargement T .

(ii) The dual price. (82)* = S* N (SV-dae)* where

(SZV-diag)* — {D c Symn : q;,]an’] 2 0 fO’f‘ every ]}7

so A, is uniformly conservative on P,(R™ SP) if and only if it is uniformly
conservative on Pp(R",S,) and q;, ;(An — Wa)gn; > 0 for every j. Moreover
T* C (82)* for every admissible enlargement T .

Optimality is then a corollary. Since S satisfies (10), Theorem 3(ii)(a)—(b) and
(iii) apply to it verbatim, so A% = W' solves the level problem at every ¥ = 0
within AP, and, under Assumption 1, the MSE problem at every u € R™ and every
Y € §V-diag The enlargement changes the constraint set, not the estimator: by (9),
A’ never references S, so any convergence result for Y, ArY, established under the
dependence environment that generates S,, continues to hold unchanged.
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Remark 4 (Optimality over a restricted dual cone). Validity is unaffected. What
the enlargement changes is the feasible set of (6), (7) and (8): by Proposition 2(ii)
the constraint (C1) tightens from A, — W,, € S to

Ay, =W, eS8, and g, (A, —Wya)gn; >0 for every j,

which discards exactly the competitors that undercut ET along eigendirections The-
orem 3(ii)(c) constructs. Optimality of ET is therefore optimality over a restricted
dual cone, and by Proposition 2 the restriction is the smallest one that delivers it:
any other admissible enlargement discards more competitors.

An A, beating ET under S,, places weight on the cells S,, declares to be exactly
zero. The extra dual constraint of Proposition 2(ii), ¢, ;(A, — Wy)gn; > 0 for ev-
ery 7, is precisely the inequality it violates. Such an estimator draws its advantage
from being valid if the zero pattern holds exactly, but fragile to misspecification of
covariances. Declining that advantage is what ST formalizes.

The ET variance estimator is shown to converge to the intended variance estimand
under some primitive conditions in Lemma 2 in the appendix. Hence, when coupled
with a central limit theorem, the variance estimator can be used for robust and op-
timal inference. These limit theorems are often derived under particular dependence
structures, so the formal statement is deferred to Section 6. We fix A} = W, as the
closed-form benchmark.

4.3 Average-case criteria

Outside the regime where optimality is established, no correction dominates point-
wise: the MSE- and level-minimizing A,, move with (u, ), orienting weight toward
the mass of ¥ in a way Theorem 1 forbids learning. Similarly, the minimal correc-
tion problem may not be minimized at ET when M, # R". A worst-case selec-
tion is unavailable as the entire identification problem is that the second moment
E[Y,Y,)] = ¥ + pup' does not reveal how its mass splits between pyu' and X. There is
no canonical adversary, and selecting a unique estimator requires committing to how
the residual uncertainty in (u, ¥) is weighted.

We make that weighting explicit. Let 7 be a researcher-declared probability mea-
sure on M, x &, with finite fourth moments, and define the w-averaged MSE and
the m-averaged level,

NSE, (Ay: ) = /MSEn(An;u, ) dr(p, %), (11)
Va(Ay7) = /tr(An(E + ) dre(p, X) = tr(A,¥,), (12)

where U, = E.[¥ + pup'| > 0 is the prior second moment of Y,,. The associated
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programs are

B msin MSE,, (A,; 7) s.t. A, =W, eS8 Pum, APy, =0, (13)
n€ ymn
B msin tr(A,V,) s.t. A, —W,eS:, Pu,A.Pum, = 0. (14)
n€SYym,,

The measure 7 requires no estimation of  or ¥ and never invokes the extreme rays
of S,. Averaging names no adversary, so both (13) and (14) remain finite. Notably,
the choice of 7 is irrelevant for validity, because the constraints are satisfied by the
A, that solves the programs even if the 7 is misspecified.

The minimal-correction criterion does not require a declared 7, because its objec-
tive R, (A,) = SUD e M, ul|=1 W (A, — W, depends only on (M,,, W,,), both known,
and its worst case is taken over the compact unit sphere of M,,. The optimization
problem for this criterion directly is also conic.

Proposition 3 (Conicity of the optimization problems). Suppose S,, is a closed con-
vex cone and M, is a linear subspace.

(i) The minimal-correction problem (6) is a convex conic program in A,.

(ii) Let  be a probability measure on M,, X S,, with finite fourth moments, and sup-
pose that for m-almost every (u,X) the admissible moment tensors (m3), k™)
are such that MSE,, (A,; u,X) is convex in A,,. Then the m-averaged MSE pro-
gram (13) is a convex conic program in A,.

(1it) Let m be a probability measure on M,, x S,, with finite second moments. Then
the m-averaged level program (14) is a linear conic program in A,,.

Conicity is practically attractive: any specific instance of these three programs
can be solved with interior-point solvers once the problem data (W,, M,,S,) and
the moment-tensor class are specified. The conic formulation is the fallback when
no closed form is available, say, when the conditions of Theorem 3 do not hold, and
restores a computable optimum.

Under the conditions of Theorem 3, ET is also the optimal solution for these
optimization problems regardless of the choice of 7. Since ET is pointwise optimal
for every m, it continues to be optimal after integrating over m. The average-case
criterion is thus a single criterion across regimes.

However, unlike the ET solution, it is in general more difficult to show that the
variance estimators obtained from solving numerical conic programs converge to the
intended estimand.

5 Examples and Optimal Corrections

This section explains how the framework’s optimization problem applies to standard
and new variance estimators. Fach subsection states the weight matrix W,,, the
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admissible cone S,,, and the optimal correction AY.

5.1 Omne-way cluster-robust estimators

With observations partitioned into clusters Gy, ...,G¢, and indicator vectors B, €
R™, the one-way cluster-robust estimator is

Cn 2 Chn
Veun = Y (Z Yn) =Y, WY, W™= B.B.
c=1

c=1 \ieG.

Each B.B/ is positive semidefinite, so W< is globally PSD, and the plug-in is uni-
formly conservative for every admissible mean space. Hence A* = W< and hetero-
geneous means cannot induce anticonservativeness when the weight matrix is globally
positive semidefinite. This result shows how the plug-in one-way cluster robust vari-
ance estimator is not only conservative in design-based settings (as established in
Abadie et al. (2023)), it is also optimal.

5.2 Time series: HAC estimators

A generic HAC estimator is the quadratic form

vHAC,n = ZZKCb

i=1 j=1 n

J > Y, Yo, = Y/WHACY, - (HAC) . K(Z b_ J ) ,

with WHAC symmetric Toeplitz. Whether the plug-in A% = WHAC is already optimal
turns entirely on the spectral window of the kernel. For a symmetric banded Toeplitz
matrix B with value ¢, on its k-th diagonal, the spectral window is the generating
function

flw):=co+2 Z cx cos(kw), w € [—m, 7,

k>1
the Fourier transform of the kernel weights. Two facts connect f to the eigenvalues of
B: every eigenvalue lies in the range of f (each Rayleigh quotient is a weighted average
of f values), and by Grenander—Szeg6 the empirical eigenvalue distribution converges

to that of f. The sign of f therefore governs whether the plug-in is conservative. We
contrast two kernels.
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5.2.1 Naive m-dependence plug-in

Consider a scalar time series {Y;}7_, that is m-dependent, so Cov(Y;, Yy ) = 0 for
|k| > m. The variance of the sum is

Var (Z Yt> = Var(yy) + i > [Cov(Yy, Yiur) + Cov(Yeur, V7))

k=1 t

The naive plug-in replaces each covariance with the product Y;Y;,; and weights all
admissible lags equally,

VR =3 V2 4+ 303 (WY + YiusVi) = Y'BY,
t k=1 t

where B,, € Symg is the symmetric banded Toeplitz matrix with ones on bands
0,1,...,m. Its spectral window is the Dirichlet kernel of order m,
sin((m + 3)w)

sin(w/2) '

fon(w) =1+2 Zcos(k:w) =

k=1

which oscillates in sign, vanishing at w = 27j/(2m + 1), j = 1,...,m, and taking
negative values between successive zeros. A positive fraction of the eigenvalues of
B,, are negative, so B, is indefinite. Two consequences follow. First, the realized
Y'B,,Y can be negative in a given sample regardless of the mean—the classical defect
that motivates a positive-semidefinite kernel. Second, under the agnostic mean space
M, = RT the negative eigendirections lie inside M,,, so the plug-in estimand is
anticonservative for means loading on them. Due to Theorem 2, the variance estimand
can be anticonservative — an example is provided in Appendix A. The eigenvalue
truncation A% = B} addresses both issues.
The optimal correction is the positive-part operator

A% = B} = Umax(A, 0)U’,
where B,, = UAU’ is the spectral decomposition. In the frequency domain, the

optimal estimator has spectral window f*(w) = max{ fpi(w), 0}, modifying B,, only
on the frequency band where fp;, < 0.

5.2.2 Newey—West with Bartlett kernel

The Newey—West estimator replaces uniform weights by linearly declining Bartlett
weights w(k, M) =1—Fk/(M + 1) for |k| < M,

VAW = y'Cy,Y, (Cor)es = w(|t — s|, M),
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with Cy; € Sym, banded Toeplitz. Its spectral window is the Fejér kernel,

1 [sin((M + Dw/2))?
B M+1( sin(w/2) ) 20,

Jrej(w)

the squared modulus of a Dirichlet kernel, hence nonnegative everywhere. Because
every eigenvalue of a symmetric Toeplitz matrix lies in the range of its spectral win-
dow, nonnegativity of fre; forces Cy = 0 exactly, in every finite sample—the positive-
semidefiniteness for which the Bartlett kernel was introduced (Newey and West, 1987).
No truncation is ever required: A% = C), and the identification problem of this paper
does not bind in the Bartlett—-HAC setting.

5.3 Two-way clustering

We work in a balanced panel with G groups and T periods, one observation per cell,
son = GT, and identify R" = R” ® RY. With row clusters indexed by ¢ and column
clusters by ¢, the Cameron—Gelbach—Miller (CGM) weight matrix is

W =W+ Wl =Wt Wi =Jr@le, W, =Ir®Js, Wi =1,

where Jo = 1¢1y; and Jr = 171/, Each component is positive semidefinite, but the
subtraction renders W2*"® indefinite, so under heterogeneous means the plug-in is

anticonservative (Xu and Yap, 2024)—a direct instance of the converse in Theorem 2
at M,, = R". Let

we  wo o,
Py = In — Lo L _n) Jn = ]—n]-/ )
00 T G + n "

be the orthogonal projector implementing two-way demeaning, (Poo y)gt = Ygt — Yot —
Uy + .., and the associated subspace Sy := range(Pyo).

Corollary 1 (Optimal two-way correction). Under M,, = R"™, the eigenvalue-truncation
estimator of Theorem 3 is

A7 = (W)t < W2y Py,

equivalently Y1 ALY, = YWY, + 3 Yy — Vi — Yy + Y.)%

The CGM matrix subtracts W = I, to undo the double-counting of cells
entering both the row-cluster and column-cluster sums. Consequently, on the two-
way within subspace (vectors v orthogonal to every row and column mean), we have
W2wayy = —p, resulting in a negative eigenvalue of —1. Truncating its eigenvalue to
zero adds exactly the projector Py, onto that subspace. Since the within subspace is
precisely where heterogeneous means generate anticonservativeness (Theorem 2), the
correction places nonnegative mass only where the plug-in was deficient.
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CGM2 uses weight matrix WY + WT = A* + (I, — Py). Since I, — Py = 0,
CGM2 is uniformly conservative but non-optimal: it overshoots Ay on the between-
group and between-time directions, where no correction is needed. This overshoot
is the same order as the correction when means carry between-cluster heterogeneity,
so there is a finite-sample effect, visible in the simulations of Section 6.5, where ET
delivers tighter intervals than the conservative C2NW (Appendix A.3) while retaining
size control.

5.4 Two-way clustering with serial correlation

We now allow cross-cluster serial correlation on the time dimension. In the balanced
panel (n = GT'), the Chiang—Hansen—Sasaki (CHS) plug-in is

WS = Jr @ I+ Cu ® (Jo — Ig),

where Cy; € RT*T is the Bartlett kernel matrix, (Cyr)s = w(|t — s|, M) with
w(m, M) = max{l —m/(M+1),0}. This result is stated in Lemma 1 of Appendix A.
Let Pg := Jo/G and Q¢ = I — Ps be the group-mean and group-demeaning pro-
jectors, and define the indefinite T x T" block

B = JT - CM, BT = (CM - JT)+ t 0,

the negative eigenmass of B. Under M,, = R", A% = (W"5)* by Theorem 3. Due to
Theorem 2, the naive CHS variance estimator can be anticonservative, as exemplified
in Appendix A.

Corollary 2 (Optimal correction under serial correlation).
A = (W) =W 4+ B @ Qc,

equivalently, with Yg,t = Y, — Y, the group-demeaned (cross-sectionally centered)
score,

G
YIALY, = YV,WISY, + > V) BT,

g=1

Split the cross-section into the group-mean direction Pg and its complement Qg;
the CHS weight acts block-diagonally across them. On the group-symmetric block
the weight is Jr+ (G —1)C)y, a nonnegative combination of two PSD matrices, hence
already conservative—no correction. On the group-demeaned block the weight is
Jr — C)y: the rank-one temporal aggregator Jr, concentrated on the constant-in-time
direction, is partly canceled by the Fejér kernel C'y;, producing negative eigenvalues.
Only this block needs repair, and the truncation adds back precisely its negative
eigenmass B, supported on the group-demeaned scores. The correction is thus a
single T' x T eigendecomposition applied within clusters. At M = 0, C; = Ir and
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B~ = Iy — Jp/T is the time-demeaning projector, so B~ ® Qg reduces to two-way
demeaning and we recover Corollary 1.

Remark 5 (EVC floors the estimate; ET repairs the estimand). Chiang et al. (2024)
render their plug-in non-negative through an eigenvalue correction (EVC) that re-
places the negative eigenvalues of the realized meat 0 ~t by zero. In the notation here
this acts on the data-space realization Y/WCHSY,, (scalar case: max{Y/WCHSY, 0}),
addressing (i) of Proposition 1. It does not act on W15 so it cannot address
(ii). At the plug-in covariance the bias-free part tr(W 1Y) > 0, so the estimand
Vens = tr(WESY,)) + pw WS, is positive and (AZNT — Vous > 0, leaving the
correction asymptotically inactive—yet Veops < Virwe Whenever pJQLWnCHS,un < 0 (the
counterexample of Appendix A).

6 Inference under Panel Dependence

This section develops the inferential machinery needed to implement variance esti-
mators in this setting of Section 5.4.

6.1 Dependence framework

Consider a two-way cluster dependent setting, where one dimension exhibits cross-
cluster weak dependence. To keep the exposition concrete, suppose we have a panel
with both a cross sectional and a time series component. The time series component
contains time indices t € {1,2,--- ,T} for every observation, and observations within
the same time period may be arbitrarily correlated. The cross sectional component
can be partitioned on some dimension G, with cluster indices g € {1,2,--- , G} such
that every observation within the same g cluster may be arbitrarily correlated. Let
i €{1,2,---,n} = N, index observations, ¢g(i) denote its cross sectional cluster,
and t(i) denote its time period. For example, in a canonical balanced panel with
each cross sectional unit observed in every time period, we have i = (g,t). While the
setting in this paper permits unbalanced panels, the balanced panel with G < T is
used as a running example.

There is a triangular array of multivariate random vectors {Y,,;},n > 1,Y,,; € R,
where n denotes the number of observations. Define the moment of this random
vector as [|Y;.ill, = (E[||Ya.llP])'/P. All observations i may be serially correlated. The
distance d,,(7, j) between any two observations ¢ and j is 0 if they share a cluster on
any dimension, and the difference in their time index otherwise.

Let N/ denote the set of observations in time ¢, NS denote the set of observations
in cluster g, and N/ := N/ N N{ the set of observations in both time ¢ and cluster
g. Define the following objects to measure how concentrated observations are across
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clusters and time:

1

2(stk) = 2 3 (Nl + 1Nyl + 1s = OH(INGy - ING D) (15)
iEN, i )
An(s,m; k) = % Z (Z(|Nt:€i)+h| + |NtT(i)—h| +1{h = 0}(|N9G(i)| - |N§z)|))>
i€Nn \h=s (16)
cnl(s,m; k) := inf[A, (s, m; ka)]Y2[62 (s; ﬁ)]l_l/o‘. (17)

a>1

These objects can be interpreted in the following manner. 02 (s; k) tells us the average
number of observations that are s periods away, while A, (s, m; k) tells us the number
of observations between m and s periods away (inclusive), both raised to the power
of k. Finally, c,(s,m; k) gives us an upper bound on the convolution of §2(s; k) and
A, (s,m; k) when Holder’s inequality is applied, which is interpretable as a measure of
how quickly neighborhoods grow and overlap. In the running example of a balanced
panel, ¢,(s,m; k) < (m — s)*G*.

The rest of this section characterizes 1)-dependence, which is the sense in which
observations are weakly dependent across clusters and across time. Let £, , denote
the collection of bounded Lipschitz real functions on RV*%:

Loo={f:R” =5 R:|[fllec <00, Lip(f) < oo}, (18)

where Lip(f) is the Lipschitz constant of f and || - || is the sup-norm. For any
positive integers a, b, s, let Q,(a, b; s) denote the collection of all pairs of observation
sets of sizes a and b at distance at least s:

Q,(a,b;s) ={(A,B): A,B C N,,|A| =a,|B| =b,and d,(A, B) > s}, (19)

where d,, (A, B) = min;c 4 minjep d,, (4, 7).

Inference is conditional on a o-field C,, that holds fixed the information common
to the array—for instance the cluster- and time-level common factors, or, in the
design-based reading, the fixed potential outcomes. All expectations, variances, and
covariances in this section and Appendix A.4 are taken conditional on C,, and the
dependence coefficients 6,, below are C,-measurable. Write u, := E[Y,, | C,] and
Y, := Var(Y, | C,) for the conditional first and second moments; these are the C,-
measurable analogues of the u, ¥ of Section 2. The dependence coefficients {6, s}s>0
below (notation following KMS) are unrelated to the scalar variance target 6, =
tr(1, %) of Section 2, which does not recur in this section.

Definition 2 (¢-dependence). A triangular array {Y,,;},n > 1,Y,; € RY is con-
ditionally ¢-dependent if for each n € N, there exist a measurable sequence 6, =
{0ns}s>0,0n0 = 1, and a collection of nonrandom functions (v4p)apen; Yap : Loa X
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L,y — [0,00), such that for all (A, B) € Q,(a,b;s) with s > 0 and all f € £,, and
g € 'Cv,ba
‘Cov(f<Yn,A)7 g<Yn,B) ’ Cn)‘ S wa,b(fa g) en,s a.s. (20)

where Y, 4 := (Y,,:)iea. We call the sequence 6, the dependence coefficients of {Y,, ;}.

This 1-dependence setting generalizes the more familiar strong-mixing processes
used in the two-way cluster dependence panel literature with serial correlation.

The setup here generalizes the CHS setting that requires a representation where
Yy = flag, v, e4), for iid ay, e and ~, strictly stationary, which generalizes a stan-
dard Aldous—Hoover representation that additionally requires 7; iid. The following
example is a DGP that satisfies the conditions of this paper and has homogeneous
means but does not permit the above representation.

Example 2. Suppose every firm g is observed for T' time periods, each indexed by
t. Data is generated from the following process. There is an innovation sequence
(Vgt)tez iid N(0,1) over g,t. For some |p| € (0,1), Dy = pDg—1 + vy, t € Z, with
D, stationary and processes independent across ¢g. Hence, within a firm, {Dg}, is
an AR(1) Markov chain with parameter p, and across firms, {D,}, are independent
copies of this AR(1) process.

Such a process does not permit the CHS representation. Suppose to a contradic-
tion that D, admits a representation where Dy, = f(ag, Vi, eq) for ild agy,e4, and
strictly stationary ;. In the DGP, v, = 0, because if ~; is stochastic, then there must
be dependence across g units, which is ruled out in this DGP. With the resulting
representation Dy = f(ay,0,e4), it follows that Cov(Dy, Dys,) = Cov(Dy, Dys,)
for t # s1 # sy # t. However, this is untrue in the DGP as Cov(D,, Dy;—1) =
p/(1—p?) # p*/(1 = p?) = Cov(Dy, Dy y-2).

6.2 Central limit theorem

The results are stated in a setting where ) ;.\ E[Y,;] = 0, and we are interested
in constructing the variance of ),y Y. With Vipe := Var(}_,cy Yai), let A, :=
Amin(Virue) denote its smallest eigenvalue.

Assumption 2. The triangular array {Y,;} is ¢-dependent with the dependence
coefficients {6,,} satisfying: (a) For some constant C' > 0, ¥, 4(f, 9) < C x ab(|| f||co +
Lip(£)) (gl Lip(9)): (b) $Up,y o B < 00: (c) For some p > 4, sup, o masien, [ Vol <
00 a.s.

Assumption 3. There exists a positive sequence m,, — oo such that for £ = 1,2,
and the p in Assumption 2,

a) —ers Cn(s,m: K)0ns®TP 5 0 and
(@) s C ool ,

261*(1/73)
(b) =—7— =0
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These conditions balance the dependence strength, neighborhood growth, and
variance growth. In an AR(1) process with positive coefficient p, A\, < T, and both
conditions are satisfied with m,, = T%/% as T — oo. In the running balanced panel
example with common random effects within clusters and an AR(1) process in the
common time effects, A, =< T%G, and again m,, = T"/3 suffices.

Theorem 4. Suppose Assumptions 2 and 3 hold a.s. Let v be a nonstochastic vector
with dim(v) = dim(Y,,;) and ||v|| = 1. Then, for S, := > ..y V' (Yoi — E[Ya]) and

o2 :=Var(S,),
Pr {& < t} — D(t)
On

where ® denotes the distribution function of N(0,1).

sup 550, (21)

teR

This result suffices for a uniform multivariate central limit theorem due to the
Cramer—Wold device.

6.3 Consistency

By Corollary 2, the optimal variance estimator is the exact eigenvalue truncation
(I/VHCHS)Jr = WnCHS + B~ ® Qg, with B~ = (OM — JT)+ and QG =Ilqg— JG/G In

estimator form,

G
VI;T = Vions + Z Yé,(gf) B~ an(gf), Yn7(97t) = Yn,(g,t) — Yt, (22)

g=1

where Y, ;4 is the score demeaned across groups within period ¢ and Y, () =
(Yo(o) 1. Equivalently Vir = Y/ (WSS 4 B~ @ Qg)Y,. The correction is the
within-group HAC of the cross-sectionally centered scores, using the exact negative
eigenmass B~ of the indefinite temporal block B = Jr — C}; as kernel; computing
it is a single T' x T eigendecomposition applied within clusters. The corresponding
estimand is

Vitp = B[V | o] = Vems + ZE y B Y0 | Ca]. (23)

g=1

Using 4 := > e NT Y,,.i, we compare the estimand to the kernel-adjusted variance

Vadj ::Z Z Cov(Y,, Ya)) +Z Z Cov(Y,, Ya;) — Z Z Cov(Yn:, Y,

€N jENG, €Nn jEN;) TN JEN G a0
M T—m
+ Z Z w(m, M) [Cov(ys, Yerm) + Cov(Yspm, v2)] (24)
m=1 t=1

23
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which will be shown to be asymptotically equivalent to Viyye. This Vi,g; is tr(WnCHSZn),
the truncated kernel covariance: the variance part of the CHS plug-in (E[VCHS] =
Vadj + 1, WEHS 1), and the quantity VET targets.

We state the assumptions for the consistency theorem.

Assumption 4. 3737 ca(s, M;2) O st'? = 0.

This assumption mimics Assumption 4.1(iii) in KMS. In the balanced panel the
left-hand side is < M?/T?, so the condition reduces to M = o(T); the choice M =< T*/3
used in the simulations and application satisfies it.

Assumption 5. The following hold almost surely:
() SSM w(m, M) — 1(62(m; 1) 0 2/p ).

—m G 1—-2
(b) £ 5oy S S NG NS |0 — 0

t+m,g

1-2
(c) ﬁZﬁ l]\/[+1 t1 S INTIN, +m|0 /p_>0-

In the running AR(1) examples with p € (0,1) and the triangular kernel, all
three conditions are implied by p™ decay and the balanced panel structure (where
[Nig = 1).

Theorem 5 (Consistency of the eigenvalue-truncation estimator). The following
hold.

(a) Vir — Vagj is positive semidefinite.
(b) Under Assumptions 2 and 4, and provided A (Vir)/An = 140(1) and Mn/X, —

0,
(Vi)™ Vip = L.

(¢) Under Assumptions 2 and 5, Vi Vag; — 1.

Observe that (c) implies Amin(Vagj)/An = 1 4+ 0(1), so by (a) Amin(Vap)/An >
1+ o(1). The condition Mn/X, — 0 in (b) is not an additional restriction: in
the balanced panel n = GT and A\, < T?G, so Mn/\, = M/T, which is exactly
what Assumption 4 reduces to (M = o(T), satisfied by M =< T"/3). Both auxiliary
conditions in (b) are therefore automatically satisfied under the assumptions.

Corollary 3 (Asymptotically valid inference). Let v € RY with ||v|| = 1, and suppose
the conditions of Theorem J and of Theorem 5 hold. Then, for S, =, .n V' (Yo —
E[Y,.]) and any o € (0,1),

. S

limsup Pr —| nl > Z1—a/2 < a,
—

N RV

with equality if and only if V' (Vir — Virwe)V = O(V’V;ruey).
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6.4 Extension to regression

While the theoretical exposition focuses on means, the extension to the method of
moments (which includes standard regressions) is straightforward. With a regression
equation Y; = X[B + u;, and array {(X/,u;)} satisfying ¢-dependence, as long as
L3 ey, XiX] has a minimum eigenvalue bounded away from zero, and {X;u;} and
{vec(X,;X!)} satisfy the conditions of Theorem 4, the OLS estimator 3 is asymptot-
ically normal and consistent. The variance of the coefficient estimator is computed
by applying Vi to the estimated score X;u; in place of Y, ;. Standard OLS argu-
ments then apply when limit theorems hold. Writing X;u; = X;u; — X; X/ (B - B),
the feasible estimator differs from its infeasible counterpart _, ;(A7 )i (Xiu;) (Xju;)’

only through terms linear and quadratic in E — [, which the conditions of Theorem 4
render negligible provided max; || X;||* ||3 — 3| is negligible at the CLT rate.

In the numerical results that follow, we additionally augment the methods with
“C2NW”, which is a natural extension of CGM2 to cross-cluster serial correlation.
This method is conservative, but is not necessarily optimal — its details are relegated
to Appendix A.

6.5 Simulation

The simulations show how the variance estimators that are robust to heterogeneous
means compare with existing methods, and isolate the regime in which the optimal
correction delivers a concrete advantage. Data are generated from the linear model

Yor = Bo + (B + ngt) Xyt + gt + Uy, (25)

where the regressor and disturbance follow the CHS variance-component structure,

T
gt

Ugt = Waty + Wy, + We gy, (26)

Xgt = waoz”g” + wyyy + wee

with (8o, £1) = (0.1,0.1) and (w,, w,,w.) = (0.15,0.20,0.15). The latent compo-
nents (ag, ag, €5, €y;) are mutually independent N (0, 1), and the common time effects
(7,74 follow AR(1) processes with coefficient p.

The two heterogeneity terms are rank-one cluster-by-time interactions
Ngt = K dy, Sge =6 dy,

where the loading vectors ¢§ and d} are independent, mean-zero draws (the d} are
serially uncorrelated). Centering both factors places each interaction in the two-
way demeaned subspace Sog—precisely the subspace on which the two-way clustering
weight matrix carries its negative eigenvalue (Section 5). The term 7y is a mean-zero
random slope: because it is mean-zero and independent of X, the OLS estimand
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for B; remains exactly 0.1, so the test is correctly centered; but the score Xguy
inherits the component nthgt, which has a heterogeneous mean on Spy. The term
dg4¢ is an additive outcome-level component omitted from the regression, contributing
heterogeneous score variance on the same subspace. We fix k = 0.8 and report results
with the level heterogeneity switched off (6 = 0) and on (6 = 0.8). We hold G = 50,
and use T = 120 for most designs, comparable to the dimensions of the empirical
application in Section 6.6, and vary p € {0.25,0.50,0.75}.

In each of 1,000 draws we regress Y, on X, and a constant, compute standard
errors by each method, and test Hy : 51 = 0.1 at the 5% level. Table 1 reports the
empirical rejection rates. Across every design the Monte Carlo mean of ; remains
within sampling error of 0.1, confirming the test is correctly centered and that the
reported rates are size, not bias.

Table 1: Rejection rates of nominal 5% tests of Hy : f; = 0.1. G = 50; 1,000
Monte Carlo draws. “Level Het.” indicates whether the additive cluster-by-time level
heterogeneity is present (§ = 0.8) or absent (6 = 0); the random-slope heterogeneity
r = 0.8 is present throughout.

row T rho Level Het. EHW CRg CRt CGM CHS C2NW ET

(I) 120 0.25 No 0477 0.220 0.157 0.075 0.071 0.010 0.055
(II) 120 0.50 No 0.521 0.254 0.204 0.121 0.091 0.016 0.074
(II1) 120 0.75 No 0.631 0.364 0.343 0.215 0.120 0.041 0.107
(IV) 120 0.25 Yes 0.201 0.130 0.115 0.078 0.075 0.000  0.026
(V) 120 0.50 Yes 0.245 0.173 0.140 0.098 0.080 0.001  0.036
(VI) 120 0.75 Yes 0.364 0.274 0.267 0.200 0.098 0.012 0.068
(VII) 1000 0.75 No 0.734 0.133 0.510 0.104 0.058 0.031 0.057
(VIII) 1000 0.75 Yes 0.551 0.137 0.457 0.125 0.064 0.030 0.056

EHW denotes Eicker-Huber—-White; CRg and CRt denote one-way cluster-robust within
g and within ¢; CGM denotes Cameron—Gelbach—Miller; CHS denotes Chiang—Hansen—
Sasaki (as written in their paper, without subtracting within-cluster lag); C2NW denotes
the conservative estimator ?CQNW; ET denotes the eigenvalue-truncation estimator XA/ET

Three patterns emerge. First, the estimators that ignore dependence (EHW,
CRg, CRt) over-reject grossly throughout, confirming that some form of dependence
robustness is essential. Second, among the dependence-robust estimators, CGM and
CHS over-reject substantially when mean heterogeneity is present, and the distortion
grows with the persistence p. ET controls size far better in these designs, because its
correction targets exactly the directions on which the heterogeneity loads. The con-
servative estimator C2NW controls size in all designs, at the cost of being noticeably
conservative (rejection rates well below nominal).

Third, ET uniformly has lower rejection rates than CHS, including in the designs
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without level heterogeneity (0 = 0, rows I-III). This reflects the within-cluster correc-
tion embedded in 17E*T The gap in size distortion is modest without level heterogeneity
and widens once heterogeneity is present.

There are two qualifications. The cluster-by-time heterogeneity here is serially
uncorrelated; this is what prevents the CHS HAC lag estimator from absorbing it
and exposes the bias in the CHS estimand. Under serially correlated heterogeneity
the CHS lag term partially captures the structure and CHS is correspondingly more
robust in finite samples. While ET controls size far better than CGM and CHS
under heterogeneity, there is some over-rejection in finite-sample designs, but this
over-rejection disappears when we increase T to 1000, even for the hardest case with
high p.

6.6 Empirical Application

The new variance estimator is applied to a panel of industry portfolios across time.
The Fama—French three-factor model (Fama and French, 1993) can be written as:

Ry — Ry = B1(Rae — Ryt) + BoSM By, + s HM Ly + ey, (27)

where R, — Ry is the excess return as Ry denotes the total return of portfolio g in
month ¢, and Ry denotes the risk-free rate.

I use the industry portfolio dataset from CHS containing 44 industry portfolios
across 119 months. Following CHS, I use a within-transformation for both Y and X =
(Ryv — Ry, SMB,HML) to remove additive fixed effects. Inference on coefficients
relies on a CLT applied to }__, X6y

Allowing for heterogeneous means is natural here when the three-factor model is a
linear approximation of the return process, and inference conditions on the portfolios
and sample months observed. Under correct specification the score Xy e, would be
conditionally mean-zero, and hence no mean heterogeneity. But suppose a priced
factor is omitted—momentum, profitability, investment, or another of the many doc-
umented since Fama and French (1993). Conditional on the observed portfolios and
months, the omitted portfolio-by-time specific factor is not a random shock but a
fixed feature of cell (g,%): it enters the mean of the score X e,. We reserve vari-
ance for what remains genuinely stochastic given the conditioning—the idiosyncratic
innovations—and treat the systematic, omitted-factor contribution as a heterogeneous
conditional mean rather than as excess score variance. The within-transformation we
apply, following CHS, removes any additive portfolio-level and time-level component
of this mean, so a constant industry alpha or a common-to-all-portfolios mispricing in
a given month is swept out. What survives is the non-separable interaction between
portfolio and time which is precisely the two-way demeaned component on which
the two-way clustering weight matrix carries its negative eigenvalue (Section 5). The
researcher need not estimate the omitted factor: the role of the eigenvalue trunca-
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tion is instead to modify the estimand so that inference remains conservative against
whatever non-separable mean heterogeneity the omitted structure induces.

Table 2: Standard Errors for Various Methods: 44 Industry Portfolios, 119 Periods

coef EHW CRg CRt CGM CHS C2NW ET

MKT 0.959 0.022 0.055 0.031 0.059 0.059 0.076  0.062
SMB 0.076 0.029 0.035 0.041 0.045 0.053 0.083 0.059
HML 0.358 0.030 0.066 0.049 0.076 0.080 0.109 0.084
Estimates of the factor coefficients with various standard error estimates. EHW denotes
Ficker-Huber—White; CRg denotes one-way cluster-robust within g; CRt denotes one-way
cluster-robust within ¢; CGM denotes Cameron—Gelbach—Miller; CHS denotes Chiang—
Hansen—Sasaki; C2NW denotes the conservative estimator ‘/}CQNW; ET denotes the optimal
estimator 17§T

From Table 2, standard errors estimated using ET are higher than the standard
errors estimated using CHS. However, the standard errors are not unreasonably large:
we retain the statistical significance of the coefficient on HML at the 5% level, while
the statistical significance of SMB can now be called into question, as CHS already
show. A further takeaway is that cross-cluster serial correlation is empirically impor-
tant: if serial correlation were negligible, we would expect the CHS standard errors
to be similar to CGM, which is not the case for two of the coefficients. We verify
that ET meaningfully decreases the standard errors relative to the more conservative
C2NW, as expected due to how ET is optimal.

7 Conclusion

This paper developed a unified theory of dependence-robust variance estimation under
heterogeneous means. Every quadratic estimator Y,/ A,Y,, has expectation tr(A,>) +
w1 Ay, so its behavior is governed by two structural commitments—a subspace M,, of
admissible means and a closed convex cone S,, of admissible covariances. Cone duality
turns this decomposition into an exact conservativeness criterion (Theorem 2), and
the eigenvalue truncation W' minimizes the adjustment to the plug-in and, in the
aligned regime, the mean-squared error and estimand level (Theorem 3). The same
construction doubles as a diagnostic: one-way cluster-robust estimators, and Bartlett-
kernel HAC emerge as optimal, whereas two-way clustering is anticonservative under
heterogeneous means and is repaired by an explicit, minimal correction. Specializing
the theory resolves an open problem in the panel literature— a variance estimator
simultaneously robust to heterogeneous means and cross-cluster serial correlation,
with consistency and conservativeness established under w-dependence and borne
out in simulations and a Fama—French application.
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A Supplementary Results

A.1 Details on Optimization Problems

In the minimal correction problem, the constraint ||u|| = 1 excludes p = 0. When
M,, = {0}—the mean is known exactly, so that the demeaned mean vanishes—
the supremum in (5) is over the empty set; we adopt the convention R, (4,) := 0,
reflecting that (C2) is vacuous and no mean-induced correction is warranted, so the
plug-in A, = W, is feasible and optimal. The criterion reads A, only through its
M,,-block Py, A, P, and is silent about the off-M,, block.

Under finite fourth moments, expanding the squared error gives

MSE,(Ay; P.) = [tr((Ay=Wo)Z) 4+ Ap] *+2 tr((A D)) +40 Ay S A i To (A Po)+Ca(Ans P),
(28)

where, writing Z =Y, —u, m E,)C(P ) =Ep,[Z:Z;Zy], and kiji(Pn) = Ep,[Z:Z; 2,21 —

E|Z:Z;|E[Z2)| — E[Z:Z,]E[Z; 2)] — E|Z, Z)]E[Z; Z),

Ta(An; P) = 4> (An)ig(Aup)kmip(Pa),  Ka(Ani Pa) i= > (An)ij(An)ia Fijua(Pn).

i .j k i:jzkzl

Under Assumption 1, MSE reduces to
MSE,(Ay; 1, 2) = [tr((Ap — Wo)) + 1/ Appt]” + 2t0((A,D)?) + 44/ A, S A, (29)
depending on P, only through (u, ).

Remark 6 (Both restrictions in Theorem 3(iii) are essential). The optimality in
Theorem 3(iii) holds over the spectral class under a commuting cone, and fails if
either restriction is dropped. A} is in particular not globally MSE-minimal, and
feasible Loewner-refinements A, > A can strictly improve on it.

The cone must commute with W,,. Take M, = R? S, = Symj, Y, Gaussian,
W, = diag(1,—1), so Ax = W, = diag(1,0). The feasible correction A, = (% 1}2)
satisfies A, = 0, A, =W, = 0, and at p = 0, & = (Y 7') attains MSE,(A,) =
3/4 < 3 =MSE,(A}): a correction not sharing the eigenstructure of W, places less
weight where Y concentrates. Here ¥ does not commute with W,,.

The correction must be spectral, even when the cone commutes. Take M,, = R2,
Y, Gaussian, S, = S5 (so condition (¢)’s commuting holds), and

_(1 0 * _ Tt —
W"_<O O)’ Ay =W, =W,.

Fix p = (1,1), ¥ = diag(l,0) with 0 < ¢ < 1/9, and move into the non-spectral
feasible direction D = vv', v = (1,-3)', i.e. A, = A% +tD for small ¢ > 0. Then
A, — A, =tD > 0 and diag(A, — W,) =(1,9) > 0, so A, is feasible and Loewner-
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dominates A%. Yet, using Cov(Y,ArY,, Y, DY,) = 2tr(A;XDY) + 4/ Ax¥Dp =
2-8=—-6and E[Y A:Y,| -6, = (/A pu=1 E[Y,DY,| =tr(DX) + /Dy =5+ 9o,

d

dt

So MSE,(A,) < MSE,(A4;) for small ¢ > 0: a feasible, conservative, Loewner-
dominating refinement strictly beats the truncation. The obstruction is the off-
eigenbasis tilt of D, which lowers the mean—variance cross term 4pu’A, XA, u faster
than it raises bias; confining the search to AP removes exactly this freedom.

A.2 Examples for Anticonservativeness

We provide two illustrative examples. The first example shows how the plug-in es-
timator is anticonservative with m-dependence. The second example shows that the
CHS estimand is anticonservative under heterogeneous means.

Example 3. Suppose we have an m-dependent series, where m = 1, and 3 time
periods. This example can be extended to the T"— oo case for a sequence of hetero-
geneous means. The variance for the sum of a scalar random variable y; is:

ar <Z yt> = Z Var (y;) + 2 Z Cov (Ys, Yes1) - (30)

When using a standard heteroskedasticity and autocorrelation robust (HAR) vari-
ance estimator, we target S0 E[y?] + 23 o, E [yyi11], but

D, = ZE [1/7&2] + ZZE [Y1Ye41] — Var (Z yt>

t=1 t=1

—ZE Y] +2ZE Ye) B [Yes1] - (31)

The expression D; above can be negative while havmg Zt . [yt] = 0 when

Elp] = 0.5, Ely] = =1, E[ys] = 0.5. Then, Zt 1 Ely )’ +22t 1 Ely ] [?Jt+1] =
1.5 —2 = —0.5. To restore validity, we may add (a scaled version of) 327 | 2 to the

variance estimator, so that we target 250 | F [y2] + 232, E [y 1] instead. Using
this expression,

2 3
Dy :=2 ZE ly7] +2 Z E [yys11] — Var (Z yt)
=1 =1
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=2 Z E[y]” +2 Z Ey] E[yes] + Z\/ar (%)

t=1

> > B+ 23 Bl Bl + X Bl + 3 Varu) 20, (32)

[\

so the variance estimand is conservative and robust to mean heterogeneity. When
the means are homogeneous, we would overestimate the true variance by D, =

Z?:1 Var (y:).

Example 4. Suppose we have one observation in each (g,t) intersection, and we
have m = 1 dependence. We can compare the oracle CHS variance estimand (where
w(m, M) =1 for all m < 1 and 0 otherwise) with the true variance. As before, this
example can be extended to T — oo and G — oco. The scalar E[Y,,;] values are in
Table 3.

Table 3: Values of scalar E[Y,, ;]

t=1t=2t=3]t=
g=1] -1 | =1 | 1 1
g=2] 1 1 | -1 | -1

4

Then, observe that ZzeNn ZjeNG(.) EY, ] E[Y,;] =0, ZieNn ZjeNtT(.) BV, EY,;] =

0, and D cn D ic NTDG E Y, E[Y,;] = 8. In the serially correlated components,

setting m = 1, thl Ely| E [y;rm} = 0and Z Zg 1 ZZGNTmG ZJGNYIWW?Q EY, . EY,;] =
2. Then, on aggregate,

Yo Y EMIEN I +) Y ENWlENal =) Y. ENu]EYa]

i€Nn jENS,) €Nn jEN;) e JENG )
T-m G

+2ZE[yt]E[yt+m 2 > > D E Yas]=-12<0, (33)

t=1 g= 1Z€NT,mGJ€NI|DSg

so the standard CHS estimand is anticonservative.

A.3 Variance estimators

We now define both variance estimators and their target estimands. The CHS variance
estimator (excluding their EVC operation) is:

Vars =Y. > VYo +> > vy -3 N v,

€N jENG N N
1N JEN GG V€N JENG) PENn FEN
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M T—m T—m
£ 3wty (z pint S ytmy;)
t=1 t=1

m=1
M T-m G T-m G
mem M) (D D D D VXt ) 2 Yag¥is
m=1 t=1 g=1ieNINC jeNIOC t=1 g=1ieNINC jeNIOC
(34)

The first line is the CGM estimator, the second accounts for serial correlation across
clusters, and the third adjusts for double counting. The CHS estimand Vg replaces
each empirical product with its expectation.

Lemma 1 (Matrix form of the CHS estimator). In the balanced panel with one 0b-
servation per cell, i = (g,t) and R® =2 RT @ R, the CHS variance estimator (34)
admits the quadratic-form representation

Vens = YWCSy,, WS = J1 @ I+ Cy @ (Jo — Ig).

A simpler conservative estimator extends Davezies et al. (2021)’s CGM2 construc-
tion to the serially correlated setting. CGM2 adds W to the CGM weight matrix
to restore uniform conservativeness in the standard two-way setting (Section 5.3); its
analog here adds a tractable PSD term 2 ), y,y; in the kernel-weighted block:

?CQNW = Z Z Yn,iyy;j—i_ Z Z Yn,iYn/J‘

; - h ——
1€Nn, ]ENQ(i) 1€NR, ]eNt(i)

M T—m T—m T
+ > w(m, M) (Z Yhim + D Yermy + 2 szﬁ) : (35)
m=1 t=1 t=1 t=1

Voonw 1s defined analogously by replacing empirical products with expectations. The
estimator omits the Zt’ i double-counting line of Vigg, matching CHS’s own imple-
mentation choice.

By construction, Veonw adds weight on the group-symmetric subspace (v ® 14 di-
rections), while XA/E*T adds weight precisely on the group-demeaned subspace where the
negative eigenvalues live. Both are uniformly conservative, but the optimal correction
targets the pathology directly while the conservative correction overshoots.

For implementation, M is selected using the bandwidth selection procedure of
Andrews (1991) and w(-) is the triangular kernel. This choice follows CHS and is used
here for comparability, but we note that the Andrews (1991) rule is derived under
stationarity for a single time series and its optimality has not been established for the
1-dependent two-way array considered here; Assumption 4 requires only M = o(T),
which the resulting bandwidths satisfy.
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A.4 Consistency Details

Lemma 2 (Quadratic-form law of large numbers). Let {Y,,;} be a triangular array of
scalar random variables that is conditionally 1 -dependent given {C,}, with dependence
coefficients {0,,.s} satisfying Assumption 2(b). Let A, € Sym,, be a (possibly random
but C,-measurable) symmetric weight matriz, and define

Van =Y!AY,,  Va,:=E[Y/AY,|C.
Suppose the following primitive conditions hold for some p > 4:
(i) (Moment bound) sup,,>; maX;en, ||Yn.illc,» < 00 a.s.

(i1) (Weight bound) There is a nonnegative sequence {a,} with max; jen, |(An)ij] <
an, a.s. for every n.

(11i) (Support bandwidth) There exists a sequence b, > 0 such that (A,);; = 0 when-
ever dp(i,7) > by.

(iv) (Variance summability)

a - ann(s,bn; 2) 6711,_34/17 —+0 a.s.

s>0

Then R
Vian — Van 2 0.

The lemma is applied to weight matrices that have already been normalized by A,,:
for an unnormalized A,, with max;; [(A.)i;| < a,, taking A, /A, in the lemma gives

an = A,/ A\, and recovers A;I(VAW —Van) 25 0 under % nY a0 n(S, b; 2)9711;4/10 Y

Condition (ii) alone does not deliver (iv): the sum n -, cu(s, by; 2)«971594/ P diverges,
so the rate at which a,, vanishes is what does the work.

Remark 7. Conditions (i), (i), and (iv) are direct adaptations of Assumption 4.1 of
KMS to matrix-form weights. Condition (iii) holds whenever A’ inherits the support
pattern of the underlying plug-in W,,, as for the block and banded cones of Section 2.
It fails for the exact truncation of Corollary 2, whose correction B~ ® Q¢ is globally
supported in time; that case is handled in Proposition 5 below by applying the lemma
to the band-limited proxy and bounding the difference in operator norm.

We establish consistency of the eigenvalue-truncation estimator XA/E*T of (22) and of
the conservative estimator ‘7C2NW of Appendix A.3. The argument has three lalers.
First, two band-limited quadratic forms—the conservative Voonw and a proxy Viand
for the truncation—obey a law of large numbers directly through Lemma 2; the
C2NW branch additionally invokes Assumption 6, since its within-period block is not
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entrywise bounded. Second, the exact truncation ‘7}5@ which is not band-limited,
inherits consistency from the proxy ‘A/band because the two differ by an operator of
vanishing relative size. Third, the common target V,q; is asymptotically equivalent
to ‘/true‘ R

Throughout, Vianq := Y/ APadY, for

AP = WIS 4+ Oy @ Qe = Jr ® Ig + 51 Oy @ Jg, Voand := E[Viana | Cal,
the band-limited proxy; it plays no role beyond the consistency proof.

Proposition 4 (Conservativeness). Vip — Vag; and Voonw — Vaqj are both positive
semidefinite.

The weight matrix of ‘7C2NW, unlike those of ‘A/CHS and ‘A/E*T, is not entrywise
bounded: the conservative term 2, yy, sits inside the bracket summed over m,
so every lag deposits on the same within-period pairs, which accumulate weight
23" M w(m, M) = M. The lag terms are innocuous by contrast: w(m, M) 3>, 41t
deposits on pairs at temporal distance exactly m, so distinct lags occupy disjoint en-
tries and each receives a single kernel weight — which is why W15 has entries in
0, 2] irrespective of M. Since the variance bound of Lemma 2 scales with the square
of the largest entry, VCQNW requires an additional condition.

Assumption 6. Aﬁ;” > >0 Cn(8,0;2) oL 0.

The O(M) entries are confined to pairs at distance 0, so Assumption 6 evaluates
¢, (+) at bandwidth 0 rather than M; since ¢,(s,0;2) = 0 for s > 1, the sum collapses
to its s = 0 term. In the balanced panel ¢,(0,0;2) < (G +T)? and \, < T?G, so the
left-hand side is < M?/T? — the same order as that of Assumption 4, and likewise

reducing to M = o(T). The two estimators Veonw and 17E*T therefore require the
same bandwidth condition in the balanced panel, and the case for Vg, rests on the
efficiency ordering of Remark 8, not on weaker regularity.

Lemma 3 (Consistency of the band-limited estimators). Suppose Assumption 2 holds
and Apin(Va) /A > 1+ 0(1). Then

Vo B I,
for @ = band under Assumption 4, and for ¢« = C2NW under Assumptions j and 6.

Proposition 5 (Consistency of the exact eigenvalue-truncation estimator). Suppose
Assumptions 2 and 4 hold, Ayin(VEr)/An > 1+ 0(1), and Mn/X, — 0 (equivalently
M/T — 0 in the balanced panel, where \, < T*G). Then

(Vi) Vi 2 1,

34



Proposition 6. Under Assumptions 2 and 5, Vik Vadj — 1o.

true

Remark 8 (Efficiency ordering). ‘/}CQNW overshoots by placing weight on the group-
symmetric subspace, where W15 needs no correction, rather than on the group-
demeaned subspace where its negative eigenvalues live. Since 2 Zi\le w(m, M) =M

for the triangular kernel, the within-period pairs of VCQNW carry weight M, so
APV = Jr @I+ (Cu+MIr)® Jo = [Jr+GCy + GM Ir] @ P + Jr ® Qc,

while AP = [Jr + (G — 1)Cy] @ Pg + Jr ® Qg from the proof of Corollary 2. The
two coincide on the Q)¢ block, and

AW — At = (O + GM Iy) © Pg = 0,

positive definite on the group-symmetric block, so Voonw — Vibana = 0. Since APand —
Ar = (Cy — B7) ® Q¢ has operator norm at most M + 1, we have Viana — Vir =
O(Mn) = o(\,), and Veonw = Vi up to that order.

Under the conditions of Proposition 6, the auxiliary condition A (Ve)/A, >
1+ o(1) holds for @ € {C2NW,ET*}, since Amin(Ve)/Amin(Vag;) > 1 by Proposition 4
and Amin(Vagj)/An = 14 0(1) by Proposition 6. In the running AR(1) examples with
p € (0,1) and the triangular kernel, all three parts of Assumption 5 are implied by
p" decay and the balanced panel structure.

B Proofs

Let N, (i; s) denote the set of observations that are within distance s of observation
i, and let N2 (i; s) denote the set of observations that are exactly at distance s from
observation i:

N, (i;s) :={j € N,, : dy, (i,7) < s}; and
NP (i;s) :={j € N, : d,, (3,7) = s}. (36)

For matrices A, B, the notation A > B means A— B is positive semidefinite (psd).

B.1 Proofs of Theorems

Proof of Theorem 1. Fix any A, € Sym,, and any >y € S, v, € M, satisfying the
hypotheses. Define ¥y := 3¢ + v,v/, € S,, and consider

P,:Y, ~ N(0,%), Qn Y, ~ N(v,, X0).

Both have finite second moments, mean in M,, (since 0,v, € M,,), and covariance
in S, so both lie in P,(M,,,S,). The expectations of the quadratic estimator under
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each distribution are

Ep, [\A/Am] = tr(A,21) + 0 = tr(A4,%0) + v, A, o,

~

]EQn [VA,n] = tl"(AnZ()) + v;Anvn,

which are identical: Ep, [?A,n] = Ey, [XA/AJZ] for every symmetric A,. However, the
target values differ:

0,(Py) — 0,(Qn) = tr(Wi (2, — o)) = v, Wion.

Let A := v W,v,,. For any choice of A,, since the estimator expectation is common
across P, and (), while the target differs by A, the absolute bias must satisfy

Ep, [Van] = 0u(B)| + |Eq, [Van] — 0.(Qu)] > 1A,

8O SUDpe(p, Qn} |EP[‘7A7n] — 0,(P)| > |A]/2, and hence the supremum over the full
model is at least |A[/2.
[

Proof of Theorem 2. By (1), conservativeness is
tr((An — Wn)Z) + Ay >0 for all (u, X)) € M,, x S,..

Since 0 € M,, as M,, is a linear subspace of R” and 0 € S,, as S,, is a closed convex
cone, taking u = 0 and ¥ = 0 separately decouples the joint requirement into (3)—(4).
Sufficiency is immediate. n

Proof of Theorem 3. Throughout, M,, = R", so (C2) reads A,, > 0 and R, (A,) =
SUP||=1 & (An = Wa)pt = Anax(An — Wh).

(i). Let A, be uniformly conservative and set A := A,, — W,,. Two lower bounds
combine. First, take a unit eigenvector u with W,u = A\™%y; by (C2), v/A,u > 0, so

Rn(An) Z ’U,IA’LL = UIAnU—)\;nin 2 _)\;nin.

Second, since S,, # {0} pick ¥y € S, \ {0}; it is positive semidefinite and nonzero,
so if R, (A4,) < 0, i.e. A < 0, then tr(AY,) < 0, contradicting A € Sf. Hence
R.(A,) > 0. Combining, R,(A4,) > (=A™"),. The truncation attains this bound
and is feasible: A — W, =W, =0 € S gives (Cl), AX = W, = 0 gives (C2), and
Ru(A%) = Amax (W) = (=A2n) . So A% solves (6).

In (ii) and (i), (10) enters only through the memberships g, xq,, ; € S,, Which
turn (C1) into the scalar inequalities ¢, , (A, — Wo)gni > 0.
The feasible box. Under (10), the uniformly conservative members of A® are
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exactly

{An(a) 1a; > A, ; Vil whose Loewner-least element is A, (A7) = W,F = A*.
(37)
Indeed, if a; > X, ; for all j then a > 0, so A(a) = 0 € Sym;; C Sy, and A,(a) =
>~ (A +a5)qn,34y, ; = 0: both (C1) and (C2) hold. Conversely let A,(a) be uniformly
conservative. If A,j <0, (C2) gives ax > =M, = A . If Ayp > 0, then (C1) at
quqg’k € S, gives a, = tr(A(a) qnykq;%k) >0=A,,

(ii)(a). tr(An(a)¥) = tr(W,¥) + >, a;4; with ¢; > 0 is coordinatewise nonde-
creasing on the box (37), hence minimized at its corner a = A~; linearity in a makes
the minimizer unique exactly when every 1; > 0.

(i3)(b). Let A, be uniformly conservative and fix k. If A, x > 0, (C1) at gurq;,, €
Sn gives ¢,y AnGnk > G pWaolnk = Anp = )\;k; if Ao <0, (C2) gives q, p AnGni >
0 = Ay Hence, for ¥ diagonal in the eigenbasis, tr(4, ) = 3. 4; ), ;AnGn; >
Zj Q/Jj)‘rtj = tr(A4; V).

(ii)(c). Recall A,(a) = W, + A(a) from Definition 1, so at ¥ = g, q,,, every
spectral candidate has level tr(A,(a)V) = A,k + ag, while tr(AX¥) = A, x. The claim
is therefore equivalent to exhibiting a uniformly conservative A, (a) with a;y < 0. By
the box (37), no such a exists when (10) holds; the construction below extracts an a”
with aj, < 0 when ¢, xq;, ;, & Sn.-

Let C := {d() : £ € S,} C R?, where d(X) = (¢, 50n1s- -+ @ppSnn) s it
is a convex cone, being a linear image of one, and C is a closed convex cone. Here
{e;}%-, is the standard basis of R™ in the eigen-index j, so that e, = d(¢nxq;, ;) is the
diagonal image of the k-th eigenprojector.

We first claim e, ¢ C. If it were, there would be ©(™ € S, with d(X(™)) — e;; then
q;AL’kE(m)qu — 1, so rescaling within the cone we may take q;L,kZ(m)qu = 1, whence
tr(20m) = Y ; ¢, ;5™ ¢qy; — 1. The sequence is bounded, so along a subsequence
Nm 5 ¥* and ¥* € S, because S, is closed, with tr(X*) = @12 Gny = 1. For
3 = 0 of unit trace, ¢Xg < 1 with equality only at 3 = ¢¢'; hence ¥* = ¢, 1q;, ;, € Sn,
a contradiction.

Separation therefore supplies a € R"™ with a’d > 0 for all d € C and a;, = a’e;, < 0.
Write C* := {b : b'd > 0 Vd € C}, a convex cone containing R" because C C R?.
Since tr(A(b)X) = V'd(X) for every ¥, we have A(b) € S;; whenever b € C*.

The separating a delivers the negative k-th coordinate we need but may violate
(C2) off coordinate k; we correct this without disturbing the sign of a; by adding
a small nonnegative shift in the remaining coordinates. Fix 0 < ¢ < A, x/|ax|, set
J := emax; |a;|, and let

a"i=ea+ A" +03, 65 € C

the membership because C* is a convex cone containing ea and R’;. Then A(a”) € S,
giving (C1). For (C2): at j =k, A, =0 and A,p + aj, = A\pp +ag > 0; for j # k,
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Anj+a] = X! j+ea;+6 > Osince § > ela;|. So Ap(a”) € AP is uniformly conservative,
yet at ¥ = gy 1q, 1»

tr(An(a”)\I/) = Aok Fear < Apg = tr(AXY),

which is the assertion of (c).

(iii). By (10), ¥ € SV-4ia¢ Jies in S,,, so any P, with moments (i, ), u € R, lies
in P,(R",S,): Assumption 1 applies and the MSE is given by (29). Write ¥ = A(s),
80 Xnj = 8jGn,; With s; > 0, and set m; := q;, ;p and ¢; := A, j+a;. On the box (37),
a >0 and ¢; > A}, > 0. Diagonality in {g,;} collapses each term of (29):

tr((An(a) — Zajs], WA (a Zc]
tr((A,(a)X) :chsj, wAL( Zc 5;m

so that, with b(a) 1= 37, ajs; + 3, ¢jm

MSE, (A, (a); u, +220 +4ch2-sjm2
J

The quantity b(a) is the bias, nonnegative by Theorem 2 and, on the box, termwise.

For each /,
0 MSE,,

3ag
so MSE,, is coordinatewise nondecreasing on the box and is minimized at its corner

a= A", lie. at A%. If every s; > 0 then 2s7 4+ 4sym? > 0 and ¢, > 0 off the corner, so
the derivative is strictly positive there and the minimizer is unique. O

= 2b(a) (s¢ + my) + 2¢¢(2s7 + 4s,mf) > 0,

Proof of Theorem 4. It suffices to verify the conditions of KMS Theorem 3.2, using
notation in this setup. Our Assumption 2 is identical to KMS Assumption 2.1. Y, ;
satisfying that condition implies that 1'Y,; also satisfies that condition. Assump-
tion 2(c)’s finite moment condition satisfies KMS Assumption 3.3. Observe that,
since ||v]| = 1, we have 02 > ), as the worst case o2 loads all weight on a combina-
tion of variance components that results in the smallest eigenvalue. Since o2 > ),
for some arbitrary constant C' > 0,

I_M —24k a.s
o2tk ZC” §; M k = 1+k/2 ch 8, Mp; k) bns = 0, and (38)
In 5>0 5>0
29mr(Ll/p) Cn 29% W(Ll/p) s
p < NG > 0. (39)

It then remains to show that the setting in this paper satisfies the corresponding
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definitions in KMS. First, normalize N, (j;s) = 0 for s < 0, and observe that, when
using s = 0,

1 . 1
SN0 < = 3 (NG| NG )" = 02 05k (40)

1€ENR, 1€ENR

There are two cases to consider: when m = 0 and when m > 1. When m = 0,
observe that, for all s > 0, we obtain

CY NGO < 2 S (NG NG ) = a0, )

1€ENR 1€NR,

so the 62(0; k) and A, (s, 0; k) defined here place an upper bound on the corresponding
definitions in KMS for m = 0.

Now, consider the case of m > 1. The case of s = 0 is derived in Equation (40).
When s > 1, the corresponding definitions are also satisfied as

1 , 1
S INT ] = S (NG| + NGy )" =67 (sik) s and (42)

1EN, 1€ENy

— max |N, (i;m)\N, (j;s —1 k
D3 [N, () \N, (s = D)

€N,
k
1
a ﬁ ]Gr]IVlaa}l(s) Z |NT1)+h‘ + Z ‘NT Z |NT1)+h} Z‘ t(i)—
1EN,
m s—1 s—1 k
> (Z [Nl 20 NGyl = oIV - Z!N%h})
zeNn = h=0 h=0 he0
LS (Sl ) = et w
’LGNn =

The expression ¢, (s, m; k) = infas1 [A, (s, m; ka)]"® 169 (s5=25) ] =% is identical

T a—1
to KMS. Consequently, the conditions of KMS Theorem 3.2 are satisfied under the
Assumptions 2 and 3. O

Proof of Theorem 5. (a) By Corollary 2, (WECHS)* — WCHS = B~ @ Qg = 0, and
(WEHESY* = 0 on J\/ln = R". Hence the bias decomposition

Ver — Vagy = tr((B~ ® Qc) En) + 1, (W) iy,

has both terms nonnegative: the first is a trace of positive semidefinite matrices, the
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second is nonnegative by positive semidefiniteness of (WHS)*,

(b) This is Proposition 5 in Appendix A.4. The argument writes I7§T = ‘//\Land —
Y/ DY,,, where Viand = Y/ (WSS + Oy @ Qg)Y, is a band-limited proxy consistent by
the quadratic LLN of Lemma 2, and D = (Cpy — B™) ® Q¢ has ||Dl]|op < M + 1, so
Y/ DY, = O,(Mn) = 0,(\,).

(c) This is Proposition 6 in Appendix A.4: under Assumption 5 the discarded
long-lag and boundary terms vanish relative to A,. O

B.2 Proofs of Propositions

Proof of Proposition 1. (i)<(iii) is the definition of positive semidefiniteness. For
(i)« (iii): the plug-in A, = W, satisfies (C1) trivially, since A,, — W,, =0 € S for
every cone. By Theorem 2, conservativeness on P,(M,,S,) is therefore equivalent
to (C2) alone, W'W,u > 0 for all p € M,, independently of S,. At M,, = R" this
reads W,, = 0. O

Proof of Proposition 2. (i). Let ¥; = 251) + 21(2) with 251) € S, and 21(2) € §)V-diag
i=1,2, and let t € [0,1]. Then

5+ (1= )8 = (= + (1= )8 + 12 + (1 - 2] e 88,

.

~~ ~~
€ Sn c SXV-diag

each bracket lying in its own cone by the convexity of that cone; likewise c¢(X(1) 4
¥@) = ex® 4 2 € 8% for ¢ > 0. Convexity of the summands is doing the
work that the union of the two cones, being nonconvex in general, cannot do. Also
S® C Sym because Sym.' is closed under addition, and 0 belongs to each summand,
so 8P contains both S, and S"-4¢: it is admissible. For minimality, let 7 be
admissible, and take ¥; € S, € T and ¥, € S C T. Convexity of T gives
%21 + %22 € T, and the cone property gives Y1 + Xy € T. Hence S¥ C 7.

(it). If D € S; N (S)¥-4€)* then tr(D(X; + X2)) = tr(DXy) + tr(DX,) > 0; con-
versely, taking Y5 = 0 and then ¥y = 0 in D € (S7)* delivers the two memberships.
The stated form of (5)7"€)* follows from tr(DA(s)) = 7. 5;q}, ;Dgn;, Which is
nonnegative for every s > 0 if and only if every coefficient is. The characterization of
uniform conservativeness follows because (C2) does not involve the cone. Finally, if 7
is admissible then S¥ C T by (i), and dualization reverses inclusion, so 7* C (S%)*;
since (C1) requires A, —W,, € T*, the feasible set under T is contained in the feasible
set under SP. O

Proof of Proposition 5. In all three parts the feasible set is fixed: A, —W,, € S} is a
conic constraint (the dual cone S is closed convex), and Py, A, Pup, = 0 is a linear
matrix inequality, hence conic. It remains to treat the objectives.

(i). Introduce t € R and rewrite (6) as mint subject to p/'(A, — Wy)u < t
for all p € M, with ||u]| = 1, equivalently the linear matrix inequality ¢ Pu, =
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P, (A, — Wy,)Ppry,,. This is a linear objective subject to an linear matrix inequality
(LMI) and the conic feasibility constraints, hence a convex conic program.

(7). For m-almost every (u,) the integrand MSE,(-;u,Y) is convex in A, by
hypothesis. The averaged objective

MSE,, (A,;7) = /MSEn(An;,u, Y)dr(p, )

is therefore an integral of convex functions, hence convex in A,; the finite-fourth-
moment assumption guarantees the integral is finite for every A,, € Sym,,. Minimizing
a convex objective over the convex conic feasible set is a convex conic program.

(ii). By (1), for each (u,X) the level Vi, (u,X) = tr(A, (X + py')) is a linear
functional of A,. Integrating against m and using linearity of the trace,

Va(Apm) = /tr(An(Z + ) dr(p, 2) = tr(A, Ur), U, =E 3+ pup'],

finite since 7 has finite second moments, and linear in A,. Minimizing a linear
objective over the conic feasible set is a linear conic program. O]

Proof of Proposition j. Throughout write a; := E[Y,,; | C,] and g; := E[y; | C,] =
ZieNtT @i
V. By Corollary 2, (WEHS)T — WS = B~ ® Qg = 0 and (WSHS)T =0, so

VE*T - Vadj = tl"((B_ ® QG) En) + ﬂ;z(WnCHS)Jr,un > Oa

the first term a trace of a product of positive semidefinite matrices, the second non-
negative by (WCHS)+ = 0.

XA/CQNW. Replacing each empirical product in VCQNW by its conditional expectation
and subtracting V,q; of (24), the covariance parts of the two cluster double-sums and
of the lag terms cancel against V,q4;, leaving the within-cell covariance, the group/time
mean outer products, and the mean part of the kernel-weighted block:

Veonw — Vagj = Z Z a;a; + Z Z a;a; +Z Z Cov(Yn,i, Ynj | Cp)

3 ; G 3 ; T 3 ; NG
b IENg) tIENG T IEN e
o \ - A o
VvV Vv Vv

(I) within-group means  (II) within-time means (IIT) within-cell covariance

M T—m M T
] — —/ — —/
+ D Wi, M) Y (Gl + Geenfi) + 2 w(m, M) Y 5.4,

m=1 t=1 m=1 t=1

~
(IV) kernel-weighted mean block

Terms (I)—(I1I) are positive semidefinite: (I) telescopesto ), (Yiene @) (Xienc ai),
g9 g
and (II) likewise to ), (ZieNtT ;) ( D ienT ai)/, each a sum of outer products; (III)
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equals ), Var( ZieNtTmG Y. } Cn) = 0. For (IV), fix m and complete the square lag
by lag. For each t < T—m,

JeYem + JermPe = G + Yerm) Tt + Jeem) — G — ermPpsms
so the two cross terms are a square minus the two diagonal squares. The doubled
within-period term supplies those diagonal squares. For each m,
T—m

T
2 Z Uy — Z (?Jt@fe + §t+m§£+m) =
=1

t=1 t=1

] =

Ct;m Uiy cem € {0,1,2},

a nonnegative-weighted sum of outer products, since each period is used as an end-
point at most twice. Therefore

M T—m T
(V) =" w(m, M) | > @+ Gopm) Ge + Geem) + D> o Tt | = 0,

m=1 t=1 t=1

every summand a positive semidefinite outer product and w(m, M) > 0 for the tri-
angular kernel. Adding (I)-(IV) gives Voonw — Vag; = 0. O

Proof of Proposition 5. By the Cramér—-Wold device and the minimum-eigenvalue

normalization, as in the proof of Lemma 3, it suffices to show ﬁy/ (XA/ET — Ve )v 20
for every unit vector v; set Y/M- = V'Y, ;, a scalar 1-dependent array with the depen-
dence coefficients of Y,,.

Decomposition. The proxy and the exact estimator differ by D := (Cy,— B~ )®Qq,

since Voana — Ve = Y1 ((Car— B7)@Qg) Y, Writing A := Y/ DY, and A := E[A | C,],
VI(‘?gT — Vir)v = V/(‘//\i)and — Voana)V — (3 —A).

By Lemma 3 the first term is 0,(\,), so it remains to bound A—A.

Operator-norm bound on D. Both Cy; and B~ = (Cy,— Jr)4 are positive semidefi-
nite. Since the spectral window of C) is the Fejér kernel, Ayax(Car) < frej(0) = M+1;
and as —Jr = 0, Apax(B™) = ()\max(CM — ‘]T)>+ < Amax(Cyr) < M + 1. Hence
)\max<CM_B_> < )\max(CM) < M+1 and )\min<CM_B_> > _)\max<B_) > —(M+1),
50 [[Cy — B™ [lop £ M + 1. As || Qcllop = 1,

I1Dllop = 1Cx = B~ |lop [|Qcllop < M + 1.
Conclusion. By the variational characterization of the operator norm,

Al = [YDY,| < | Dllop IYal* < (M +1) Y Y2

1€ENR
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By Assumption 2(c), E[f/fz | C,] < ¢ a.s. uniformly in i,n, so E[|A| | C.] < (M +
1)én = O(Mn) as. This gives both |A| < E[|A| | C.] = O(Mn) and, by the
conditional Markov inequality, A = O,(Mn). Therefore

[A—A] _ |Al+]4] Mn
< — _— —
S v v L

using Mn/\, — 0. Combining the two displays gives ﬁy' (‘7§T — Vg & 0 for
each fixed unit v, the unconditional convergence following by dominated convergence
as in Lemma 2. Exactly as in the proof of Lemma 3, in fixed dimension v this
per-direction bound yields A2 |Vigp — Vidpllop — 0, whence (Vo) *Vigp % I, using
(Vi) Hlop < A (1 + 0(1)) from the hypothesis Apin(VEr)/An = 1+ o(1). O

Proof of Proposition 6. It suffices to show ﬁu’ (Virue — Vag;)v = o(1) for any unit

vector v; setting Y,,; = v'Y,,;, this is Lemma 4, whose conditions are immediate from
Assumption 5. O

B.3 Statements and Proofs of Lemmas

Proof of Lemma 1. Read VCHS = Zijj(W,?Hs)inmY,{?j, so that each line of (34) is

the quadratic form of a weight matrix on the index pair ((t, 9), (s, h)) With one
observation per cell, Ngcgi) = {(g,5)}s, Nt%.) = {(h,t)}n, Ng{gg(i) = {(g,t)}, and
Y = Y, Y1), so the five lines map to

within-group ). ZjeNﬁi) — Jr®lg,
within-time )", ZjeNtT(i) — Ir® Jg,
within-cell —)". Zj€N§B§<i) —  —Ir® g,
aggregated lag Y7,y w(m, M) 32, (YY1 + Yerm¥i) — (Cy —Ir) ® Ja,
double-count  —3> - w(m, M), > (Y(g,t)Y('g’Hm) +tr.) — = (Cy—Ir)® I,

using (Chr)s = w(|t — s|, M) and w(0, M) = 1. Summing the five contributions and
collecting the ®.Js and ®I5 blocks,

[IT—F(CM—IT)} ®Jg + [JT—IT—<CM—IT)] Rl = CM®JG—|—(JT—CM)®Ig,

/ . /

:ECM = J;:CA4
which rearranges to Jr ® Ig + Cy @ (Jg — Ig) = WIS, =

Proof of Lemma 2. We adapt the proof of Proposition 4.1 of Kojevnikov et al. (2021),
translating from the HAC weight notation w,(s) used there to the matrix entries
(A;,)ij used here. Throughout, all probabilistic statements are conditional on C,; the
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unconditional statement follows by the dominated convergence theorem applied to
the conditional probabilities, since they are bounded by 1 and converge to 0 a.s.
Step 1: Centering. Define z;; :=Y,,;Y,, ;—E[Y, Y, ; | C.], so that E[z; | C,] = 0.

Then
VA,n - VA,n = Z Z (An>z'j Zij-
i€N, jEN,
By condition (iii), the inner sum is restricted to pairs (i, j) with d,(i,j) < b,:

‘A/A,n - VA,n = Z Z (An)z] Zig-

Step 2: Conditional variance bound. We compute

Var (Vin = Via | Co) = 3 (A (A Elzizia | Cal,

(i7j7k7l)

where the sum runs over quadruples (i, j, k,1) € N* with d,(i,7) < b, and d,(k,[) <
bn. By condition (ii), |(An)ij(An)w| < @2, so

Var(Van = Van | Co) <@ 3 [Blziizu | Gl
(ivjvkvl)

Group the quadruples by the distance between the pairs {7, j} and {k,}:

Ho(s,b) = {(i,7,k,1) € Njy : dn(3, ) < b,y dp(k, 1) < by, dp({i, 5}, {k,1}) = s},

so that R
Var <VA,n — Van | Cn> <a’ Z Z ‘E[zijzkl ] CnH
20 (i,4,k,1)EHn(s,bn)

Step 3: Bounding individual covariances. The variables z;; do not involve
A, so the bounds here are free of a,. For s > 1, the pairs {7,j} and {k,[} are at
distance s, so by KMS Theorem A.1 (combined with Assumption 2(a) and condition
(i) above with p > 4),

’E[Zijzm | Cn” < '9711:94/10 a.s.,

for a constant C; > 0 depending only on p and the moment bound in (i). For
s = 0, the bound is uniform: |E[z;;zx | C,]| < C; by Cauchy-Schwarz applied to the
conditional fourth moment, which is finite by condition (i).

Step 4: Counting quadruples. By inequality (A.13) of KMS,

H (5, ba)| < 40 (5, b3 2),
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where ¢, (s, b,;2) is defined in equation (11) of the paper.
Step 5: Combining. Substituting Steps 3 and 4 into the variance bound from
Step 2:
Var (VA,n — Van | Cn> <4C,a? - nz Cn (8,003 2) 9711;4/17 250
s>0
by condition (iv).
Step 6: Conclusion. By Chebyshev’s inequality, for any € > 0,

P(\VM —Vaa| > e ‘ cn) < éVar(f/A,n V| cn) 250,

Taking unconditional expectations and applying dominated convergence (the condi-
tional probabilities are bounded by 1), (|VA n— Vu n‘ > 5) — 0. ]

Proof of Lemma 3. By Slutsky’s lemma and the Cramér-Wold device it suffices to
show /\—V (Ve = Vv = 0,(1) for any unit vector v; set Y, ; := /Y, a scalar 1-

dependent array with the dependence coefficients of Y,,. Using 2 Z _w(m, M) =M,
decompose
ASEW — 1 ®IG+CM®JG + MIT® Ja,

_ Ahg — AO

and apply Lemma 2 to each of APand/) =~ Ale/X\ —and A°/\,; the conclusion for
e = C2NW follows by summing the two latter limits. We verify the conditions for
e ¢ {C2NW/ band}.

(i) Moment bound: from Assumption 2(c).

(ii) Weight bound: the entries of AP = WS 1 O, @ Qg and of A% are bounded
by a constant, so a, < A, '; the entries of A equal M, so a, < M//\ .

(iii) Support bandwidth: b, = M for APad and A% whose nonzero entries lie on

pairs (4, ) with g(i) = g(j), t(i) = t(j) or [t(i) —t(j)] < M; and b, = 0 for A2,
whose nonzero entries lie only on pairs with (i) = ¢(j).

(iv) Variance summability: for AP and A8  condition (iv) of Lemma 2 reads, up
to a constant, 32 D550 Cnl8, M 2)0,s v — 0, which is Assumption 4. For AY it

reads 25n 520 Cn (8, 0; 2)01" — 0, which is Assumption 6.

Lemma 2 then gives, for each fixed unit v, /\— (V Vo)v 2 0. Because v is fixed,
evaluating this at the coordinate directions €q and the pairwise sums e, + €, controls
every entry of the symmetric v x v matrix Vo — Vi, so A H|[Ve — Vilop 2 0. Writing
VoW — I, = VAV — Vi) and using IV, Yoy = Awin(Va) ™ < A,1(1+ 0(1)) from
the hypothesis,

Ve = Ll < A (V)M Ve = Villop 2 0,
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which is the claim. O

Lemma 4. Suppose Assumptions 2 and 5 hold and Y, ; is scalar. Then,

1
)\_ (V;frue - %dj) ﬁ> 0. (44)

Proof of Lemma /. Let 91,175,193 denote arbitrary positive and finite constants.

M T—m
ad] V;frue Z Z 1) (COV (yta yt+m) + Cov (yt+m7 yt))
m=1 t=1
T-m G
+ YYD (Cov (Yai Yay) + Cov (Y, Vi)
m>1 t=1 g=1ieNT0G jeNTNG,
T-1 T-m T-1 T-m
D D Covynyem) t Y D Cov(gemiy) . (45)
m=M+1 t=1 m=M+1 t=1

By applying Theorem A1 from KMS, for d, (i, j) = s > 1, we obtain |Cov (Y,,;, Yy, ;)| <
2 _
192971173", where ¥, = C' (1 V 1) 6 for some constant C' > 0. Then,

M T-m
Z (m, M) — 1) Cov (Y, Yt tm)
m=1 t=1
M T-m
<Y Y wm, M) =1] > > |Cov (Yo, Yay)l
m=1 t=1 ieNT jeNE
M 1—2
§Z| mM—HZZ‘ +m|292 m
m=1 t= 1z€NT
M 2
§Z| 1‘2‘ +m|792nm
m=1 1€EN,
< ﬂgnz W (m, M) — 1|62 (m: 1) 6ot (46)

so it suffices for this scaled object to converge
Now, we show that -3 - i Zg 1 ZZeNTﬁG ZjeNTﬂG Cov (Vy,,i, Yy ;) is asymp-
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totically negligible:

T—m

YT D |Cov (Yai Yay)l

m>1 t=1 g=1 ZeNTﬂG Nﬂr:ncg

G 12
D NG| NS | 026008 (47)

t+m,g
m>1 t=1 g=1

T—m

The object converges to zero after scahng due to the assumption used.
Finally, we show +- Zm M1 t " Cov (Y4, yr+m) is asymptotically negligible:

T-1 T-m T— _
Z COV ytvyt—f—m Z Z ‘NT| | t+m|193 nm- (48)
m=M+1 t=1 m=M+1 t=1
The object converges to zero after scaling due to the assumption used. O]

B.4 Proof of Corollaries

Proof of Corollary 1. Write Pg := Jo/G, Q¢ = I¢ — Pe and Pr,Qr analogously;
these are orthogonal idempotents on each factor. Substituting Jo = GPg, Jr = T Pr,
I = P+ Q into W2 and collecting terms in the commuting blocks {Pr, Q7} @

{PG7QG}7
W2 = (G4T—1) Pr@Pg + (G—1) Qr@Pq + (T—1) Pr®Qg — QreQq.

The coefficients are the eigenvalues; the only negative one is —1, on Qr ® Qg
(nonempty iff G, T > 2). The positive part zeros this block, so A* = W2V +QrQQ¢.
Finally Qr ® Q¢ = (It — Pr) ® (I¢ — Pg) = I, — WS /T — W' /G + J,/n = Py by
inclusion—exclusion, with the stated quadratic form. O

Proof of Corollary 2. Decompose I = Pg+ Q¢ and Jg — I = (G—1)Pg — Qg, and
substitute into WS, Since Pg, Qg are orthogonal idempotent,

W' = [Jr + (G = 1)Cy] @Pe + [Jr — Cu] ®Qo,
—A =B

an orthogonal direct sum over R” @ range(Pg) and R” @ range(Qg), so the positive
part acts blockwise: (WSHS)* = AT ® P;+ B* ® Qg. Both Jr and C); are PSD (the
latter a Fejér kernel), so A = Jr+ (G —1)Cy = 0 and AT = A. For the second block,
Bt =B+ B~ with B~ = (Cy — Jr)s = 0, giving Bt @ Q¢ = B® Qg + B~ ® Qg-
Summing, A% = WS 4+ B~ ® Qg. Since Qg acts on the cluster index to produce Y,
the quadratic form is YWY, + 37 V) B7Y,. O
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Proof of Corollary 3. Write 02 := Var(S,,) = v/Vipuev and ¢, := V' Ve [V Virv; by
Theorem 5(a),(c), V'Vgrv > V'V = V'V (1 + 0(1)), so ¢, < 1+ 0(1). By
Theorem 5(b), v'Virv = v'Vipr (1 + 0,(1)), hence

o? V'V
7“7% =" = ¢, — = ¢, (1+0,(1)) < 1+0,(1).
V'Virv V'Virv

Since |Sn|/\/y"7§Tu = (|Sn|/on) rn and Theorem 4 gives |S,|/o, 4 |Z|, Z ~ N(0,1),
fix e > 0. On {r, < 1+4+¢}, {(|Snl/on) rn > 21202} € {|Snl/on > 21-a/2/(1 +¢€)}, sO

Pr{ —f‘A’E‘*TV > Zl—a/Z} < Pr{% > %} + Pr{r, > 1+¢}.
The second term vanishes since r, < 1+ 0,(1); the first, z1_4/2/(1 4+ ¢) being a

continuity point of the law of |Z|, converges to 2®( — z1_q/2/(1+¢)). Taking limsup,,
and then ¢ | 0,

- 150 < 2B(_ _
hgl_}S;pPr{m > zl—a/2} < 20(—21-q2) = .

For the equality claim, 72 = ¢, (1 4 0,(1)) with ¢, < 14 o(1) deterministic, so
the limsup attains « iff ¢, — 1; by (a) and (c) this holds iff v/ (Vgr — Viwwe)v =
0(1/ V;ruey). O
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