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Abstract

This dissertation consists of three chapters in econometrics. In each chapter, I investigate
problems and solutions when assumptions used for valid inference in standard econometric
procedures fail.

Chapter 1 considers inference in a linear instrumental variable regression model with
many potentially weak instruments and heterogeneous treatment effects. I first show that
existing test procedures, including those that are robust to only either weak instruments or
heterogeneous treatment effects, can be arbitrarily oversized in this setup. Then, I propose
a novel valid inference procedure based on a score statistic and a leave-three-out variance
estimator. Within the class of tests that are functions of the leave-one-out analog of a
maximal invariant, the score test is asymptotically the uniformly most powerful unbiased
test when heterogeneity is imposed. The proposed test also yields a bounded confidence set
in empirical applications where existing methods yield unbounded or empty confidence sets.

Chapter 2 proves a new central limit theorem for a sample that exhibits two-way de-
pendence and heterogeneity across clusters. Statistical inference for situations with both
two-way dependence and cluster heterogeneity has thus far been an open issue. The ex-
isting theory for two-way clustering inference requires identical distributions across clusters
(implied by the so-called separate exchangeability assumption). Yet no such homogeneity
requirement is needed in the existing theory for one-way clustering. The new result therefore
theoretically justifies the view that two-way clustering is a more robust version of one-way
clustering, consistent with applied practice. In an application to linear regression, I show
that a standard plug-in variance estimator is valid for inference.

Chapter 3 proposes a method to bound policy relevant treatment parameters when the
monotonicity assumption that the instrumental variable affects individuals’ treatment re-
sponse in the same direction is weakened. The bounding framework uses the proportion of

defiers relative to compliers as a sensitivity parameter, and yields an identified set that is an
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interval. The method is illustrated in an empirical application where the same-sex instru-
ment was used to calculate the effect of having a third child on labor force participation. I

find that bounds are informative only for small violations in monotonicity.
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Chapter 1

Inference with Many Weak

Instruments and Heterogeneity

1.1 Introduction

Many empirical studies in economics involve instrumental variable (IV) models with many
instruments. A prominent example is the judge design: several studies argue that judges or
case workers are as good as randomly assigned and can affect the treatment status, so they
are used as instruments to study the effects of foster care (Doyle, 2007), incarceration (Aizer
and Doyle Jr, 2015), detention (Dobbie et al., 2018), disability benefits (Autor et al., 2019),
and misdemeanor prosecution (Agan et al., 2023), among others. When the IV is a vector
of indicators for judges, the number of instruments can be large relative to the sample size.
Another example of many IV is a single instrument interacted with discrete covariates. For
instance, when Angrist and Krueger (1991) used the quarter of birth as an instrument to
study the returns to education, interacting the quarter of birth with the state of birth can
generate 150 instruments.

Despite the pervasiveness and importance of this setting, there does not yet exist an

inference procedure that is robust to both heterogeneous treatment effects and weak instru-
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ments, which is a gap this paper aims to fill. Weak IV refers to a setting where the first-stage
coefficients converge to zero at a rate such that no consistent estimator for the object of in-
terest exists (following from the definition in Mikusheva and Sun (2022) rather than Chao
et al. (2012)); and heterogeneous treatment effects refers to a setting where different subsets
of the many IV may estimate different local average treatment effects (LATE). There are
several recent proposals (Crudu et al., 2021; Mikusheva and Sun, 2022; Matsushita and Otsu,
2022) that are robust to weak IV, but they assume constant treatment effects. A separate
literature (Evdokimov and Koleséar, 2018) proposed variance estimators for the Jackknife IV
Estimator (JIVE) that are robust to heterogeneous treatment effects, but their ¢-statistic
test is still not robust to many weak IV. While it is clear that weak IV can lead to substantial
distortions in inference (e.g., Dufour (1997); Staiger and Stock (1997)), it is less obvious if
procedures developed under constant treatment effects that are robust to weak IV are still
valid with heterogeneous treatment effects.

In this paper, I first show that neglecting either heterogeneity or weak instruments can
result in substantial distortions in inference. Section 1.2 presents a simple simulation that has
both weak instruments and heterogeneous treatment effects. For a nominal 5% test, using
the procedure from Mikusheva and Sun (2022) (MS22), which is robust to weak instruments
but not heterogeneity, can result in 100% rejection under the null, because their test statistic
is not centered correctly when there is heterogeneity. This result is attributed to how their
test is a joint test of both the parameter value and the null of no heterogeneity. Similarly,
the procedure from Evdokimov and Kolesar (2018) (EK18), which is robust to heterogeneity
but not weak instruments, can be severely oversized. Additionally, this section documents
how an empirically common practice of constructing a “leniency measure” that combines
the many instruments and then using weak IV robust procedures from the just-identified IV

literature is invalid.
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Given the stark simulation results, Section 1.3 proposes a procedure for valid inference.
Following the many instruments literature, the JIVE estimand is the object of interest —
this estimand can be interpreted as a weighted average of treatment effects when there is
heterogeneity (e.g., EK18). Using weak identification asymptotics, I show that the Lagrange
Multiplier (LM) (i.e., score) statistic, earlier proposed by Matsushita and Otsu (2022) under
constant treatment effects, is mean zero and asymptotically normal even with treatment ef-
fect heterogeneity. In fact, I prove a stronger normality result that a set of jackknife statistics
that includes the LM is jointly normal, which is the first technical challenge of this paper.
This normality result uses an asymptotic environment that nests the asymptotic environ-
ments of EK18 and MS22 in that normality holds if either the number of instruments is large
or the instruments are strong. This normality implies that, as long as the variance of LM is
consistently estimable, a t-statistic can be calculated and critical values from the standard
normal distribution are valid for inference. Obtaining a consistent variance estimator is the
second technical challenge of the paper, since reduced-form coefficients are not consistently
estimable when there are few observations per instrument. Motivated by Anatolyev and
Solvsten (2023) who proposed a method to jointly test the significance of many covariates in
OLS, I construct a leave-three-out (L30) variance estimator for the LM variance and show
that it is consistent, even when reduced-form coefficients are not consistently estimable. Due
to the generality of the setting considered, beyond its robustness to weak IV and heterogene-
ity, the procedure proposed in this paper is also robust to heteroskedasticity, and potentially
many covariates, so it retains the advantages of existing procedures in the literature.

Section 1.4 argues that the proposed LM procedure is powerful. In the over-identified
IV environment with normal homoskedastic errors, Moreira (2009a) showed that, if we are
willing to restrict our attention to tests that are invariant to rotations of the instruments,
it suffices to consider tests that are functions of three statistics. These three statistics are

known as a “maximal invariant”. To be robust to non-normality and heteroskedasticity in the
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many [V environment, I focus on the leave-one-out (L10) analog of this maximal invariant.
The proposed LM statistic is one of the three statistics in the L10 analog, and I show that
the two-sided LM test is asymptotically uniformly most powerful unbiased (UMPU) within
the class of tests that are functions of this L10 analog, for the interior of the alternative
space (i.e., where heterogeneity is imposed).

Simulation results in Section 1.5 show how the procedure is robust even with a small
number of instruments, and it is reasonably powerful even with constant treatment effects.
Section 1.6 contains two empirical applications that show how being robust to many weak
IV and heterogeneity can change conclusions.! In the Angrist and Krueger (1991) quarter
of birth application, the Matsushita and Otsu (2022) procedure that are robust to many
weak IV but not heterogeneity have unbounded confidence sets while L30 has a bounded
confidence set. In the Agan et al. (2023) judge application, MS22 has an empty confidence
set, and the length of the L3O confidence interval is more than twice that of EK18 that is
not robust to many weak IV.

This paper contributes to the following strands of literature. First, this paper contributes
to a growing literature on many weak instruments. There is a strand of literature dealing with
many instruments (e.g., Chao et al. (2012)) and another separate strand dealing with weak
instruments (e.g., Staiger and Stock (1997); Lee et al. (2023)). While recent procedures
accommodate both simultaneously (e.g., Crudu et al. (2021); Mikusheva and Sun (2022);
Matsushita and Otsu (2022); Lim et al. (2024)), their focus has been on the linear IV
model with constant treatment effects. This paper augments their setup by allowing for
heterogeneity in treatment effects, and contributes new results on the limitations of their
procedures under heterogeneity. Further, I show how heterogeneity can be understood in a

framework analogous to weak instruments.

Tmplementation code can be found at: https://github.com/lutheryap/mwivhet.
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Second, this paper contributes to the literature on heterogeneous treatment effects (e.g.,
Kolesar (2013); Evdokimov and Koleséar (2018); Blandhol et al. (2022)). The previous papers
exploit consistent estimation of the object of interest to conduct inference. In contrast, this
paper uses the (more general) weak IV environment where the object of interest may not
be consistently estimated. Two recent papers allow weak IV and heterogeneity. Boot and
Nibbering (2024) study a single discrete instrument interacted and saturated with many
covariates. Their setup is a special case of the environment considered in this paper, so it is
unclear if their procedure generalizes to many instruments without covariates (e.g., judges).
Kleibergen and Zhan (2025) target a continuous updating (CU) GMM estimator with a fixed
number of instruments rather than many instruments.?

Third, this paper contributes to a literature on inference when coefficients cannot be
consistently estimated. The difficulty in having such a general robust inference procedure
lies in consistent variance estimation when the number of coefficients is large. Recent liter-
ature that has made substantial progress in a different context. In doing inference in OLS
with many covariates, Cattaneo et al. (2018) and Anatolyev and Sglvsten (2023) proposed
consistent variance estimators that are robust to heteroskedasticity, which involve inverting
a large (n by n, where n is the sample size) matrix and a L30 approach respectively. Boot
and Nibbering (2024) adapt the Cattaneo et al. (2018) variance estimator for inference. In
contrast, this paper adapts the approach from Anatolyev and Sglvsten (2023) that does not
require an inversion of an n by n matrix, and whose L30 implementation is fast when using
matrix operations.

Fourth, this paper contributes to a literature on optimal tests. While the UMPU test for
just-identified IV has been established since Moreira (2009b), obtaining a UMPU test in the

over-identified IV environment has thus far been more challenging. In the over-identified IV

2They show that their CU-GMM estimator corresponds to the limited information maximum likelihood
(LIML) estimator. However, it is also known that the LIML estimand may not be interpretable as a weighted
average of LATE’s. (Kolesdr, 2013) I am unaware of any paper that allows both weak IV and heterogeneity
with a fixed number of instruments and targets a parameter that is a weighted average of LATE’s.
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environment with constant treatment effects, several statistics are informative of the object
of interest. Consequently, there is a large literature that numerically compares various valid
tests and characterizes various forms of optimality (e.g., Moreira (2003); Andrews (2016);
Andrews et al. (2019); Van de Sijpe and Windmeijer (2023); Lim et al. (2024)). By imposing
heterogeneity in the environment, the problem is (somewhat surprisingly) simplified. Since
only one statistic in the asymptotic distribution is directly informative of the object of

interest, I can obtain a UMPU result.

1.2 Challenges in Conventional Practice

This section explains the challenges faced in conventional practice by considering a simple
potential outcomes model without covariates that exhibits weak instruments and hetero-
geneity in treatment effects. This model is a special case of the general model in Section
1.3. A simulation from the model shows how weak instruments and heterogeneity can lead
to substantial distortions in inference for procedures recently proposed in the econometric
literature. A common empirical practice of constructing a leave-one-out instrument and
then applying inference methods for the instrument as if it is not constructed also has high
rejection rates. In contrast, the method proposed in this paper has a rejection rate that is

close to the nominal rate.

1.2.1 Setting for Simple Example

The simple example uses the canonical latent variable framework of Heckman and Vytlacil
(2005). We are interested in the effect of X; € {0,1} (e.g., incarceration) on some outcome
Y;, for i+ = 1,---n that indexes individuals. To instrument for X;, we use a vector of
judges indicators: Z; is a (K + 1)-dimensional vector of indicators for judges, indexed k =

1,---, K + 1, each with ¢ = 5 individual cases, so the vector takes value 1 for the kth
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component when individual 7 is matched to judge k, and 0 elsewhere. Then, n = (K + 1)c.
The problem of many instruments arises when ¢ is fixed while K increases. Let Y;(0) and
Y;(1) denote the untreated and treated potential outcomes respectively, and we observe
Y; = Yi(X;). The treatment status given some instrument value z is X;(z), and we observe

Xi(Z;). The model is:
Xi(z) = {Z'\ > v}, and Yj(z) = zf (v;) + &, (1.1)

where 1{-} is an indicator function that takes the value 1 if the argument is true and 0
otherwise. Here, Z/\ = Ay(;), where k(i) is the judge that individual 4 is matched to. With
individual unobservable v; ~ U|0, 1], the probability of treatment (i.e., X; = 1) given judge k
is A\g. Iset A\y = 1/2 for the base judge, and evenly split all other K judges to take 4 different
values of \;. Potential outcomes are Y;(0) = ¢; and Y;(1) = f(v;)+¢; so Yi(1) = Y;(0) = f(v;)
is the treatment effect. The individual-specific residuals v; and ¢; are allowed to be arbitrarily
correlated. Let Sy denote the local average treatment effect (LATE) when comparing judge k
to the base judge: for instance, when A\, > 1/2, B = /\k+1/2 ff\/kz f(v)dv. The values of (Ag, Bx)
for the 4 groups of judges are (1/2—s,8—h/s),(1/2(1—s),5+2h/s),(1/2(1+s),B—2h/s),
and (1/2+s,8+ h/s). The function f(v) that delivers these parameters and further details
of this example are in Section 1.A.2.

The A\, and By values are parameterized by objects s and h, which control the IV strength
and heterogeneity in the model respectively. The impact of these parameters are illustrated
in Figure 1.1 that plots the point masses for the four groups of judges in reduced-form.
Parameter s controls how far E[X | Z] are spread across judges, which then affects the
instrument strength. Parameter h controls the distance between the mass points and a line
with slope 8 — this slope is the object of interest. If the impact of X on Y is homogeneous,
then h = 0, and all mass points must lie on a line — this implication is falsifiable by the
data.

17



Figure 1.1: TV Strength and Heterogeneity in Reduced Form

EY | Z]

1,

0.5

0.8

1
E[X | Z]

Table 1.1: Rejection rates under the null for nominal size 0.05 test

Designs Procedures
E[Tsr] FE[Tps] | TSLS EK MS MO X-t X-AR L300 LMorc ARorc
2K | 0428 0.066 NaN 0.027 0.041 0.041 0.060 0.048  1.000
20K 2 0.978 0.040 NaN 0.282 0.114 0.303 0.052 0.049  1.000
0 0.983 0.025 NaN 0.260 0.054 0.282 0.047 0.055 1.000
2vV/K | 0.984 0.076 1.000 0.039 0.046 0.049 0.044 0.050  1.000
2 2 1.000 0.096 1.000 0.085 0.155 0.149 0.048  0.049  1.000
0 1.000 0.128 1.000 0.103 0.225 0.177 0.060 0.051  1.000
2K | 0994 0.097 0.064 0.064 0.071 0.067 0.059 0.055 0.057
0 2 1.000 0.231 0.059 0.047 0.179 0.106 0.049 0.051  0.055
0 1.000 0.359 0.063 0.041 0.350 0.107 0.048 0.046  0.059

Notes: The table displays rejection rates of various procedures (in columns) for various designs
(in rows). Details of the data generating process are in Section 1.A.2. T use K = 400,¢=5,5 =0

with 1000 simulations.

TSLS implements the standard two-stage-least-squares t-test for an

over-identified IV system. EK implements the procedure in Evdokimov and Kolesar (2018). MS
uses Tqr with the cross-fit procedure in Mikusheva and Sun (2022). MO uses the Ty statistic
with the variance estimator proposed in Matsushita and Otsu (2022). X-t uses a constructed
instrument and runs TSLS for a just-identified IV system. X-AR uses the Anderson and Rubin
(1949) (AR) procedure for a just-identified system using a constructed instrument. L3O uses the
variance estimator proposed in this paper. LMorc is the infeasible theoretical benchmark that uses
an LM statistic with an oracle variance. ARorc uses the AR statistic with an oracle variance.
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The simulation designs vary the values of s and h through the following parameters:

E[Tpg] = gx/E(c —1)s?, and E[Tug] = g\/f(c —1)h2. (1.2)

The statistic Trg is the leave-one-out (L10) analog of the first-stage “F” statistic in this
model, and T4 is similarly the L10 analog of the Anderson-Rubin statistic under the null.
These objects are explained in detail in Section 1.3, but it suffices to mention here that, for
the given ¢ and K, there is a one-to-one mapping between (E[Trg], E[Tag]) and (s, h). Using
Staiger and Stock (1997) asymptotics, F[Trs| is the parameter that determines whether there
is strong or weak identification. Where C' is some positive arbitrary constant, E[Trs] — oo
is an environment with strong identification where the object of interest can be estimated
consistently, and E[Trs] — C < oo is an environment with weak identification where no
consistent estimator exists.

For every design, I generate data under the null and calculate the frequency that each
inference procedure rejects the null of 5y = 0. These procedures include the standard TSLS
t-test, procedures that are robust to either weak instruments (MO, MS) or heterogeneity

(EK), and procedures that use a constructed instrument (X). The results are presented in

Table 1.1, which I will refer to in the remainder of this section as I explain them.

1.2.2 Issue with Many Weak Instruments

Many IV and weak IV are different but related issues. The many IV problem arises when
the number of cases per judge ¢ does not diverge to infinity, so that K is large relative
to n. When ¢ is small, the judge-specific A\, and [, cannot be consistently estimated and
hence inference procedures like the TSLS ¢-test can be oversized. In Figure 1.1, a small ¢ is

attributed to the sample uncertainty surrounding each black circle. The weak IV problem
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arises from E|[Tpg] not diverging: since F[Trg] is a function of K, ¢, and s, the weak IV issue
is related to the many IV issue.

If we simply run the TSLS t-test for an over-identified model, then the estimator can
be asymptotically biased and inference is invalid, a fact already known in the literature.
This fact is also evident in Table 1.1, where TSLS has 100% rejection in many designs.
In TSLS, the first stage regresses X on Z to get a predicted X = Z#, where # is the
estimated coefficient; the second stage regresses Y on X. With constant treatment effects,
the asymptotic bias of the TSLS estimator depends on ), ¢ /> Xf When every judge
only has ¢ = 5 cases, the influence of v; on 7;(;) and hence )A(z is non-negligible. Since ¢; and
v; can be arbitrarily correlated, the numerator is biased. If the instruments are weak such
that the denominator ), Xf does not diverge sufficiently quickly, then the asymptotic bias
can be large. Due to the asymptotic bias, the t-statistic is not centered around S, when data
is generated under the null, so we observe over-rejection in Table 1.1.

Since the bias in the TSLS estimator arises from using X; to estimate 7, a natural
solution to address that bias is to use the JIVE to estimate §. Instead of using X; = A%
in the second stage, we instead use Xi = Z!7_;, where 7_; is the coefficient from the first-
stage regression that leaves out observation i. I call 7_; the leave-one-out (L10) coefficient.
With P = Z(Z'Z)~" Z' denoting the projection matrix, X; = Z/#_; can be written as

X; =32, P;X;. Then, the JIVE is:

Zi Y; <Zj7éi Pinj)

- Zz X; (Ej;éi Pinj) |

(1.3)

In the many IV context with constant treatment effects, the asymptotic distribution of the
t-statistic of the JIVE is the same as the distribution of the t-statistic of the TSLS estimator
in the just-identified environment (Mikusheva and Sun, 2022) — it is a ratio of two normally

distributed random variables. It is well-known that, in the just-identified IV context with
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weak IV, the rejection rate of the standard t-statistic can be up to 100% for a nominal 5%
test (e.g., Dufour (1997)). Hence, like the just-identified IV context, by using a structural
model that has sufficiently weak instruments and high covariance, the simulation can deliver
high rejection rates.

EKI18 have a procedure that is robust to heterogeneity, but not weak instruments, so
even if we use their variance estimator for the t-statistic, this problem is not alleviated. This
fact is evident in the EK column of Table 1.1, where, with a sufficiently large correlation
in the individual unobservables, rejection rates can be large.* Hence, ignoring the issue
of weak instruments can lead to substantial distortions in inference. In fact, even with
strong instruments, there is no guarantee that EK18 achieves the nominal rate, because
their variance estimation method requires consistent estimation of the first-stage coefficients
7. A condition for consistent variance estimation is that the number of cases per judge is

large, which is not ¢ = 5.

Remark 1.1. In the literature, there have been several definitions of weak instruments,
which I clarify in this remark. Using Equation (1.2), there are three asymptotic regimes,
ordered from the strongest to the weakest: (i) \/%E[TFS] — 00, (i) E[Tps] — oo, and
(iii) E|Trs| — C < 0o. Regime (i) is a necessary condition for the TSLS estimator to be
consistent, so \/—%E[TFS] — C < oo is what Stock and Yogo (2005) would refer to as weak
instruments. Regime (i) is a necessary condition for the JIVE to be consistent (e.g., Chao
et al. (2012), EK18). Regime (iii) is where no estimator is consistent (e.q., Mikusheva and
Sun (2022)). If K is fized, then (i) and (ii) are the same asymptotically, and (iii) is the
relevant weak identification asymptotic regime. If K — oo, then there is more ambiguity
in what weakness means: Chao et al. (2012) and EK18 who assume (ii) are robust to weak

instruments when defined in the Stock and Yogo (2005) sense, because s can converge to 0,

albeit at a slower rate than VK. In this paper, I follow the Staiger and Stock (1997) standard

3The rejection rate of EK can be 100% under the null in some simulations: one example is given in
Table 1.C.1 in Section 1.C.2.
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of weak identification where no consistent estimator ezists, which corresponds to (iii) that

EK18 is not robust to.

1.2.3 Issue with Heterogeneity

Next, consider proposals for inference that are developed for contexts with many weak IV.
MS22 (and Crudu et al. (2021)) propose using an Anderson-Rubin (AR) statistic Tag =
\/—% > Z#i Pei (Bo) e; (Bo), for e; (Bo) := Y; — X, 80 where [y is the hypothesized null value.
With constant treatment effects, e; := Y; — X, is the residual. Hence, if the instrument
is orthogonal to the residual, then E[Z;e;] = 0.* Then, Tag is the L10 analog for the
quadratic form that tests the moment E[Z;e;] = 0 . Since observations are independent, the
critical value for the test is obtained from a mean-zero normal distribution. In this model,
E[T4g) = VK(c — 1)h? under the null.® Hence, when there are constant treatment effects
such that h = 0 for all k, the statistic is unbiased. However, in the setup with heterogeneity,
the Tyr can be biased: in fact, when h does not converge to zero, E[Tag| diverges, resulting
in a 100% rejection rate under the null, even if the oracle variance were used. Further,
there does not exist any estimand (§ such that E [T4g] = 0, as shown in Lemma 1.1 of
Section 1.A.2.

A further problem with the feasible MS procedure is that when there is strong hetero-
geneity (E[Tagr] = 2v/K) in this simulation, their cross-fit variance estimate is negative
for all simulation draws, as the negative heterogeneity terms are larger in magnitude than
the positive variances of the residuals. The formal analysis requires more notation from

Section 1.3, so details are deferred to Section 1.A.2.

4An equivalent way to see how heterogeneity affects inference is through the framework of Hall and Inoue
(2003) and Lee (2018): E[Z;e;] = 0 is a special case of a misspecified over-identified GMM problem. The
instruments are individually valid, but every component of the K moments in E[Z;e;] = 0 identifies a different
treatment effect, so there is no parameter that satisfies all moments simultaneously under heterogeneity.
Then, while the estimand is still interpretable as a combination of these treatment effects due to how GMM
weights these moments, there are additional components in the variance that affect inference.

5This result can be obtained as a special case of Theorem 1.1 in Section 1.3 and using the fact that

Zi Zj;&i Pizj = Zi Zj;éi (1/02) = Zz C(TQI = Zk CZI-
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Another proposal in the literature that is robust to many weak instruments is Mat-
sushita and Otsu (2022) (MO22) who use the statistic Ty = \ﬁ doi Dz Pigei (Bo) X =
\/_E S, € (Bo) Xi. This statistic can be interpreted as the LM (or score) statistic that uses

the moment E[eX] = 0. They propose the following variance estimator ¥ y;0:

o ::%z(zpﬁxj) o+ LSS P () Xty (). (1)

( J#1 [

While 775 has zero mean under the null even with heterogeneity, a result shown later in
Section 1.3, the MO22 variance estimator was constructed under constant treatment effects,
so the variance estimand differs from the true variance. It can be shown that F [\i/ MO] =+
Var (Ty), and U Mo is inconsistent in general, so when it is used to construct the ¢-statistic
of Tpys, the normalized statistic is not distributed N(0,1) asymptotically. Consequently,
by constructing a DGP where U0 underestimates the variance, it is possible to get over-
rejection of the MO22 procedure, as in the cases of Table 1.1 where FE[T4g] diverges. As
expected, when there is no heterogeneity such that h = 0, the rejection rate of MO22 and

MS22 are close to the nominal rate.

1.2.4 Issue with a Constructed Instrument

In light of problems with weak identification and heterogeneity, there is a large applied liter-
ature that transforms a many IV environment into a just-identified single-IV environment.
With a single IV, the Anderson and Rubin (1949) (AR) procedure (among others) is robust
to both weak identification and heterogeneity. However, this subsection will argue that such
an approach is invalid.

Due to how the JIVE is written, there are several empirical papers that treat X; =
>z DijX; as the “instrument” so that B =YX,/ 3, X;X;, and proceed with inference

as if X; is not constructed, but is an observed scalar instrument, usually referred to as a
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leniency measure. While the resulting estimator is numerically identical to JIVE, there are
distortions in inference because the variance estimators do not account for the variability in
constructing XZ-.

If the TSLS t-statistic inference is used as if X; is the instrument, then its rejection
rates in designs with heterogeneity are usually higher than rejection rates of EK18 that
accounts for the variance accurately, by comparing the X-t and EK columns in Table 1.1.
Consequently, in the cases where EK under-rejects, X-t can have close to nominal rejection
rates by coincidence.

Even if the weak IV robust AR procedure for just-identified IV were used, there
can still be distortion in inference (see X-AR in Table 1.1). The AR t-statistic
IS tgap = D6 (60))21-/\/?, where V. = Y. X2&2 <Zl Xf)Q and & = ¢ (8o) —
X, (Zl ei (Bo) XZ) / (ZZ Xf) Even though t ¢, is mean zero and asymptotically normal,
the variance estimand is inaccurate, much like MO22. In particular, when gy = 8 = 0, the
leading term of the variance estimand is F [ZZ Xfef} , and it does not converge to the true
variance derived in Section 1.3 in general. Hence, using the just-identified AR procedure
with a constructed instrument results in over-rejection. There are several papers that cluster
standard errors by judges, but this approach faces a similar issue.

As a preview, the L3O procedure proposed in this paper has rejection rates close to the

nominal rate while the other procedures can over-reject.

1.3 Valid Inference

In light of how existing procedures are invalid in an environment with many weak instruments
and heterogeneity as documented in the previous section, this section describes a novel

inference procedure and shows that it is valid. I set up a general model, then show that an

SDetails of this discussion are relegated to Section 1.C.1.
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LM statistic is asymptotically normal and a feasible variance estimator is consistent, which

suffices for inference.

1.3.1 Setting: Model and Asymptotic Distribution

The general setup mimics Evdokimov and Kolesar (2018). With an independently drawn
sample of individuals ¢ = 1,...,n, we observe each individual’s scalar outcome Y;, scalar
endogenous variable X;, instrument Z;, and covariates W;, with dim (Z;) = K.” For every
instrument value z, there is an associated potential treatment X; (z), and we observe X; =
X; (Z;). Similarly, potential outcomes are denoted Y; (z), with Y; = Y; (X;). Let R; :=
E[X;| Z;,W;] and Ry, := E[Y; | Z;, W] be linear in Z; and W;. The model, written in the

reduced-form and first-stage equations, is:

Y; = Ry; + (;, where Ry; = Zimy + Wy, EG | Z;,W;] =0, and

X, = R; +n;, where Ry = Z!m + W!~, En; | Z;, W] = 0.

The setup implicitly conditions on Z;, W;, so R;, Ry; are nonrandom.® Linearity in Z and
W is not necessarily restrictive when there is full saturation or when K is large.”

Define e; :=Y; — X;3, where 3 is some estimand of interest, and e; is a linear transfor-
mation. Let e; (fy) := Y; — XSy denote the feasible null-imposed linear transformation. Let
Ra; = Ry; — R;f and v; := (; — n;8. These definitions imply e; = Ra; + v; and Ra; =
Zl(ry — wB) + W/(vy —B). Since E [v;|Z;, W;] = 0 from the model, E [e;|Z;, W;] = Ry,

"The endogenous variable X; can be extended to a vector with some technical modifications and without
conceptual complications.

8If we are interested in a superpopulation where Z is random, then the estimands would be defined as
the probability limit of the conditional objects. Then, it suffices to have regularity conditions to ensure that
the conditional object converges to the unconditional object.

9 Any nonlinear function of the instruments can be arbitrarily well-approximated by a spline with a large
number of pieces or a high-order polynomial. Moreover, the arguments in this paper could presumably be
extended to a linear approximation of nonlinear functions as long as there are regularity conditions to ensure
that higher-order terms are asymptotically negligible.
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which need not be zero. For data matrix A, let Hy = A (A’A)"" A’ denote the hat (i.e.,
projection) matrix and My = I — H, its corresponding annihilator matrix. With Z, W
denoting the corresponding data matrices of the instrument and covariates, let Q) = (Z, W),

P = Hg,and M = I — P. C denotes arbitrary constants.

Remark 1.2. While E[e;|Z;,W;] = Ra; need not be zero under heterogeneous treatment
effects, Ele;|Z;,W;] = Ra; = 0 under constant treatment effects. Since Rpa; = Zl(my —
7wB) + W/ (yy —~B) for all i, constant treatment effects with E[Y; — X;8 | Z;,W;] = 0 also
implies Ty = w3 and vy = [ outside of edge cases (e.g., when Z;,W; are always 0). These
RA objects hence capture the impact of having heterogeneous treatment effects in the many

instruments model.

The (conditional) object of interest and its corresponding estimator are:

i 2z GilyiR;

. 2o 2 GiiYiX;
> G iRy

D 2ini G Xi X'

and  Byve =

where G is an n x n matrix that can take several forms. As the leading cases, if there
are no covariates, using the projection matrix G = Hy; = P is the standard JIVE, and
when there are covariates, I use the unbiased JIVE “UJIVE” (Kolesar, 2013) with G =
(I — diag (Hg)) " Hg — (I — diag (Hyw))~' Hy. In an environment with a binary instru-
ment and many covariates interacted with the instrument, the saturated estimand “SIVE”
(Chao et al., 2023; Boot and Nibbering, 2024) uses G = Pgy — MgDpn Mg, where Py =
MwZ (Z’MWZ)_1 7'My, and Dpy is defined as a diagonal matrix with elements such that
Py = [MgDp NMQ]u" With constant treatment effects, the estimand is the same for all
the estimators: Ry; = R;( so B;rve = . Depending on the application, the estimand is

usually interpretable as some weighted average of treatment effects when using JIVE without
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covariates or UJIVE with covariates with a saturated regression.'’ (Evdokimov and Kolesar,
2018) The focus of this paper is on inference, so I will not discuss the estimand in detail.
The results for valid inference in the paper are established for any GG that satisfies properties
that will be formally stated in the theorem.

This paper restricts its attention to the following statistics:

/ 1 '
(Tar, Toar, Trs) = \/_EZZGU (€ (Bo) €; (Bo) » ei (Bo) X, XiX;)". (1.5)

i g

It suffices to focus on (Tar, T, Trs) for inference as they correspond to a linear transfor-
mation of the leave-one-out analog of a maximal invariant — details are in Section 1.4.1.
T4g is the (unnormalized) AR statistic used by MS22 for inference, and T, is the LM
(score) statistic used by MO22. Tpg corresponds to a first-stage F statistic that can be used
as a diagnostic for weak instruments.

The asymptotic behavior depends on the following object:

2 2

Ty 1= Z (Z GUR]) + Z (Z GinAj> + Z Z G?j' (1.6)
i J#i ( JFi i g

Asymptotic theory in this paper uses 7,/ V'K — 00, which nests the environments of EK18,

MS22, and MO22: as long as one of the three objects in Equation (1.6) diverges at a rate
2

above VK, we obtain r,,/v/K — co. EK18 assume 3, (Z#i Ginj) /VK — oo, which

implies strong identification, but r,/ VK — oo can also be achieved if either of the latter

terms in r, diverges. MS22 and MO22 assume K — oo. Without covariates, G = P, so

> Z#i G?j = O(K), and hence r,/vK — co. Hence, to apply the asymptotic theory in

this paper, it suffices to have either strong identification, or K — oo. The only case ruled

10Tn the judge example without covariates above, we have G = P and 7wy = B, where 3 is the local

2
average treatment effect (LATE) between judge &k and the base judge, so By e = Eiﬂ’;r"f’“ = Ezﬂf;f ¥ is a
kE"k k

weighted average of LATE’s. *
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2
out is where K is fixed, and there is weak identifcation in that ), <Zj# G’inj> JVK does
not diverge.

The following assumption states sufficient conditions for joint asymptotic normality.
Assumption 1.1. (a) There exists C < oo such that E[n}] + E[v}] < C for all i.
(b) E[v?] and E[n?] are bounded away from 0 and |corr (v;,m;) | is bounded away from 1.

(c) There exists ¢ > 0 such that for any ci,co, c3 that are not all 0,
2
D (Cs 24 G+ Gi) Ry + 2304 Gj,-RAj)
2
> (01 >4 (G + Gji) Rag + 2374 Ginj)
+%Var <ZZ >z Gij (crviv; + cavimy + 03772‘77]‘)) > C.

(d) =3 ((Z#z’ Ginj>4 + (Z#z’ GinAj)4 + (Z#i GjiRj)4 + (Z#i GjiRAj>4> —
0.

(e) ||%GLG’L||F + ||%GUG’U||F — 0, where Gy, is a lower-triangular matriz with elements
Grij = Gij1{i>j} and Gy is an upper-triangular matriz with elements Gu;; =

Assumption 1.1 states high-level conditions that mimic EK18 so that a central limit
theorem (CLT) can be applied. These conditions hence accommodate the G that EK18
consider with covariates. Having bounded moments in (a) is standard. Conditions (b) and
(c) are sufficient to ensure that the variance is non-zero asymptotically. In particular, (b)
rules out perfect correlation: in the simulation, corr(n;, ;) = —1 is the pathological case that
makes the variance zero, but corr(n;, ;) = 1 still allows non-zero variance. Conditions (d)
and (e) ensure that the weights placed on the individual stochastic terms are not too large.
The condition that ,,/v/K — oo is implied by (e) when G' = P: due to Lemma B3 of Chao

et al. (2012), under weak IV asymptotics where P; < C < 1, we obtain ||GLG%||r < CVK.
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Mechanically, if there is weak IV and fixed K, then ||%GLG’L||F = %O(\/E) # o(1), so
(e) fails when r,/v/K does not diverge. Notably, the conditions do not require P; — 0 so

the 7, my coefficients need not be consistently estimated.

Theorem 1.1. If Assumption 1.1 holds and B = [y, then BJIVE — Byve = Tom/Trs, and

Jfor V- =Var(Tar, Toam, Trs),

Tar = 7 22 2oy GijBaiRa; 0
Vo2 Tonr SN[ o | ] (1.7)
Trs — \/_% Zl Z#i GijRiR; 0

In Theorem 1.1, E[Trg] = \/—1? > 2z GijRiR; is the concentration parameter corre-
sponding to the instrument strength. In the model of Section 1.2, the mapping to the
reduced-form 7 can be found in Section 1.A.2, so the concentration parameter is given
by E[Tps] = =3 (c — i = 3VK(c — 1)s21 If the instruments are strong, then
E[Trs] — oo, so Birve — Birve 40, With weak IV, E[Trs] converges to some constant
C < o0, so comparing the JIVE t-statistic with the standard normal distribution leads to
invalid inference even in large samples.

The asymptotic distribution follows from establishing a quadratic CLT that may be
of independent interest: it is proven by rewriting the leave-one-out sums as a martingale
difference array, and then applying the martingale CLT. While there are existing quadratic
CLT available, they do not fit the context exactly. Chao et al. (2012) Lemma A2 requires
G to be symmetric, which works for G = P, but G for UJIVE is not symmetric in general.

EK18 Lemma D2 is established for scalar random variables, so I extend it to random vectors.

This concentration parameter is comparable to the concentration parameter in just-identified IV. With
slight abuse of notation, suppose the just-identified IV model has a first stage equation with X = Zw + v
where 7 = s. Then, omitting variance normalizations, using the notation from Lee et al. (2023), the
concentration parameter is fo = y/ms, which determines if the TSLS estimator is consistent. In the L10
asymptotics, VK (c — 1)s> ~ ns?/v/K by using n = (K + 1)c and approximations /K/(K + 1) ~ 1 and
(¢ —1)/\/¢ =~ \/c. By comparing the L10 concentration parameter ns>/v/K with the just-identified IV
concentration parameter fo = y/ns, I obtain the notions of weak identification in Remark 1.1.
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Theorem 1.1 states that 77, is mean zero and asymptotically normal. Hence, if we have
access to the oracle variance of Tps, we can simply use the statistic Ty /+/Var(Tpy) for
testing because it has a standard normal distribution under the null. Obtaining a consistent

estimator is an issue addressed in the next subsection.

1.3.2 Variance Estimation

To test the null that Hy : 8 = [y, we can calculate 17, using the null-imposed [y and an
estimator for the variance of VK Tru, VLM, defined later in this section. Then, reject if
KT2,,/Viy > ® (1 — a/2)” for a size a test where ®(.) is the standard normal CDF. This
procedure is valid when 77, is asymptotically normal with mean zero as we have established
in the previous section, and when VL M 1S consistent.

Before stating the variance estimator, I first decompose the variance expression in the
equation below, which follows from substituting e; = Ra; + v; and X; = R; + n; into the
J#

variance. For Vi, := Var (ZZ > Gijein>,

Vive =YY > B[] GyGuRR+ ) > GLE[V]E[n]] +) > GyGiE [pvi] E v

i g ki i i i i
+2 Z Z Z E [Vini] GiijiRjRAk + Z Z Z E [7712] GjiniRAjRAk-
i j#i ki i jAi ki

(1.8)

With constant treatment effects, only the first line appears in the variance as Ra = 0.

With G = P, the expression for Var <le Pijein> matches the expression in EK18

JF#
Theorem 5.3, but their variance estimator cannot be used directly as they required consistent
estimation of reduced-form coefficients. By adapting the leave-three-out (L30O) approach of
Anatolyev and Sglvsten (2023) (AS23), an unbiased and consistent variance estimator can

be obtained. Intuitively, just as the own-observation bias in TSLS that involves a single sum

can be addressed with 10, an unbiased estimator for the variance expression that involves
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a triple sum can be obtained with L30O. Let 7 := (7/,7')" and 7a := ((7y — 78), (vv —vB)")’
denote the coefficients on () when running the regression of X and e respectively. The

variance estimator is:

VLM = A1+A2+A3+A4+A5, (19)
with
Ay = Z Z Z G X;GiXrei (Bo) (ei (Bo) — QiTa—ijk)
i A ki
Ap =2 Z Z Z GiiXiGrier (Bo) ei (Bo) (Xi — QiF—ijn) ,
i g ki
Agi= Y > > Giie; (Bo) Graer (Bo) X (Xi = Qif i)
i A ki
Ayp=— Z Z Z sz‘iXiMik,—inkej (Bo) (ej (Bo) — Q;‘%A,—z’jk) ’
i J#i k#j
As ==Y Y > GiyGhiei (Bo) M —i;Xxe; (Bo) (X5 — QF—iji) ,
i i kg
where

-1
%—ijk = (Z Ql@;) Z Qth

I#4,5,k I#4,5,k
~1
TA—ijk 1= (Z Qfo) > Qe (Bo),
l#lm%k l#lm%k

i)

-1
: Mj; My, — My; My,
Mik,fij = 2 Dij 2 :—Q; <Z¢Z”Q1QE) Qk:

Following AS23, I make an assumption to ensure that the L3O estimator is well-defined.!?

I2]f these conditions are not satisfied, then we can follow the modification in AS23 so that the variance
estimator is conservative.
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Assumption 1.2.  (a) 3, ;. QiQ; is invertible for every i, j,k € {1,--- n}.
(b) maXitji£i+£i D;i = Op(l), where Dijk: = MiiDjk_ (M”Mfk + Mk:kaj - QMJkMZ]Mzk) .

Assumption 1.2(a) corresponds to AS23 Assumption 1 and Assumption 1.2(b) corre-
sponds to AS23 Assumption 4. For consistent variance estimation, we additionally require
regularity conditions that are stated in Assumption 1.3 of Section 1.A.1. These conditions
are satisfied when G is a projection matrix. With these conditions, Theorem 1.2 below claims

that the variance estimator is consistent.

Theorem 1.2. If 8 = By, Assumptions 1.1-1.2 hold, and Assumption 1.5 in Section 1.A.1
hOldS, then E [VLM] = VLM and VLM/VLM ﬁ) 1.

With many instruments and potentially many covariates, the reduced-form coefficients
T, Ty,7,Yy are not consistently estimable. The usual approach to constructing variance
estimators calculates residuals by using the estimated coefficients, but this approach no
longer works when these estimated coefficients are inconsistent. To be precise, applying

Chebyshev’s inequality for any e > 0 yields:

.

Without an unbiased estimator and when reduced-form coefficients cannot be consistently

1 Ver (Vi) 1 (B V] - Vi)’

Vin — V,
LM LM c S 2 + - .
€2 Vi €2 Vi

Vium

(1.10)

estimated, the second term in (1.10) is not necessarily asymptotically negligible. To overcome
this problem, I use an unbiased variance estimator so that the second term is exactly zero.
Then, it suffices to show that the variance of individual components of the variance are
asymptotically small compared to V7, so that the first term in (1.10) is o(1) by applying
the Cauchy-Schwarz inequality.

To obtain an unbiased estimator, I use estimators for the reduced-form coefficients

T, Ty,7,Vy that are unbiased and independent of objects that they are multiplied with.
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The leave-three-out (L30O) approach has this unbiasedness property for linear regressions:
when leaving three observations out in the inner-most sum of the A expressions, the esti-
mated coefficient 7_;;; is independent of ¢, j, k and is unbiased for 7. Then, when taking the
expectation through a product of random variables of ¢, j, k and 7_;;;, 7 can be used in place
of the 7_;;, component, and the expectations of individual components can be isolated. For

instance,

E Z Z Z G X;GaXrei (e; — QiTa —ijk)

i A ki
=2 D GyEIX] GaE X Elei (e: — Qifa—in)] (1.11)
i i ki
=22 > GulGuluE [V,
i gFL kAL

which recovers the triple sums in the V75, expression of (1.8). Without leaving out observa-
tions j and k, we would not be able to isolate E[X;] and E[X}] in the first equality. Without
leaving out observation 7, we would not be able to isolate 7o on expectation to obtain E[v?]
in the second equality. An analogous argument applies to other components of V in (1.7).
Assuming that the residuals have zero mean conditional on @) is crucial: if we merely have

E[Q(] = 0, this argument can no longer be applied.

Remark 1.3. While the proposed Vi is motivated by AS23, the contexts and estimators
are different. First, the statistic that we are estimating the variance for is different: AS23
demeaned their F statistic using Ef, where Ex is estimated using L10, so they are interested
in the variance of F — Er that is mean zero; I use a mean-zero L10 statistic directly in
Trar. Second, the expectation of their variance estimator takes the form of their (9), which
is analogous to the sum of A and Ay using the notation above, so repeated applications

of their estimator is insufficient to recover all five terms exactly. Hence, to adjust for the
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Ay and As terms here, I additionally require another estimator, and its form is similarly

motivated by a L3O reasoning.

Inverting the test to obtain a confidence set is straightforward, as the test statistic 7%,
and variance estimator VLM = By + B8y + By} are quadratic in 3, (for some By, By, By
that are functions of the data), so the confidence set is obtained by solving a quadratic

inequality.'?

1.4 Power Properties

This section characterizes power properties of the valid LM procedure. 1 first argue that
we can restrict our attention to three statistics that are jointly normal by extending the
argument from Moreira (2009a). Since the covariance matrix can be consistently estimated,
the remainder of the section focuses on the 3-variable normal distribution with a known
covariance matrix. With this asymptotic distribution, I show that the two-sided LM test is

the uniformly most powerful unbiased test within the interior of the parameter space.

1.4.1 Sufficient Statistics and Maximal Invariant

As is standard in the literature, I consider the canonical model without covariates where
the reduced-form errors are normal and homoskedastic (e.g., Andrews et al. (2006); Moreira
(2009a)). Suppose (7, () in the model of Section 1.3.1 are jointly normal with known variance:

i W w
¢ ~N@OQ=No0 | < ], (1.12)

Up Wen Wi

13Details are relegated to the appendix.
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Define:
51 (Z'2)2 7'y

52 (22)V* 72X
I restrict attention to tests that are invariant to rotations of Z, i.e., transformations of the
form Z — ZF' where F is a K x K orthogonal matrix. In particular, an invariant test
¢(s1, s2) is one for which ¢(F'sy, F'sy) = ¢(s1, s9) for all K x K orthogonal matrices F. If we
focus on invariant tests, then the maximal invariant contains all relevant information from
the data for inference.
Due to Moreira (2009a) Proposition 4.1, (s),s,)" are sufficient statistics for (7}, 7')".
Further, (s)s1, $]s2, shs2) is a maximal invariant, and
$1 (Z' Z2)"* my

So (Z'2)"*

The maximal invariant (s)s1, s} 2, $552) is jointly normal with a mean that depends on

when K — co.'* Extending the argument to allow for heterogeneous treatment effects, the

' 7' Zmy

77~ (following EK18), which is invariant to rotations of the

object of interest is 8 =

instrument.!®

To be robust to many instruments, heteroskedasticity, and non-normality, I use the leave-
one-out (L10) analog of the maximal invariant (following MS22; Lim et al. (2024)).' With-

out covariates such that G = P, the L10 analog is \/LE > E#i P;(Y}Y;. Y X;, X;X;), which

is a linear transformation of (Tar, Tpu, TFS).17 In the remainder of this section, I focus on

4 This result is stated in Section 1.C.2.
15With rotation matrix F’ such that F'F = I, observe that X = ZF'Fr + 1, so if we were to run

the regression on ZF’ instead of Z, we would obtain coefficients F'r instead of . Then, the estimand is
o' F'FZ'ZF' Frny _ ©'72'Zrny
W FZZF P — wZZn OO before. ) )

With heteroskedasticity, the variances are not consistently estimable, so we cannot correct for the

variances directly. These variances no longer feature in the L10 analog of the maximal invariant.

7To see that \/% > Zj# P;;(Y;Y;,Y;X;, X, X;) is a linear transformation, use the fact that e =Y +
X . Then, \/% 2o 2 Pij((ei + XiB) (e + X;B), (e; + XiB) X, Xi X)) = (Tar + 2TLmpB + TrsB?, Ty —
Trsp,Trs).-
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testing the null that 8y = 0 so e (fy) = Y and the L10 of the maximal invariant is exactly
(Tar, Trar, Trs). The results are generalized in the appendix.

The asymptotic problem involving (Tar, Tpy, Trs) is:

Tar \/LE ZZ Zj;éi Py RaiRA; 011 012 013
Tone | ~NX) p= \/1_E > 2y iR Ry 2 = T 022 023
Trs \/LE Do Zj;éi Py RiR; ) T 033

(1.13)
While p9 = 0 under the null, go may not be zero under the alternative. There are several
restrictions in the p vector, which is assumed to be finite. Since P is a projection matrix,
> Z#i P,RR; = Y, Ri(zj PR, — P;R;) = >, M;R?. Since the annihilator matrix
M has positive entries on its diagonal, we obtain pz > 0 and a similar argument yields
pr > 0. With po = )7, Zj# PiRAR; = >, M;;Ra;R;, the Cauchy-Schwarz inequality
implies 3 < pyu3. Constant treatment effects implies p2 = iy 3, which is a special case of
the environment here. Even with covariates, if the regression is fully saturated with G given
by UJIVE, the same inequality restrictions hold.'® These properties do not contradict the
joint normality: even though pz > 0, Trg can still be negative when using the L10 statistic.
The inequalities p1, 3 > 0 and p3 < pypg are also the only restrictions on y, as it can be

shown that there exists a structural model where there are no further restrictions.

1.4.2 Optimality Result

With a size « test, the two-sided LM test against the alternative that ps # 0 rejects when
T?,/Var(Try) > ®(1 — a/2)?. T consider the benchmark of a uniformly most powerful

unbiased test (e.g., Lehmann and Romano (2005); Moreira (2009b)).

18See Proposition 1.3 in Section 1.C.2.

19Gection 1.C.2 establishes that there exists a structural model where ¥ is uninformative about p, and
1,3 > 0. Since the model in Section 1.2 is binary, it is insufficient for such a general result, and a
continuous X is required. While the result establishes that there exists a structural model where there are
no further restrictions, for any given structural model, there can still be further restrictions.

36



Proposition 1.1. Consider a restriction of the alternative p space to the interior i.e.,
pi,ps > 0 and pi < pyps.  Then, within the class of tests that are functions of
(Tar, Toanr, Trs), the two-sided LM test is the uniformly most powerful unbiased test

for testing Hy : s = 0 against Hy : us # 0 in the asymptotic problem of (1.13).

The argument for optimality applies a standard optimality result from Lehmann and
Romano (2005) on the exponential family, which includes the normal distribution. To apply
the Lehmann and Romano (2005) result, we require a convex parameter space and the the
existence of alternative values above and below the null value. It can be verified that the
restricted parameter space is still convex, and the restriction to the interior ensures the latter
condition is satisfied. The proposition claims optimality within the class of unbiased tests,
and makes no statement about tests that are biased (i.e., where the power somewhere in the

alternative space can be lower than the size).

Remark 1.4. With the characterized asymptotic distribution, there are several other tests
that are valid. (1) We can implement a Bonferroni-type correction that constructs a 99%
confidence set for both uy and us, then a 97% test for LM. (2) VtF from Lee et al. (2023)
can be adapted, because the asymptotic distribution does not rely on homogeneous treatment
effects and the JIVE t statistic has the same distribution as the just-identified TSLS t statis-
tic. (3) With a given structural model, the algorithm from Elliott et al. (2015) can also be

applied by using a grid on structural parameters.

Remark 1.5. Beyond the two-sided UMPU result, we may also consider other power prop-
erties. The one-sided LM test is shown to be the most powerful test against a particular
subset of the alternative space. Numerically, using a covariance matriz calibrated from an
empirical application, the power of the two-sided LM test is also close to that of the nearly
optimal test against a weighted average over a grid of alternative values, constructed using

the algorithm from Elliott et al. (2015). Details are in Section 1.C.2.
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Studying optimality in the over-identified IV environment has thus far been complicated.
With constant treatment effects, both s}s; and s|s, are informative of the object of interest
/3, because constant treatment effects implies j1; = 5%z in addition to py = Bus. However,
once we impose 1 > 0 under the null that 5 = 0, we rule out constant treatment effects by
focusing on the interior of the alternative space. Then, the statistic associated with g is no

longer directly informative of 8. Imposing heterogeneity is hence the key to obtaining this

UMPU result.

1.5 Simulations

This section focuses on the simple example from Section 1.2. I report two sets of simulations
that assess the size and one that assesses power. One set of size simulations uses a large K
while the other a small K. Robustness checks that involve different data generating processes
are relegated to the appendix.?’

Table 1.1 in Section 1.2 reports rejection rates under the null for a relatively large number
of judges with K = 400, each with a small number of cases at ¢ = 5. L30 performs well
across various designs, while existing procedures can substantially over-reject in at least one
design. The LMorc column is included as an infeasible theoretical benchmark that uses an
oracle variance: this should have nominal size when normality holds because the variance
is not estimated. The difference between LMorc and L3O is attributed to the variance
estimation procedure.

Table 1.2 reports rejection rates under the null for a small number of judges with K =4
and a large number of cases at ¢ = 200. Based on the theory in Section 1.3, L3O should
be valid when the instrument is strong, i.e., in the cases with E[Tpg] = .5¢, which is what

we observe. Notably, even when E[Trg| = 2 or E[Trg| = 0, the over-rejection for L3O is

20There are more simulation results using several different structural models in Section 1.C.4, including
settings with continuous treatment X, and with covariates. The results are qualitatively similar in those
simulations, suggesting that the numerical findings are not unique to the data-generating process chosen.
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Table 1.2: Rejection rates under the null for nominal size 0.05 test

Designs Procedures
E[Tur] FE[Tps] | TSLS EK MS MO X-t X-AR L30 LMorc ARorc
.be 0.210 0.049 1.000 0.212 0.217 0.217 0.048 0.052  1.000
.be 2 0.642 0.018 1.000 0.806 0.269 0.816 0.043 0.049 1.000
0 0.498 0.005 1.000 0.881 0.330 0.893 0.062  0.0561  1.000
.be 0.075 0.064 1.000 0.075 0.073 0.077 0.063 0.061 0.913
2 2 0.462 0.013 0.999 0.436 0.296 0.516 0.095 0.049 0.931
0 0.440 0.008 1.000 0.448 0.337 0.576 0.088  0.052  0.934
.be 0.052 0.048 0.061 0.045 0.050 0.046 0.046  0.048  0.069
0 2 0.376 0.088 0.075 0.044 0.238 0.123 0.101  0.045 0.071
0 0.590 0.181 0.076 0.029 0.431 0.163 0.075  0.045 0.080
Notes: K =4,c = 200. Designs and procedures are otherwise identical to Table 1.1.
not too severe. EK performs very well in the cases with E[Tpg] = .5¢ as expected in their

theory. In contrast, MS and MO can over-reject severely with strong heterogeneity, even

when instruments are strong.

Table 1.3 reports rejection rates under the alternative. When E[Tpg] = 0, the instru-

ment should be completely uninformative about the true parameter, so we should have 0.05

rejection rate for a valid test, which is what we observe for L30. When E[Trg] = WK, all

procedures, including L30, are very informative. Considering the designs with E[T4g] = 0is

most interesting, because this is an environment where MS and MO are valid, and the theo-

retical optimality result excludes this case. Looking at the case with E[Tsr| = 0, E[Trs] = 2,

L30 is less powerful than MS and MO in small samples, but the loss is less than 7 percentage

points.
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Table 1.3: Rejection rates under the alternative for nominal size 0.05 test

Designs Procedures
E[Tur] FE[Tps] | TSLS EK MS MO X-t X-AR L30 LMorc ARorc
2VK 1.000 1.000 NaN 1.000 1.000 1.000 1.000  1.000  1.000
WK 2 0.310 0.173 NaN 0.539 0.117 0.563 0.240 0.225  1.000
0 0.722 0.029 NaN 0.291 0.055 0.309 0.048 0.055  1.000
WK 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000  1.000
2 2 0.244 0.543 1.000 0.886 0.163 0.907 0.789  0.823  1.000
0 0.998 0.090 1.000 0.157 0.169 0.221 0.073  0.054  1.000
2VK 1.000 1.000 1.000 1.000 1.000 1.000 1.000  1.000  1.000
0 2 0.259 0.662 1.000 0.967 0.230 0.978 0.936 0.961  1.000
0 1.000 0.373 0.059 0.048 0.333 0.117 0.067  0.055 0.054

Notes: K =100, = 0.1,¢ = 5. Designs and procedures are otherwise identical to Table 1.1.

1.6 Empirical Applications

1.6.1 Returns to Education

Angrist and Krueger (1991) were interested in the impact of years of education (X) on log
weekly wages (Y). They instrument for education using the quarter of birth (QOB). I imple-
ment UJIVE using full interaction of QOB with the state of birth and year of birth (resulting
in 1530 instruments) without other controls, which is similar to Table VII(2) of Angrist and
Krueger (1991) that uses the same set of controls but without full saturation. The implemen-
tation here differs from the implementation of MS and MO in that I do not linearly partial
out other covariates, but merely saturate on state and year of birth. This implementation
is motivated by recent econometric research (e.g., Blandhol et al. (2022); Stoczynski (2020))
that argue that the standard interpretation of estimands as a weighted average of LATE’s
is only retained with some parametric assumptions or when the specification controls for

covariates richly, which can be achieved with full saturation.?! To ensure that the different

21A further advantage of this implementation is that the code is fast: when G is block-diagonal, it suffices
to loop over blocks.
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procedures are directly comparable, I adapt the MS and MO inference procedures to target
UJIVE, so that the estimand is the same across all procedures and differing results can be
attributed purely to inference. TSLS is consequently not a meaningful comparison as the
estimand is different from the others.

The results are reported in Table 1.4. In addition to the aforementioned procedures, I
include results from implementing the procedure in Crudu et al. (2021) (CMS) that uses the
Tag statistic like MS22, but uses a plug-in variance estimator like MO22.22 Being robust
to weak and many IV results in L3O having a longer confidence interval than EK. With
full saturation, CMS and MO yield unbounded confidence sets, while L30 yields a bounded
confidence set, showing how robustness to heterogeneity changes the shape of the confidence

set in this context. The shape of the confidence set depends on the coefficient on 2. In

)

particular, for Uy := + >°. (Z#i Ginj>2X.2 + % 2o G5 X7 X7, MO is unbounded when
T?s — q¥s < 0 and L3O is unbounded when Thg — ¢By < 0, where ¢ is 3.84 for a 5% test
and Bs is the coefficient on 32 in the expression of Vi Consequently, in this application,
we can think of Th¢/We = 0.102 and T3¢/ By = 11.8 as first-stage statistics for MO and L30
respectively that determine whether the confidence sets are bounded.?® Analogously, when
solving a quartic equation in CMS, an unbounded set occurs as T2g/ (% D ik G%Xfo) =

0.0545, where the denominator is their coefficient on 83 in their variance estimator. In

: : a2,
contrast, the MS confidence set is bounded with T3¢/ (% D ik VI
i1 M55+ M

X2X?) =239,
Due to the M terms in the L3O expression, it is difficult to compare the estimates directly.

However, it is possible to compare the estimands of these coefficients in the judge example

22MS22 use a cross-fit variance estimator, while they refer to the CMS variance estimator as the “naive”
variance estimator. MS22 argue that their cross-fit variance is more powerful, which corroborates how MS
has a bounded confidence set while CMS does not.

23These statistics are “F” statistics with different variance estimators, suggesting that the instruments
are meaningfully weak. The MS and MO variance estimators converge to the same object under weak
identification such that % > Zj# Gi;R;R; — 0, which is not imposed by the asymptotic regime in this
paper.
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Table 1.4: 95% Confidence Sets for Returns to Education

EK CMS MS MO X-t X-AR L30

LB 0.033 -oo  0.019 -oo  0.027  0.027 0.022
UB 0.173 oo 0.305 oo 0.179 0.189 0.210
Estimate 0.103 0.103 0.103 0.103 0.103  0.103 0.103
Cllength  0.140 oo 0.286 oo 0.152 0.161 0.188
Notes: Estimate reports the UJIVE. CMS implements the procedure from Crudu et al. (2021):
use T4 with a plug-in variance. Procedures are otherwise identical to Table 1.1.

without covariates:
E[KWy) — E[B] = MR} (R} —3(1—2Py) E [n7]). (1.14)

If R? > 3(1 —2P;) E [n?], then MO is more likely unbounded. Intuitively, the MO estimator
contains additional products of R that are not present in the true variance, and there are
products of R and the error present in the true variance that MO does not account for,
motivating the aforementioned difference. We can interpret this condition as MO being
more likely unbounded when the signal-to-noise ratio R?/E [p?] is sufficiently large. In this
application, by observing that the first-stage statistic of L30 is an order of magnitude larger
than that of MO (i.e., By is an order of magnitude smaller), and by comparing the CMS
and MO first-stage statistics, there is evidence that R?/E [n?] is large.?* This result does not
depend on heterogeneity, because the coefficient of 32 depends only on how X is combined

in the variance estimator.

2
2'Comparing the statistics between MO and MS implies —+ Y, (Zj# Ginj) X2 <

%Zizj#G?ijX?, which can equivalently be written as ZiZj;&iZk;ﬁi,jGijGikaXkXiz <
0. With full saturation, observations 1,7 have G;; < 0 when they are in the same co-
variate group but have different instrument values. Under the MS and MO asymp-
totic regimes where &>, >4 GiiRiR; = 0 so R?/E[n?] is negligible, we obtain
pDF Zj;ﬁi GZE[XE}E[X?] = 2 Zj;&i Gzzj (R$+E[777,2]) (Rg2+E[77]2]) = > Zj;éi GzQJE[mz]E[njz} + o(1),
and %Zz Ej;éi Zk;éi,j GijGinE [XijXﬂ = %Ez Zj;ﬁi Ek;éi,j GijGin R Ry, (Rz2+E[7712]) = o(1) is
asymptotically negligible. Since the difference between MS and MO is the same magnitude as the
MS statistic, 7 >, D Yo GijGinE [X; X, X7] is of similar order as Y-, 3., G} E[X?]E[X?], so
R?/E[n?] is non-negligible in this application.
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Table 1.5: 95% Confidence Sets for Misdemeanor Prosecution

EK CMS MS MO  X-t X-AR L3O

LB -0.151 0  -0.220 -0.187 -0.188 -0.201
UB -0.076 0 ¢ -0.019 -0.039 -0.038 -0.028
Estimate -0.113 -0.113 -0.113 -0.113 -0.113 -0.113 -0.113
Cllength  0.075 0 ¢ 0.201 0.148 0.150 0.173

Notes: Procedures are identical to Table 1.4.

1.6.2 Misdemeanor Prosecution

Agan et al. (2023) were interested in the effect of misdemeanor prosecution (X) on crim-
inal complaint in two years (Y). They instrument for misdemeanor prosecution using the
assistant district attorneys (ADAs) who decide if a case should be prosecuted in the Suffolk
County District Attorney’s Office in Massachusetts. As Agan et al. (2023) argued that as-if
randomization holds conditional on court-by-time controls and that individual covariates are
not required for relevance or exogeneity to hold in this context, the confidence set is con-
structed using full saturation of court-by-year and court-by-day-of-week fixed effects with no
other controls for individual covariates.

As reported in Table 1.5, with full saturation, the UJIVE is —0.11, so not prosecuting
decreases the probability of criminal involvement by 11 percentage points.?> The L3O con-
fidence interval (CI) is more than twice that of EK: unlike Section 1.6.1 where n/K = 221,
we have n/K = 11.9 here, so a variance estimator that is robust to many IV has a larger
impact on CI. MS has an empty confidence set while 30 has a bounded set, showing how

being robust to heterogeneity can change conclusions.?® Mechanically, the confidence set for

25This result is smaller than —0.36 reported in their Table ITI(3) that uses TSLS with a leniency measure.
The result is more similar to the UJIVE robustness check in their Table A.1(5) of —0.15 with full saturation
of the instrument, but their specification includes case/ defendant covariates, which results in a different
estimator.

26 An empty confidence set using the AR procedure also suggests that the model with constant treatment
effects is rejected, so there is meaningful heterogeneity. Since the variances of MO and L3O converge to the
same object under homogeneity, the difference between MO and L3O confidence sets also suggests that there
is heterogeneity.
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MS solves a quartic equation, so an empty set can occur, but it is difficult to characterize
when this phenomenon occurs in general.

The L3O CI is also shorter than MO, so being robust to heterogeneity decreases the
length of the CI. Considering how the length of the MO confidence set is longer than L30
while being oversized in simulations, there is a question of when MO is conservative. While
it is difficult to compare the confidence intervals or variance estimators directly, it is possible
to compare the null-imposed variance estimands in the judge example without covariates. It

can be shown that:

E W0~ Var (Z 3 Pijein> = Z MuR3, (R2— (1—2P)E [i2])

1 j#i

Then, MO is conservative when: (i) R? > (1 — 2P;)E [n?], and (ii) E [n;v] is negatively
correlated with R;Ra;, when P; < 1/2. In (i), R%; only affects the magnitude of the
difference, and not the sign, so this condition can be interpreted as a condition on the signal-
to-noise ratio as before. Condition (ii) results from the >, M;;(1 — 2P;)E [n;v;] R;iRa; term

that MO does not account for, and covariances can be positive or negative in general.

1.7 Conclusion

This paper has documented how weak instruments and heterogeneity can interact to invali-
date existing procedures in the environment of many instruments. Addressing both problems
simultaneously, this paper contributes a feasible and robust method for valid inference. The
procedure is shown to be valid as the limiting distribution of commonly used statistics, in-
cluding the LM statistic, in an environment with many weak instruments and heterogeneity,

is normal, and a leave-three-out variance estimator is consistent for obtaining the variance
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of the LM statistic. Beyond its validity, the LM test is also optimal, as it is the uniformly
most powerful unbiased test in the asymptotic distribution for the interior of the alternative
space. In light of the broader econometric literature on the value of saturated regressions
and how many instruments can arise from them, this paper presents a highly applicable,

robust, and powerful inference procedure for IV.
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Appendix

1.A Supplement

1.A.1 High-level Assumptions for Inference

Following AS23, to ease notation in the L3O derivations, I define:

i . My — M My i — M My — i,
il—ijk = ;
Diji/ Dy

so that X; — Q7_ijx = Z#k Mih_iijl, for instance.
Assumption 1.3 below states high-level conditions for consistency of the variance esti-
mator. To ease notation, let R,,; stand for either Ra; or R;. Denote 1:21 = E#i Gi;R;

and Rp; = >z GijRaj. Let hy(i,7) be a product of any number of Gy, i1 # iz, and

My, 1 # J2 with 1,49, 51, jo € {¢,7}. Similarly, hs (¢,7) denotes a product of any num-

ber of Gy,i,, i1 # iz, and Mj,j,, 51 # j» With 41,2, 71, j2 € {i,J, k} such that every index in

{i,7,k} occurs at least once as an index of either G;,;, or Mj,;,. Let hy (i, j, k,1) denote a

1j2°
product of any number of G;,;,, 41 # io and Mjljg,jl # jo with iy,149, 71, j2 € {4, j, k, 1} such
that every index in {4, j, k, [} occurs at least once as an index of either Gy,;, or M, ;,, and
there is no partition such that hy(iy, 2, j1, j2) = ha(i1,i2)ha(J1, J2), where iy, 19, J1, j2 are all

different indices. For instance, hy(i, j, k, () could be GijMik,_ilMlj7_ijk but not Gij]\?[lk,_il. Let

D izj = Di 2.z SO that sums without the n superscript are still sums of individual indices,
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but sums with an n superscript involves the sum over multiple indices. Objects like > itk
and ZZ; itk AT€ defined similarly. When I refer to the p-sum, I refer to the sum over p
non-overlapping indices. For instance, a 3-sum is Z:; k- Let F stand for either G or G
1{-} is an indicator function that takes the value 1 if the argument is true and 0 otherwise.

I{-} is a function that takes value 1 if the argument is true and -1 if false.

Assumption 1.3. For some C' < o0,
2 2
(a) Zj ‘Fz% < G, Z;;ék (Zi;&j,k GijFik) < CZ?;HC G?k? Z;l;ék <Zi7£j,k Gjini) <

2 - 2
(b) Z?;éjyék (Zl;éi,j,k hy (i,j, k, l) le) <C Zz R72ni7 Zi;ﬁj (Zk;«éi,j Zl;ﬁi,j,k hy (27]7 k, l) le> <
~ 2 ~
CZi R?nz’? and Zz (Zj;éi Zk;éi,j Zl;&i,j,k ha (i, 3, k1) le> <C Zz Rgm"

2 . 2
(c) Z?yﬁj (Zk;ﬁi,j hs (i, 5, k) Rmk) < CY Ry, and 3, (Zj;ﬁi Zk;ﬁi,j hs (i, j, k) Rmk) <
0% R

(d) Zz <Zj7éi ha (i,j) ij>2 < sz‘ R’?m

The first condition requires the row and column sums of the squares of the G elements to
be bounded. Assumption 1.1(e) is insufficient because it does not rule out having G;; = K
for some ¢ and 0 elsewhere in the G matrix. These remaining conditions can be interpreted as
(approximate) sparsity conditions on M and G as the p-sum of entries of M and G cannot
be too large. The conditions primarily place a restriction on the types of G that can be
used: for instance, a G matrix that contains all 1’s is excluded. Note that other elements
of the covariance matrix can be analogously shown to be consistent using the same strategy
by using the lemmas from Section 1.B by using Ryl' = > i G;;Ry; instead of ]:2& where
required.

The judges example in Section 1.2 satisfies this assumption when there are no covari-
ates, G = P, and R values are bounded. For condition (a), > ; PZ = P; < C and,

2
since P is idempotent, 7 (Xozx PiPin) = S (5 PP — PP — PucPe)” =
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Sk (Pik = PPy — P Pir)* = Y0, (1= Py — Pu)® P3 < 320, P For any M;; and
Gij, these elements are nonzero only when ¢ and j share the same judge p. Further,
Ryni = Tmp(i), where m,,, can denote m, or ma, in the model. Due to how the h functions are

defined, when every judge has at most ¢ cases,

i J#i i \JEN@)\ {1} p €Ny \jeNp\{i}
2
:ZZ Z h2<i7j)7rmp mp—CZZ C_l _Czéfnz
p €Ny \JjeEN\{i} p €N, i

The same argument applies to the other components. For instance,

> (ST ¥ mesnor ) I 31 (D oD S SN

@ J#1 kF1,j 1#4,5,k i€Np \JEN\{i} keENp\{i.j} LEN\{i.j.k}

SCZZanP(c—l) (c—2)*( <C’ZR

p €N,

The upper bound is fairly loose because it merely counts the number of nonzero entries in
hs. When every judge has a large number of cases, since hy contains only entries from the

projection matrix, the inner sum is still bounded and the assumption is satisfied.

1.A.2 Supplement for Section 1.2

Lemma 1.1. Consider the model of Section 1.2. Suppose h # 0 and Ks*> > 0. Then,

E[Tagr] # 0 for all real f3y.

Data Generating Process. Data is generated from an environment with E[e;] = 0, and
fo v)dv = B. To run a regression on judge indicators (without an intercept) in the reduced-

form system, I make a transformation X = 2X — 1 so that the reduced-form equations can
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be written as:

X, = Zlx 4+, and Y; = Ziny + G,

so m = myy = 0 for the base judge. The reduced-form errors are: n; = I {)\k(i) —v; > O} —

Ty and G = 1 {)\k(i) — ;> O} [ (v;) + i — Tyk) respectively. With mar = 7wy — mf,

the reduced-form parameters for the groups of judges are derived in Table 1.A.1. Since the

coefficient of the base judge is normalized to zero, the implementation without covariates

in simulations excludes the intercept and uses indicators for all judges, instead of omitting

the base judge and having an intercept. This implementation results in a block diagonal

projection matrix, which aids computational speed, while retaining the interpretation of 7’s

in the reduced-form model. The f(v) that delivers the parameters in Table 1.A.1 is

.

—sB+h

T(1=s) (=388 —n) = {(1—25) (=3B +h)
(1—y9) (%s,@ + h)

(1+s)(3s8—h)

L(1+2s)(sB4+h)—2(1+5) (358 —h)
B—(3+s)(sB+h)

\ 279

=

fl)y=3"

» |

vel0,;— s
ve(s—si—3s
vE (3 —1s,1]

(1.15)

veE(R+1s1+54]

ve(s+s,1]

To generate the data in the simulation, I draw v; ~ UJ0, 1] as implied by the structural

model, then generate ¢; | v; ~ N(o.v;,0.). Hence, 0., and o.. control the correlation

between 7; and (;, with o.. = 0 corresponding to perfect correlation. In the base case, I set

0. = 0.1 and o, = 0.3. With the given 7, my}, the observable variables are generated from

X, = Hmeey > v} and Y = myrgy + G-
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Table 1.A.1: Parameters for Simple Example

W 3-s b 1 deds bes
B B-t g2t NA -2t gyl
Ty, —S —%5 0 %s s
Tyr —sB+h —3s8—h 0 35sB—h sB+h
Ak h —h 0 —h h

MS Variance Estimand. The proposed variance estimator is:

CI)Msi K ZZ M M + M2 (eiMi.e)(eij.e).

By substituting e; = Ra; + v; and taking expectations,

Ele;M;.ee;M;.e] = Ra;Ra, (Z MiijkE[V,i]) + (M Mj; + M) (EER?) .
k

This estimand can be positive or negative, but observe that >, >, Raila; = (3, Rai)’ —
>, RA; = — Y., RA; = —(n— ¢)h? in the model of Section 1.2.1. Consequently, the negative
heterogeneity component can far outweigh the positive components, resulting in a negative

estimand when h does not converge to 0.

1.B Main Proofs

A quadratic CLT is used for Theorem 1.1. Let
T = Z siv; + Z Z G,jviAv;,
i jFi

where v; is a finite-dimensional random vector independent over ¢ = 1,...,n with bounded

4th moments, s; is a nonstochastic vector, and A is a conformable matrix.
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Lemma 1.2. Suppose:
1. Var (T)"* is bounded;
2. %85 — 0; and

3. NGLG L ||F + |GuGyllr — 0, where Gp, is a lower-triangular matriz with elements

Gri; = Gij1{i>j} and Gy is an upper-triangular matriz with elements Gu;; =

Then, Var (T)"/?T LN N(0,1).
Proof of Theorem 1.1. By substituting Y; = Ry; + (;, X; = R+, ¢ = v; + On; and

Ry; = Ra; — R; 8 into the expression for BJIVE7

<Zi > iz Gij (Bamj + vilR; + Vﬂ?j))
D 2js Gig Ry + 3730 Gy (Rimy + Rymi +ming)-

BJIVE - ﬂJIVE =

To see the equivalence with the T objects,

\/_ Z Z GijeiX; = \/— Z Z Gij (viR; + vin; + RaiRj + Raim;) , and

o [
GijRaR; = GijRy:iR; — Gi,RR; | =222 ) —,

while Trg is immediate.

Next, I show that the joint distribution of 4/ % (Tar, Trar, Trs) is asymptotically normal.
Using the Cramer-Wold device, it suffices to show that 4/ % (e1Tag+coTpar+c3Trg) is normal

for fixed ¢’s, where

K
T_(ClTAR + T+ csTps) = Z Z Gij (ViRj + viv; + RaiRaj + Raiv;)

1
\/T_n i g#i
1
+ 02\/7“_ Z Z ng VZR + Vit + RAzTI] + 03\/— Z Z Gij (an] + nin; + RlR] + RZT]J) .

i jF i JFi

o1



The object T = \/ %(ClTAR—i‘CQTLM—FCngs)—Cl\/% Zz Zj;éi GinAiRAj—Cg\/% Zz Zj?éi GURZR]
can be written in the CLT form by setting:
C3 0

!
vV, = (771, Vi> ,A = s and
Ca (1

. C3 Zj;éi (GU + Gﬂ) Rj + co Zj;éi GjiRAj

1252 (Gij+ Gyi) Baj+ 23054, Gy R,

so that

1 1
T = \/_T_n ; S;-Ui + \/_T_n Z Z Gij’l};A'Uj.

i i
Bounded 4th moments hold by Assumption 1.1(a). To apply the CLT from Lemma 1.2,

I verify the following:
1. Var (T)""/* is bounded;
2. = >, 54— 0for all ; and

3. |GLG,||lF + ||GuGyllr — 0, where G, is a lower-triangular matrix with elements
Grij = J%Gijl {i > j} and Gy is an upper-triangular matrix with elements Gy ;; =
Condition (2) follows from Assumption 1.1(d) and applying the Cauchy-Schwarz inequality.
Condition (3) follows from Assumption 1.1(e). For Condition (1), I show that Assump-

tion 1.1(b) and (c) imply that, for any nonstochastic scalars ¢y, o, c3 that are finite and not

all 0, Var(T)~'/2 is bounded. Since Cov <Zl SV D i D i Gijngvj) =0,
1 1
Var (T) = a\/ar (Z S;UZ'> + EVar <Z ;Gijngvj> : (1.16)
i i jAi

so it suffices to show that either term is bounded below.
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The first term can be expanded as follows:

Var (Z 32%‘) = Z s;Var (v;) s; = Z sHEM)? + 2sasinEniv] + shE[V}]

) )

2
= Z (1= pi)Blf)sh + (pzSu E[n?] + sz E[V?]) > (1 p)Eli]sh

i

A similar argument yields Var (37, siv;) > >°.(1 — pi)?E[n?]s%. Due to Assumption 1.1(c),
at least one of the following must hold: (i) Var <ZZ D i Gijngvj> > ¢ (ii) % JSh >
or (iii) ;= Y7, s% > ¢. Hence, Var(T)~"/* is bounded.

Finally, since v;,7; are mean zero, the expectations are immediate: FE [Tag] =

225 2 Gl Ry and B {Tps] = 30,325, Gy RiRi. O

The proof of Theorem 1.2 involves several lemmas whose proofs are relegated to Sec-
tion 1.C. The proof strategy is to bound the variances above by components that are in the
h(.) form so that Assumption 1.3 inequalities can be applied.

Let V,.; = R, + vy where R,,; denotes the nonstochastic component while v,,; denotes
the mean zero stochastic component. Following Equation (1.6), r, := 3. R? + 3. R%, +
> Zj i ij. Let C;, Cyj, Ciji denote nonstochastic objects that are non-negative and are
bounded above by C. Tuse h7'(.) and hP(.) to denote two different functions that satisfy the

definition for hy.

Lemma 1.3. Under Assumption 1.3, the following hold:
(0) [0y Cian (s it o) Rt ) (S B (1,1, 1) Bt )| < O 50, B2,
150 Coi (S S 1 o) Rt ) (S S B o) Bt )| <
CZ le’
and’z C (Z];&Z Zk#z] ZZ#Z]]{Z (7/ ]7k l) ) (Z];&z Zk;&z] Zl;&z]k (Z J?k l)‘R >‘ S
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(b)

S0 Cig (Diopa 1 0 k) R ) (S W () R ) | < O824 B2,

and ‘Zz Ci (Zj;éi Zk;éi,j 5 (4,7, k) mk) <Z#i Zk;éi,j hg (i, 3, k) Rmk) <03 erm

() |32 C (32,1 ) oy ) (00 W8 (12) B )| < €52, 2,

Lemma 1.4. Under Assumption 1.3, the following hold:
(a) Var (Z:‘;&j Gijﬂjmi%i‘@j‘@j) < Cry.

(b) Var <Z?¢#k GijEjMz‘k,—ijVuVék%jo) < Cry.
(C) Var <Zz;£]7él ngFz]M]l 2]‘/11‘/21‘/3]‘/;ll> S Orn'
(d) Var <Z?¢#k¢l GijFijWiMik,—ij%k%ijz,—ijkWZ) < Cry.

Lemma 1.5. Under Assumption 1.3, the following hold:

(a) Var (Y0 Gis FnVis VarVaiVi ) < Cr
() Var (0 iop Gii P-4 Vig VarVaiVar ) < C.

Lemma 1.6. Under Assumption 1.3, the following hold:
(a) Var (S0 GViVaiVa,Viy ) < Cr;

Zz;é];élG Mjl zg%z%z%g%l) < Crn;'

(
(
(@) Var (S0 i GiViilig, Vo Vig Mt Var) < O
(=
(=

o4



Proof of Theorem 1.2. Proof of Unbiasedness. The variance expression can be equiva-

lently be written as:

Vv = Z (E [Vﬂ (Z Ginj) + 2 (Z Ginj) (Z GjiRAj) [vimi] + E 77Z (Z GJZRAJ) )
i J#i i J#i I
+Y S GLE[WE )+ GiiGyiE nivil E ;).

i i i i
(1.17)
To ease notation, let:
Ay = Z Z GinjGikaei (ei - QﬁA,—iﬂc) )
j#i ki
A2i — Z Z Gz]X szekez X Q T—zgk)
J# k#i
ASi = Z Z G]ze]szekX (X Q Tfuk)
JFt ki
Agij = X; Z Mik,—inkej (ej - Q;‘%A,—ijk) , and
k#j
A5’Lj =€ ZMzk l]Xkej (X Q sz]k)
k#j
Take expectation of Aj:
E ZZZGinjGikaez ei — QiTA —ijk)
i g ki
=Y 33 GyE[X;]GaE [Xi] E [ei (e — QiFa—ijr)] + Y Y GHE [ei (i — Qia,—ij)]
i JF kA i g
=3 3 GuRGuRE [V} +> > GLE (2] .
i jFi k#i =
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Similarly,

E[Ay] = <Z Ginj> (Z GjiRAj> Evini] + Z GijG il [nvs) E [n;v;], and

J#i J#i j#i

E[Ag] = E [nf) (Z GjiRAj> +Y GLE [ E[V].

i j#i

For the A4 and As terms, observe that:

-1
Xi— Qi =X;— Q) (Z QlQ;) QX = Xi+ Y My X5 = > My X,

k#i,j \l#4,j ki, k#j

where the final equality follows from MZ-@_ij = 1. Then,

FE [A47;j] =F|X; Mik,_inkej (Xj — (Q/'%A,—ijk)
J
L k#)

=F|X; Z My, —i; Xy,
L k#

= E[Xi (Xi - Q)| E[v}] =E[n}] E [v]].

J

= Z E [XiMik,—inkej (Xj - Q;%A,—ijk)]
k#j

E [e; (ej — QjFa—ijn)]

Similarly, E'[As;;] = E [niv] £ [njv;]. Combining these expressions yields the unbiasedness
result.

Proof of Consistency. By Chebyshev’s inequality,

VLM — Var (ZZ Zj;éi Gijein>
Var <Zz Z];ﬁz Gijein)
1 Var (ZZ (A +2A0 + Azi) — >, Zj;éi G?z‘AMj - Zj;éi GijGjiA5ij>

2 [Var (Zi D Gz‘jein)} 2

Pr > €

<
€

o6



Observe that the numerator can be written as the variance of the estimator only because
Viar is unbiased. I first establish the order of the denominator. Let R; := > i Gi;R;,
Ra; = Z#i GjiRa; and p; := corr(nv;).

Since E[v?] and E[n?] are bounded away from zero and |corr(n;1;)| is bounded away from
one by Assumption 1.1(b), the first line of the V7 expression in Equation (1.17) has order
at least >, R? + 3. R3;, and the second line has order at least 3, 3" ;2 G35+ To see this,

for some ¢ > 0, the first line is:

DB V] R} + 2RaiRiE [vim) + RAE [nf] ZE | R? + 2RaiRipi\/ E [V2] E [?] + RAE [n?]
SCGE I T +z\pz( ) R+ R (1) - 2R [B 2] E (]
-0 (B2 R+ R ) - o)+ S (VE BT T )

> 30 (B R+ BAE 1)) (- Joi) >CZ(R2+RAZ)>

and the second line is:

Z Z GLE 77] + Z Z GG E [nivi] E [n;v;]

i j#L i jFL
1
:ﬁngfﬂE[VﬂE[ l—pZ Zg (1_'0])
i i i g
1
* 2 ZZE [Vﬂ [ ] (Gwp% + JHOJ - ZZG”G”MPJ\/E [77]2} \/E [VJQ] b
i g vogF
1
=52 2 CLE W E W] (1= ) + ZZG il (1= 73)
i g i g
+ = ZZ( z]pz\/ 7]] +Gﬂpj \/ nl)
T
_222G J0-) 4 s S GEM B[] (1) 2336
— Py i A

o7



Consequently,

VLM >~ ZR? + ZRQAz + ZZG% =iTn. (1.18)

i i

Hence, since 1, — oo by Assumption 1.1(d), V7, also diverges. By repeated application of
the Cauchy-Schwarz inequality, it suffices to show that the variance of each of the 5 A terms
above has order at most 7, (i.e., bounded by any of the three terms in Equation (1.18)).
If this is true, then since the denominator has order at least r2, the variance estimator is

consistent. The Al and A2 terms have the form:

DO G FuVi; > VarVai (Vis — QiFaijn) = D D Y Y GijFaeViyVarVai M iV

i g ki i g ki 1#£5k
=330 GuFa My ViV VsV + D > GijFaVigVarVai Vi
i jAi kg 10,5,k i j#i k#ij
+ D D N Gy FM ViV ViV + Y Y GijFyVa Vo Vai Vi
i i £, i g

In particular, Al uses FF = G,V; = X, Vo, = X, V3 = ¢,V, = e, while A2 uses F' =
GV = X, Vo = e V3 =¢V, = X . By applying the Cauchy-Schwarz inequality, it
suffices to show that the variance of each of the sums has order at most r,. The terms
> D21 GiiFi ViV VaiVas and 30,37 07, G iy Mig,—i;Vi;Va;VaiVay are identical to the
result in Lemma 1.4, with the latter result being obtained by switching the 7 and j indices.
The remaining terms have a variance that has a bounded order by Lemma 1.5. For A3, we

can use Gj; in place of G;; above, and use F' = G",V; =e, Vo = ¢, V53 = X,V = X so that

o8



the order is bounded above due to Lemma 1.6. A4 and A5 can be written as:

ZZGW ‘/1@ ZMzk z]%k%] (‘/4] Q 7—4 Z]k)

(E k#j

- ZZZZGJZ Vi Mk, —i5VarVai Mt —ijeVa

1 j#i k#Fj lFk

= Z Z Z Z GJZ k —ij ]l zjk‘/lz‘/QkVE’)]‘/éll + Z Z Z G]Z k UVYU‘/Q’“VE’UWJ

i jF kAL IFL kK i j#L k#LG
+ D D N GF My ViV VgV + Y Y Gy ViV Vi Vi,
i i 1A, i g

In particular, Ad uses F'=G',V; = X, Vo, = X, V3 =¢,V, = e, while A5 uses ' = G, V| =
e,Vo=X,V3 =e,V, =X . By applying the Cauchy-Schwarz inequality, it suffices to show
that the variance of each of the sums has order at most r,. This result is immediate from

Lemma 1.4 and Lemma 1.6. O

Proof of Proposition 1.1. Let p € M = {p : g > 0,43 > 0,43 < pyuz}. I first show that

M is convex. For A € (0,1), it suffices to show, for u, and p, that satisfy u3, < g3, and
113, < papitap, that (Mg 4+ (1 = A) pap)?® < (Mtra + (1 = A) pip) (Mg + (1 — A) ). This set

is intersected with the set that satisfies py > 0 and p3 > 0, which is clearly convex. The

following is negative:

(Miza + (1= X) p2p)® = (Mg + (1 = A) pag) (Masa + (1= A) pisp)
=N?pi5, + (1= ) 13y + 20 (1 = A) proapzy — N paapsa — (1= N)? papizy — A (1 = A) (p1p/3a + H1aitsp)
=X* (13, — p1apisa) + (1= N (13, — pappize) + A (1= ) (2pi2atizp — f16i3a — faisp)

A1 = A) (2y/11ap 16116130 — H1bM3a — H1ali3b)

<= A1 -\ (Viphza — vitefiz)® < 0.

The first inequality occurs from applying p2, < piafi3, and p3, < ppiss, S0 M is convex.

Let m ~ N(u,X) denote a statistic drawn from the asymptotic distribution, with m; being a
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component of the vector m, so that my is the LM statistic. Using the linear transformation
from Lehmann and Romano (2005) Example 3.9.2 Case 3, we can transform the statistics
and parameter such that mgy is orthogonal to all other components. In particular, consider

the following transformation L:

022 012 022 0
2 2
011022—079 022 011022079
= 0 1

L: 0
V022
0 __ 023 g22 J22
022 \/ 033022—0%, 033022—024
Then,
1 O 013022—012023
(011022*0%2) (033022*053)

Lm ~ N | Lu, 0 1 0
013022—012023 O 1

(011022—052) (033022 —053)

The parameter space of Ly € L is also convex because L is a linear transformation: take
any g, iy € M, then observe that ALpu, + (1 — ALy = L (Mg + (1 — A) ). Since M
is convex, and every element in M is linearly transformed into the space on L, we have
Mg + (1 =Xy € M and hence L (Mg + (1 — X)) € L. Since Lm is normally dis-
tributed and L is convex with rank 3, the problem is in the exponential class, using the
definition from Lehmann and Romano (2005) Section 4.4. Since the joint distribution is in
the exponential class and the restriction to the interior ensures that there are points in the
parameter space that are above and below the null, the uniformly most powerful unbiased
test follows the form of Lehmann and Romano (2005) Theorem 4.4.1(iv), by using U =

/
mo and T = 722 713 — 723 mo %ml — g12 mo in
7830227023 \/022 (033022—035) V711022701 \/‘722 (o11022-0%,)

their notation. To calculate the critical values of the Lehmann and Romano (2005) Theorem

4.4.1(iv) result, observe that [Lm], is orthogonal to [Lm], and [Lm],, so the distribution of
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[Lm], conditional on [Lm], and [Lm], is standard normal. Since [Lm], is standard normal,
it is symmetric around 0 under the null, so the solution to the critical value is +1.96 for a
5% test, due to simplification in Lehmann and Romano (2005) Section 4.2. The resulting

test is hence identical to the two-sided LM test. O

The full and latest version of the paper, including the online appendix, can be found at

https://lutheryap.github.io/files/mwiv_het_wp.pdf.
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1.C Supplementary Appendix

1.C.1 Comparing Variance Estimands

Derivations for Constructed Instrument Using the notation for the just-identified IV

AR test in Section 1.2.4 when 8 = [,

A ¥ Z e X € X? - X > e:Xi

€ =¢e; — = = , and

Ad >, X

ooy DX (aX, K- Knek)

>, X2 (x.%2)

= K2 (5, X2) 4 DX (T,0%,) 25 K (5,52) (S 6.%)
(z.x) |

Applying the asymptotic result that %Z i ejf( j %5 0 from Theorem 1.1,

(Zixiei)Q

oo (x,x2)°

ARy R (3, X2 4, XD, e %,) -2 3, Xoei (3, X2) (2, i %,)
(ziX?Y

z x2)

aly Ko (452, %2) (A2, 6%)

_ ‘ . — _ +op(1), and
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2
E ZX?@ZZ] = ZE (Z P (R; + 77j)> (Rai + Vi)2
i i | \j#i
Y E (ME;R,? (Z P”nj)> (Ra; +17)
) L e
=Z<MinR + Y PIRAE ] + MIRIE [V]] + > P2 ]]>~
i J#i J#i

Clustering by Judges. If we just use the JIVE t-ratio with clustering, weak identifi-
cation is still a problem, and we should similarly get over-rejection. The just-identified AR

with clustered standard errors uses the following estimator:

- > D sen XigiXé;
Vetus = N2
(%?)

I

where N is the neighborhood of i (i.e., the set of observations that share the same cluster

as ). Expanding Vdus using the same steps as before,

~

2 2ojen, XX, (eiej <Zk X§>2 —2Xue (Zk eka> <Zk Xz?) + XX, (Zk eka>2)
Verus = .

(. x2)

Using the fact that £ >, ex Xy, = op(1), the dominant term is: 3. D ieN X X,eie;, which is

analogous to the previous derivation. The expansion steps are analogous to that required to
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derive Vs, so they are omitted. Then,

1) Z Z XZ‘XJ'GZ‘GJ‘]

i jeN;
5[5 (St ) (et ) s
L i jEN: \k#i ki
=k Z Z (M“Rl T Z Pik”k> (ijRj + Z ngﬁk) (RaiRaj + ViRaj + Ragvj + viv;)
L i JEN; ki kit
=>.> <MiiijRiRjRAz‘RAj + RaiRa; Y PuPpE [n,ﬂ)
L gEN: ki j
+23 ) MR Ra;PyE [nivi] + Z M2RE
i JEN;
+ Z Z PlzkE [Vi 77]9 + Z Z %771 [anj] .
i kA i JEN:\{i}

By applying the fact that the entries of the projection matrix are nonzero only when the

observations share the same judge, the expression simplifies further:

E Z Z Xineiej] = Z Z M M;; R R; R Raj + Z M} RAE [n7)

i jEN; i jEN;

+ 2 Z MuR RAZE 7727/1 + Z MzQzRZQ [ }

+> > P E [i2] + E [vin,) E [vymy]) -

i JF#

Compared to the true variance in Equation (1.20), due to the own-observation
bias, we have an extra ), ZjeM M;;M;;R;R; Ra;Raj term, and the estimand here has
> My RiRaE [n;v;] instead of Y, M2R; Ra:E [niv;]. Even though Y, deN M;iM;;R,R;Ra; Raj >
0, >, M;;(1 — M) RiRa:E [niv;] could be positive or negative, so the clustered variance

estimand could either over or underestimate the true variance.
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Comparing MO Variance Estimand with L30. The Matsushita and Otsu (2022)
variance estimator presented in Equation (1.4) is biased in general. The model of Sec-

tion 1.2.1 implies:

E W0 = Z M2R?R, Z MERZE [vF] + 33 P2 E[n]+> ) PIRAE

i j# e

+Y > P2 (RiRaiR;Ra; + E nivi) RiRaj + RiRaiE [njvs] + E [mivi] E [njv5])
i jFi

(1.19)

As a corollary of Equation (1.8), when G = P, by observing that P is symmetric, and that

since PR = I, we have ., Py R; = >, P;iR; = MR, so

N (Zzajeixj) S B (A MERE + 303 P (B DA B[]+ B ) B o)

i jF i g
+2)  E[vin] MiRiRai + > E [n7] MR3,

(1.20)

If the Ra’s are zero, then Wy,o is unbiased. Nonetheless, heterogeneity results in many
excess terms in the expectation of the variance estimator, generating bias and inconsistency
in general. However, U0 can be consistent when forcing weak identification and weak
heterogeneity. If it is assumed that \/—% > My R? — Cg < 0o and \/—1? > MiuR%, = C <
with weak identification and weak heterogeneity, then the excess terms in +F [\I/ MO] can

K
be written as \/_lf\/l_ﬁ S MR = \/—%O(l) = o(1) and —— \FZ M;;R%; = o(1). However,
when identification or heterogeneity is strong, & >, My R? or % >, M;; R, is nonnegligible
and the variance estimator is inconsistent. The variance estimator adapted from MS22 has

similar properties. In contrast, the L30 variance estimator is robust regardless of whether

the identification is weak or strong.
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In general, heterogeneity does not make the MO variance estimator any more or less

conservative than L30. In the simple case with judge instruments and G = P, we have:

E [\i’MO} —Var (Z Z Pz-jein> = Z M2R?R3, + Z Z PéRiRijRAj

i A i A
+3 Y PR3, Z M2R3,
i i
+2> > " P2E[niv) RiRa; — 2 Z E [vn:] M2R, R,
i i
= DS MaRAR! =3 Ma(1 = 2RO E ] =23 Ma(1 = 2R E [nvi) R
= i:MiiRZi (R} — (1 =2Py)E [n}]) — 2 Z M; (1 — E [nivi] RiRag

which can be positive or negative. The second equality uses the fact that P and M are
non-zero only for observations that share the same judge, and when that occurs, they have

the same R, Ry, E[n?], and E[¢?], and that = Py M.

J#%
To compare the confidence sets of MO and L3O, observe that the shape of the confi-

2
dence set depends on the coefficient on 82. In particular, for ¥y := Y, (Z#i -Pinj) X2+

2i 2z PEX?X?, MO is unbounded when <Z P XX> —qV¥y; < 0 and L3O is un-

i#]
bounded when (Z#] P XX ) — q¢By < 0. In the simple judges case without covariates,

the expected coefficients can be compared. With

E[W,] =) (Zajfzj) +3 PEE[] | BIXY+ 30N PREXP)E[X?),

i j#i j#i i i
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the difference is:

E[Us] - E[By] =) (Z RjRj) R} +> Y P’ (RIR; +3E [n}] RY)

i\ j#i e
2
Ly (z &f%) B[]
i j#i
= MR (R} —3(1—2P) E []) |

where the second equality uses the same trick as before.

Derivation of LM Variance.

Proof of Equation (1.8). Expanding the variance,

=F

Z Z Z Z Gijeinleele

i j#i k I#k

(Z 5 Gijeixj> 2

i jFd

Var (Z > Gijeixj> —F

i g

= Z Z Z Z Giij:lE [VinVle] + Z Z Z Z Giij’lE [UZ'XjRAle]

i j#i ko l#k i j#i ko l#k

D D Y GuGuERAXu X +) Y Y Y GyGuE [RaiX;RarXI]

i gk l#k i gtk Ik
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The first term is:

Z Z Z Z GiiGuE [vi X X

i j#i ko l#k

- Z Z Z Z GyGuE [viRjv Ry + vimjve Ry + viRjven + vin;vin)]

i A ko Uk
= Z Z Z Z GiiGuE [viRjvp Ry + vinjven)

i jAi k Ak
= Z Z Z E G’LJGZkJR Rk + Z Z (Z GZlelE [Vﬂ?]”ml + Z GZ]GJZE [Vlnjyjnl]>

1 jF#i k#i 1 jFl 11 I#j

+ Z Z (Z GijGrill [vim;veni] + Z GijGri [ij’/knj])
i j#Ai \k#i,j k#i,j

= Z Z Z E G,]leR Ry + Z Z V ’f}] + GG E [mejVj])

i gFL k#Fi i g
= ZZZE GUG”@R Rk‘l‘zz 77]] +G2]GJZE [Vm@]E[Uj’/jD

i jAi k#i i jFL

In the next few terms, the expansion steps are analogous, so intermediate steps are

omitted for brevity. The second to fourth terms can be expressed as:

Z Z Z Z GijGuE [V, X;Rar X)) = Z E[vn; Z Gi;R; Z GriRar,

1 j#i ko lFk J#i k#i
Z Z Z Z GiijlE [RAZ‘XijXl] = Z Z Z GJZGZlE [Thl/z] RAle, and
i g ko l#k T
2220 GuGuBRaiXiRaeXi) = 3 B ] 3D CuGrultailiaw
i g#F ko l#Ek J#L k#i
The expression stated in the equation combines these expressions. O
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1.C.2 Further Details for Power

Further Analytic Results

Lemma 1.7. (s),s,) are sufficient statistics for (7, 7'). Further, for transformations of
the form Z — ZF'" where F is a K x K orthogonal matriz, (s)s1, 8|2, 5582) is a maximal

mwvariant, and

s AVARGE:
I U R O® I
So (Z'2)"* 7

Proposition 1.2. With Equation (1.12), K — oo and \/% (ry Z' Zmy, 7' Z' Zoy, w' Z' Z) —

(Cyy,Cy,Cs),
s1s1 — Kwee — Cyy 0
\/% Ssy—Kwy—Cy | 2N|| o [.= (1.21)
$559 — Kwy, — Cs 0

for some variance matrix 3. If Cyy,Cy,Cs < 00,

2 2
2(,uCC 2wWenwee 20.1@7
_ 2
x= 2wegee WeeWnn + Wen 2wenwny
2 2
Qw@ 2Wenwny ann

The proof of Proposition 1.2 relies on K — oo because objects like s}s; can be written as
a sum of K objects. With an appropriate representation to obtain independence, a CLT can
be applied to yield normality. Compared to MS22, Proposition 1.2 does not require constant
treatment effects and characterizes the distribution without orthogonalizing the sufficient

statistics. Nonetheless, the form of the covariance matrix is similar to MS22.
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Instead of using the maximal invariant, we use the L10 analog

1
(Tyy,Tyx,TXX) = \/_? ZZPU(Y;}/WY;X]?XZX])’
i i

which relates to the JIVE directly as B Jsive = Tyx/Txx, so the asymptotic problem is:

Ty \/LE Zz Zj;éi PinyZ'Ryj 011 012 013
Ty x ~ N (p, %), p= \/L? ZZ Z#i Pi;Ry;R; U= © O22 023
Txx \/% doi i PR - - 033

(1.22)

With abuse of notation, p and ¥ refer to the asymptotic mean and variances of
(Tyy, Ty x,Txx) instead of (Tar,Trrn, Trs) so that the statistics do not depend on the
hypothesized null, but these are identical when f;, = 0. Using the same argument as
Section 1.4, uy, uz > 0 and p3 < g ps.

Even with covariates, if the regression is fully saturated with G' given by UJIVE, Propo-
sition 1.3 below shows that the same inequality restrictions hold. To be precise, saturation
is defined in Section 2 of Evdokimov and Kolesar (2018). All individuals can be parti-
tioned into L covariate groups, so with group index G; € {1,---, L}, we have covariates
Wi, = 1{G; = l}. We also have an instrument S; that takes M + 1 possible values in each
group, and these values for every group [ are labeled s, -, s;s. Then, the vector of in-
struments has dimension K = ML and Z;;,, = 1{S; = s;»}. Adapting Equation (1.22) to

the case with covariates,

/
1 1 1
= (TK ZZGURWRW, i ZZGURnRj, N ZZGURiRj> .

i g i g i g
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Proposition 1.3. If ju is defined such that G = (I — diag (Hp)) ™' Ho—(I — diag (Hw)) ™" Hy,

and the regression is fully saturated, then puy > 0,z > 0 and p3 < pips.

*

Using the asymptotic problem of Equation (1.22), testing Hy : ps/pus = [* is identical
to testing Hy : po — B*u3 = 0. Since B* is fixed, and I consider alternatives of the form:
Hy @ po — B*us = ha. The LM statistic corresponds to Ty x — 8*T'xx, so it can be used
to test the null directly. I focus on the most common case of 5* = 0, and it is analogous
to extend the argument for 8* # 0. Let u? denote the mean under the alternative and pf
under the null. The remainder of this section presents theoretical results for power, and
numerical results beyond the environment covered by theory are relegated to Section 1.C.2.

The one-sided test is the most powerful test for testing against a particular subset of
alternatives S := {(uf‘,yﬁ,ug‘) g = 22 >0, 8 — g > 0}. While S may not be
empirically interpretable, this set is constructed so that standard Lehmann and Romano
(2005) arguments can be applied to conclude that the one-sided LM test is the most powerful

test. The proposition makes no statement about alternative hypotheses that are not in S.

A more powerful test can be constructed when p?' is large and covariance 093, 01 are large.

Proposition 1.4. The one-sided LM test is the most powerful test for testing any alternative

hypothesis (,u‘f‘, ,u?,ugA) € S in the asymptotic problem of Equation (1.22).

For a given (,u‘f‘, s, M?) in the alternative space, LM (which just uses the second element)
is justified as being most powerful because it is identical to the Neyman-Pearson test when
testing against a point null p” with uff = pi' — 223, ps' = 0 and pg' = pg' — 22 s’ The
inequalities in S are imposed so that pff, uf > 0, ensuring that p'7 is in the null space, so
LM is the most powerful test. In contrast, if the inequalities fail in the alternative space,

A

then (uft — Z—;i,u‘;, 0, g — %;@) is not in the null space, and the Lehmann and Romano

(2005) argument cannot be applied.
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Existence of Structural Model

This section presents a structural model, then argues that any reduced-form model in the

form of Equation (1.22) can be justified by this structural model.

Example 1.1. Consider a linear potential outcomes model with an instrument Z that is a
vector of indicators for judges, each with ¢ =5 cases, a continuous endogenous variable X,

and outcome Y :

Xi(z) = 2'm + v, Yi(x) =2 (8+&) + i, and

[ O ee € eV
€ Oee O O (1.23)
& | k(@) =k~N 0 1- © Oge Ogok

(5 0 . . Oy

Due to the judge design, X; = Ty +v;, where k(i) is the judge that observation i is assigned

to. The strength of the instrument is Cs = \/—% Soplc = D)mi. The m’s are constructed as

such: with s = \/CS/\/F/(C — 1), set m, = 0 for the base judge, T, = —s for half the judges
and 7, = s for the other half. The heterogeneity covariances og,y are constructed so that

Yo =0,> 0ck =0, and >, moey, = 0. With Cy characterizing the heterogeneity in

the model, and h = \/CH/\/?/(C — 1), set oo = 0 of the base judge; among judges with
T, = 8, half of them have o¢y, = h and the other half o¢y, = —h. The same construction of

oo applies for judges with m, = —s.

In this model, the individual treatment effect is 8; = S + &. We can interpret v; as
the noise associated with the first-stage regression, e; as the noise in the intercept of the
outcome equation, and &; as the individual-level treatment effect heterogeneity. Further,
o characterizes the extent of treatment effect heterogeneity. The observed outcome in a
model with constant treatment effects is Y;(X;) = X;5 + ¢;, with E[&;]=0. When o¢,, = 0,
regardless of the values of o.¢, o¢e, the observed outcome of Equation (1.23) can be written
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as Yi(X;) = Xif + &; where F[g;] = E[X;§; + ;] = E[X;F[& | Xi]] = 0, which resembles the

constant treatment effect case.

Lemma 1.8. Consider the model of Example 1.1. If VKs* — Cg < 00 and VEKh? = Cy <

o0, then

4 o2\’ o o3 o3
o= — <<722 - i) +o(l), op=2—2 (022 - i) +o(l), o3=—-2+0(1),

033 2033 033 2033 033
o3 = © ; ! (Guw (O + TpoB2 + Oup0es + 202,8) + (0008 + 020)°) + 0(1),
gy = 25— 1agv +o0(1), o093 = pa— 1am, (0w + 0ey) +0(1), and
H1 VK (c—1) (s*8% + h?) CsB*+ Cu
pe | = VK (¢ — 1) s =(c—1) Csp
13 VK (¢ —1) s? Cs

Proposition 1.5. In the model of Example 1.1 with VKs* — Cg < 0o and VEKh? — Cy <
00, for any 0y, 093, 033 such that og, 033 > 0, 055 < 099033 and p such that py > 0, pz > 0,

w2 < pips, the following values of structural parameters:

Cs=ps/(c=1), B=pofus, h=|—=— &
—= C — == - -
S = M3 , H2/ 13, o1 H1 A
1 c U%S U?v
Oce Ocg Ocy e g\t2— )+ 0 on
ESF = . O¢e  Ogok = . UZLU +h )
Ovo . . Ovw
033C 1 023C 2
oo = 4 | ————— d w=— |0 — )
g 2 (C — 1) an ¢ Oy (2 (C - 1) O—vvﬂ)

satisfy the equations in Lemma 1.8, and det (¥gr) /h — Cp > 0.

Due to Proposition 1.5, since the principal submatrices of Y gr are positive semidefinite

asymptotically, Y gz is a symmetric positive semidefinite matrix asymptotically. The propo-
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sition thus implies that when the o’s and u satisfy the conditions, there exists structural
parameters that can generate the given p and ¥ asymptotically. Hence, there are no further

restrictions on p from the observed ¥ in Example 1.1.

Numerical Results for Power

This section presents numerical results for power in environments not covered by the theory.
I first consider one-sided tests beyond the set S covered by the theory, then weighted average
power for two-sided tests rather than the class of unbiased tests.

The power envelope is achieved by a test that is valid across the entire composite null
space, and is most powerful for testing against a particular point in the alternative space.
To obtain this test, I implement the algorithm from Elliott et al. (2015) (EMW) where all
weight on the alternative are placed on a single point while being valid across a composite
null. Then, testing against every point in the alternative space requires a different critical

value. For the numerical exercises in this subsection, I use a ¥ matrix of the form:

2 2p  2p?
2

which corresponds to the Y matrix in Proposition 1.2 with wee = wyy, = 1, wey, = p.

In the numerical exercises, I display the rejection rate across 500 independent draws
from X* ~ N(u,3) at each point on the s axis, across several u, u3 values for a 5% test.
The composite null uses a grid of p; € [0,5], u3 € [0,5] in 0.5 increments, and assumes the
variance is known.

Figure 1.C.1 uses a one-sided LM test, with a large covariance at p = 0.9. When data is
generated from the null, since LM and EMW are valid tests, their rejection rate is at most

0.05. EMW has exact size when testing a weighted average of values in the null space and
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is valid across the entire space, so when data is generated from one particular point in the
null, EMW can be conservative. Consistent with Proposition 1.4, when pus is small enough
for u; = 1, u3 = 4, LM achieves the power envelope, but as us gets larger, the gap widens
substantially. This phenomenon occurs because EMW still uses the same null grid, but now
it no longer needs to have correct size for testing against the point (u2' — o ps, 0, g — ou uay),
as that point is no longer in the null space.

In Figure 1.C.2, ¥ is calibrated by using the ¥ matrix calculated from the Angrist and
Krueger (1991) application, so after appropriate normalizations, p = 0.37. With such a low
covariance, LM is basically indistinguishable from the EMW bound. Hence, even though
there are gains to be made theoretically, in the empirical application considered, the gains
are small.

Instead of considering a point alternative, we may be more interested in testing against a
composite alternative. Here, the alternative grid for EMW places equal weight on alternatives
(i, pst, ) € [0,5] x [—2,2] x [0,5] in increments of 0.5 (excluding py = 0) subject to
inequality constraints. Figures 1.C.3 and 1.C.4 present one such possibility by allowing
EMW to place equal weight on several points within the alternative space. The resulting
test is the nearly optimal test for a weighted average of values the null space against the
uniformly weighted average of alternative values. Hence, there is no guarantee that its power
is necessarily higher than the LM test at every point in the alternative space. While there are
weighted-average power curves that substantially outperform LM, this result is compatible
with Proposition 1.1. EMW is a biased test as there are points in the alternative space that
are not a part of the grid where LM outperforms EMW. Nonetheless, Figure 1.C.4 suggests

that, when using the empirical covariance, LM does not perform substantially worse than

EMW.
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Figure 1.C.1: One-sided test with p = 0.9
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Figure 1.C.2: One-sided test with p = 0.37
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Figure 1.C.3: Uniform Weighting on grid of alternatives with p = 0.9
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Figure 1.C.4: Uniform Weighting on grid of alternatives with p = 0.37
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1.C.3 Constructing Confidence Sets

Expressions for the test are given in Section 1.3, which can be efficiently implemented using
matrix operations. Inverting the test to obtain a confidence set is also straightforward in
this procedure, as the bounds of the confidence set are derived in closed-form in this section.

To invert the LM test to obtain a confidence set, use e¢; = Y; — X; 3y and expand the A ex-
pressions in Equation (1.9) so that they are written in terms of X and Y. The two-sided test
rejects: (Zl > i Gijein)Q/VLM > q=®(1 —a/2)? Let Tyyx := \/LEZZ > iz GiiYiX;.
Then, >, Z#i GieX; = VK (Tyx — Txxfo), so squaring it results in a term that is
quadratic in 42. With Vi = By 4 C1 5o + Baf2 quadratic in Sy, the analysis for the shape
of the confidence intervals is similar to the AR procedure for just-identified IV. Calculations

for coefficients is similar to that of the L3O variance.

Proposition 1.6. The two-sided LM test does not reject By when (KT%y — qBs) 32 —

(QKTY)(TXX -+ qu) ﬂo + (KT%X — qBo) < 0. Let
D= (2KTyxTxx +qB1)° — 4 (KT%y — ¢Bs) (KTZx — ¢By) -

If D>0 and KT%y — qBy > 0, then the upper and lower bounds of confidence set are:

(2KTyxTxx + qB1) £ VD
2 (KT)%X —qBs) '

If D <0 and KT%y — qBy < 0, then the confidence set is empty. Otherwise, the confidence

set 18 unbounded.

Due to +¢B7, —qB; in the expression of the upper and lower bounds, the confidence set

is not necessarily centered around Syvep = Tyx/Txx.
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1.C.4 Further Simulation Results

This section reports simulation results from several structural models to assess how well
various procedures control for size. Since the nominal size is 0.05, and data is generated
under the null, the target rejection rate is 0.05. Across the board, the L3O method performs

well, and for all existing procedures, there is at least one design where they perform badly.

Continuous Treatment

This subsection reports results for a simulation based on Example 1.1 that has a continuous
X. Table 1.C.1 reports results with K = 500 and Table 1.C.2 reports results for K = 40.
The L3O rejection rates are closer to the nominal rate than the existing procedures in
the literature, albeit worse with a smaller K. ARorc has high rejection rates with strong
heterogeneity and EK has high rejection rates with weak instruments. Notably, with perfect
correlation and an irrelevant instrument, EK can achieve 100% rejection in the simulation
with K = 500. The procedures that use the LM statistic are MO, X—AR, L30O and LMorc;
they differ only in variance estimation. Hence, while X-AR and MO over-reject, the extent

of over-rejection is smaller than ARorc and EK in the adversarial cases.

Binary Treatment

This subsection presents a structural model with a binary X. Data is generated from a
judge model with J = K + 1 judges, each with ¢ = 5 cases, and cases are indexed by 7. The

structural model is:

Yi(x) = 2(6 + &) + &, and

Xi(z) =I{z'm—v; > 0}.
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Table 1.C.1: Rejection rates under the null for nominal size 0.05 test for continuous X

TSLS EK ARorc MO X-t X-AR L30 LMorc

Cy=0Cs=3VK,o.,,=0 0.061 0.017 1.000 0.061 0.079 0.078 0.042  0.044
Cy =2VK,Cg =2VK 0.952 0.022 1.000 0.073 0.087 0.084 0.058  0.055

Cy=2VK,Cg=2 1.000 0.009 1.000 0.096 0.076 0.127 0.053  0.050
Cy=2VK,Cg=0 1.000 0.006 1.000 0.103 0.061 0.127 0.059  0.052
Cy =305 =3VK 0.986 0.033 0.109 0.057 0.062 0.064 0.056  0.047
Cy=30Cs=3 1.000 0.036 0.168 0.055 0.078 0.087 0.055 0.047
Cy=3,Cs=0 1.000 0.048 0.184 0.058 0.106 0.088 0.053  0.057
Cy=0,Cs =2VK 1.000 0.089 0.049 0.063 0.083 0.080 0.061 0.058
Cy=0,05=2 1.000 0.207 0.045 0.054 0.243 0.135 0.057 0.045
Cy=0,Cs=0 1.000 0.337  0.051 0.042 0.413 0.127 0.045 0.048
Cy=0Cs=0,0.,=1 1.000 1.000 0.044 0.042 1.000 0.157 0.052  0.044

Notes: Data generating process corresponds to Example 1.1. Unless mentioned otherwise, simula-
tions use K = 500,¢ = 5,8 = 0,0.c = 0y = 1,0 = 0,= 0., = 0.8,0¢¢ = 1 + h for h? < 1 with
1000 simulations. The table displays rejection rates of various procedures (in columns) for various
designs (in rows). Cy = 0 uses & = 0 for all ¢, which uses o¢¢ = 0.¢ = 0¢, = 0, corresponding to
constant treatment effects. Procedures are described in Table 1.1.

Table 1.C.2: Rejection Rates under the null for nominal size 0.05 test for Continuous X with
K =40

TSLS EK ARorc MO X-t X-AR L30 LMorc

Cy=Cs=3VK,o.,,=0 0.072 0.022 0.525 0.051 0.074 0.068 0.039  0.055
Cy=2VK,Cg=2VK  0.238 0.034 0.388 0.051 0.074 0.077 0.055 0.062

Cy=2VK,Cg =2 0.547 0.033 0475 0.083 0.096 0.133 0.077  0.053
Cy=2VK,Cs=0 0.651 0.013 0.511 0.072 0.088 0.102 0.068  0.054
Cy=3,05=3VK 0.213 0.025 0.109 0.048 0.057 0.063 0.055  0.046
Cyp=3,Csg=3 0.658 0.032  0.129 0.045 0.074 0.063 0.064  0.055
Cyp=3,Cs=0 0.849 0.049 0.127 0.063 0.109 0.103 0.087  0.057
Cy=0,05 =2VK 0.853 0.105 0.049 0.064 0.068 0.098 0.085  0.056
Cp=0,Cg=2 0.999 0.152 0.048 0.045 0.201 0.132 0.098  0.037
Cyp=0,0s=0 1.000 0.342  0.052 0.051 0.439 0.143 0.080  0.049
Cyp=Cs=0,0.,=1 1.000 1.000  0.045 0.040 1.000 0.179 0.082  0.045

Note: Designs are identical to Table 1.C.1, but K = 40 here.
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Table 1.C.3: Rejection Rates under the null for nominal size 0.05 test for binary X

TSLS EK ARorc MO X-t X-AR L300 LMorc

Cy=Cs=3VK,o.,,=0 0.046 0.049 0.059 0.045 0.045 0.045 0.049 0.054
Cy=2VK,Cg=2VK 0.097 0.047 0.177 0.037 0.038 0.041 0.051  0.052

Cy=2VK,Cg =2 0.727 0.059 1.000 0.127 0.051 0.143 0.058  0.051
Cy=2VK,Cs=0 0.891 0.037 1.000 0.204 0.067 0.247 0.059  0.045
Cy=3,05 =3VK 0.092 0.060 0.051 0.055 0.057 0.056 0.055  0.047
Cp=3,Csg=3 0.996 0.089 0.888 0.059 0.086 0.096 0.055  0.048
Cyp=3,Cs=0 1.000 0.124  0.999 0.101 0.289 0.181 0.068  0.052
Cy=0,05=2VK 0.408 0.058 0.055 0.043 0.046 0.046 0.045 0.041
Cp=0,Cg=2 1.000 0.212  0.052 0.061 0.188 0.108 0.078  0.057
Cp=0,Cs=0 1.000 0.654 0.046 0.034 0.750 0.149 0.069  0.039
Cp=Csg=0,0..=0 1.000 1.000  0.053 0.057 1.000 0.173 0.076  0.053

Note: The data generating process corresponds to Section 1.C.4. Unless stated otherwise, designs
use K =100,¢=5,8=0,p="7/8, 0.c = 0.1,0-, = 0.5 with 1000 simulations.

Our unobservables are generated as follows. Draw v; ~ U[—1, 1], then generate residuals

from:
N (Usm Uee) Zf U; Z 0
€ | Vg ~ )
N (—0cp,0) if v;<O0
Ogok w.p. P Ogok wp. 1—p
§Z|UZZOZ ,and fZ|UZ<O:
—O¢uk w.p. 1—p —O¢uk w.p. P

The process for determining s, h and 7, € {0, —s, s}, 0¢pr € {0, —h, h} are identical to
Example 1.1, as s controls the strength of the instrument, h the extent of heterogeneity, and
[ is the object of interest. Then, the problem’s variances and covariances are determined by
(p, Ocv, 0z). The JIVE estimand is shown to be /3 in Section 1.C.6. A simulation is run with
K =100, so the sample size is smaller than the normal experiment in Example 1.1.

Results are presented in Table 1.C.3, and are qualitatively similar to Section 1.2. The
oracle test consistently obtains rejection rates close to the nominal 5% rate across all designs,

in accordance with the normality result, even with heterogeneous treatment effects and non-
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normality of errors due to the binary setup. The L3O rejection rate is close to the nominal
rate even with a smaller sample size. EK, ARorc and MO continue to have high rejection

rates in the adversarial designs.

Incorporating Covariates

This section presents a data-generating process that involves covariates. Instead of judges,
consider a model where there are K states. Let ¢ = 1,--- |, K index the state and let W
denote the control vector that is an indicator for states. With a binary exogenous variable
(say an indicator for birth being in the fourth quarter) B € {0, 1}, the value of the instrument
is given by k£ =t x B. Then, the instrument vector Z is an indicator for all possible values

of k. The structural model is:

Yi(z) =2(8+ &) +w'y + &, and

Xi(z) = I {#'m + w'y —v; = 0}.

In the simulation, every state has 10 observations, of which 5 have B = 1 and the other
5 have B = 0. The process for generating (v;,€;,&;), Tk, Oeur, and s, h is identical to the
binary case. Hence, my = o, for the base group, which constitutes half the observations.
For k # 0, m;, is the coefficient for observations from state t = k and have B = 1, and o¢,y, is
the corresponding heterogeneity term. Whenever m; = s, set v = ¢; whenever m; = —s, set
v = —g. In this setup, it can be shown that the UJIVE estimand is 3, and the proof is in
Section 1.C.6. Table 1.C.4 reports the associated simulation results, which are qualitatively

similar to the results described before.
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Table 1.C.4: Rejection Rates under the null for nominal size 0.05 test for binary X with
covariates

TSLS EK ARorc MO X-t X-AR L300 LMorc

Cy=0Cs=3VK,o.,=0 0.048 0.123 0.049 0.052 0.047 0.055 0.054  0.060
Cy=2VK,Cg =2VK 0.072 0.111  0.052 0.044 0.041 0.046 0.050  0.053

Cy=2VK,Cg =2 0.171 0.016 0471 0.083 0.012 0.092 0.060  0.050
Cy=2VK,Cs=0 0.259 0.002  0.960 0.126 0.008 0.135 0.047  0.058
Cy=3,05=3VK 0.065 0.132 0.048 0.053 0.056 0.054 0.060  0.049
Cyp=3,Csg=3 0.131 0.015 0.108 0.040 0.003 0.042 0.044  0.050
Cyp=3,Cs=0 0.247 0.003  0.300 0.087 0.004 0.091 0.062 0.053
Cy=0,05=2VK 0.084 0.099 0.054 0.041 0.036 0.043 0.048  0.050
Cp=0,Cg=2 0.178 0.006  0.058 0.043 0.002 0.044 0.052  0.051
Cyp=0,Cs=0 0.246 0.006 0.048 0.063 0.005 0.069 0.081  0.050
Cyp=Cs=0,0..=0 1.000 0.497  0.042 0.013 0.147 0.049 0.092  0.035

Note: The data generating process corresponds to Section 1.C.4. Unless stated otherwise, designs
use K =48,¢=5,4=0,p="7/8, 0. = 0.5,0-, = 0.1, and g = 0.1 with 1000 simulations.

1.C.5 Proofs for Appendix 1.A and 1.B

Proof of Lemma 1.1. Suppose not. Then, for some real Sy,

E[Tyr) = Z Z Pi;RaiBaj = Z Z Py (RyiRy; — RiRy By — Ry:R;By + RiR;/3;) = 0.
i gt i g

Solving for [y,

2
B 2 Zz Zj;éi PijRiRy; + \/4 (Zz Zj;éi PiniRYj) —4 <Zz Zj;éi PiniRj) (Zz Zj;éi PinYiRYj)

oo 2 (Zi 2 i Pinz'Rj>

In our structural model, R; = ;) and Ry; = 7yy;). The term in the square root can

oosfgn) (24) ()
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be written as:



Using Table 1.A.1, >°, 77 = %SQK, STy = (23262 + h2) K, and ), mpmyy = 232,3}(,

we obtain
1 5 (5 5 5
D= (=K | —(=5’K ) | =s*8>+h* ) K = —=s*h*K* < 0.
1 (855 ) (85 )(8564— ) g <0
Since h # 0 and Ks? > 0, there are no real roots of 3y, a contradiction. n

Proof of Lemma 1.2. 1 rewrite the quadratic term to produce a martingale difference array:

Z Z Gz‘jU;AUj = Z Z Gijvz/'Avj + Z Z GijngUj

i j# i g<i i g>i
= Z Z (GUU;AUJ' + Gjl"U;-A'UZ') .
i §<i

Hence, >, sivi + 32, > GijviAv; = 3, yi, where

Y; = SQ’UZ' + Z (Gij’l)zl-AUj + Gjﬂ);AUi) = S;’Ui + U:A (Z Gij”j) + (Z G]Z’U;> AUZ'

Jj<i J<i J<t

= siv; + VI A(Go);, + (Gyv), Av;.

Let F; denote the filtration of y;,...,y;_1. To apply the martingale CLT, we require:
L35 Byl — 0.

2. Conditional variance converges to 1, i.e., P(|>., E[B*? | F] —1| >n) — 0, where
B = Var (T)"/2

The 4th moments of v; are bounded. With € = 2, we want Y, F'[y}] — 0. Using Loeve’s ¢,

inequality, it suffices that, for any element [ of the v; vector,

ZsflE [v3] — 0, and ZE [0 (GLv)fl] — 0.
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The first condition is immediate from condition (2). The second condition holds by

condition (3) using the proof in EK18. To be precise,

ZE zl GLU zl ZE zl GLU ZE GLU zl
_ZZGLU zl +BZZZGL’LJ zkE }E[U]ZZ}

i J k#j

<z:z:z:GLz] sz_Z(GLGIL)?z
<ZZ (GLGL):, = |GLGY %

The argument for Gy is analogous. Now, I turn to showing convergence of the conditional
variance. With abuse of notation, let W; = siv; and X; = v[A (Gpv); + v/A(G}v), . Since
Var (BT) = B2 X, E[W?) + B3, E[X?] = 1,

ZE (B} | Fi] -1=B>> (E[X]|F]-E[X]])+2B*) E[WX;|F]

; B;Z (£ (w21 7] - £ W),
The previous observations in the filtration do not feature, so E [W? | F;] — E[W?] = 0.
It suffices to show that the RHS converges to 0. For the ) . E'[W;X; | F;] term,
BZZE[WiXZ-]]—" B?ZE i (ViA(Gro), + v A(Gho)y) | Fi
— B? Z E WAl (GLv);, + B? Z E Wil A] (G .

It suffices to show that the respective squares converge to 0. Due to bounded fourth

moments, and applying the Cauchy-Schwarz inequality repeatedly, for some n-vector ¢, with
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||5U||2 SO?

E [(Z E[W)A (Gw)é)

and the same argument can be applied to the Gy term. Finally,

=8 GLGL6, < |6|5|GLG 2 = ||GLGY |,

S (B F] B =Y (E (A (Cu), + A (), | 7]
[( LA(GLo), + vl A (Gyo), )2} )
It suffices to consider the GG, term, as the G and cross terms are analogous:
( (A (Gro);)* | f} E (A (Gro),)’])

Z ((Grv), Wl A(Gro), — E [(Grv), AvfA(Grv)i]) .

Since Y, (Grv), A'E [viv]] A(Grv), is demeaned, it suffices to show that its variance

converges to 0. Due to bounded moments,

i

Var (Z (Grv); AE[vv)] A(Gpv); ) = ZZ GLG/ = |GG |%,

which suffices for the result. O
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Proof of Lemma 1.3. 1 begin with part (c). By applying the Cauchy-Schwarz inequality,

Sa(Guenn) (Sucmn)

i J#1 J#i
9\ 1/2 o\ 1/2
ZC’ (ZhA i,7) ) ZC’ (ZhB i,7) )
Ve J#i
o\ 1/2 2\ 1/2
< m?XCi Z <Z hs (i,j)ij> Z (Z hg (i, ) ij)
i\ i\

1/2 1/2
< (L) (D) <oX,
The proof of all other parts are entirely analogous.

Proof of Lemma 1.4. Proof of Lemma 1.4(a).

Using the decomposition from AS23,

ar <Z Z GijFij‘/li%iVéjwj)

i g

= Z Gy FoVar (ViaVaiVigVig) + > GijFigGiFjiCov (VigVai Vi Vg, Vi Vo Vai Vi)

177 1)
i#] i#]

+ Z G FijGrjFriCov (Vi;Vai Vs Vi, Vi Vor Vs Vi)
it

+ Z G Fij G FirCov (Vi;Va; Vs Vi, VijVa; Var Vi)
i#j#k

+ Z GijFijGir FiCov (Vi Vai V3 Vig, ViiVai Var Vi)
ik

+ Z G FijGriFriCov (Vi Vai Vi Vij, VigVar Vai Vi)
1#j#k

(o)) (o)

<2 {maXV&f(VuViz“@j‘@)} >
1,J G VE J#i

i
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Notice that the termsin ) -; are absorbed into the sum over k so that the final expression

can be written as >, > ., > ;- Then, due to Assumption 1.3(a) and the Cauchy-Schwarz

inequality,
2
5 (Sen) <2 (Ta) (Ta) <cxya,
i \j#i i \j# i T
and
o\ 1/2 o\ 1/2
¥ (Sen) (San)< (2 (San) ) (S(Ton)
i\ i i\ ji i\ j#i
1/2 1/2
co(yya) (xe) -exye
i g i j# i j#

Proof of Lemma 1.4(b). Expand the term:
Z GijEjMik,—z’j‘/liVék‘/?)j‘/zlj = Z Gz‘sz’jMik,—ij (RyiRak + v1; Rop + Rajvay + v13v21) Vi, Vij.
i#jk i#jk

Consider the final sum with 4 stochastic terms. The 6-sums have zero covariances due to
independent sampling. The 5-sums also have zero covariances, because at least one of v,
or vy needs to have different indices. Within the 4-sum, the covariance is nonzero only for

Jjo # j. We require i to be equal to either ¢ or k and ko the other index. Hence, by bounding
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covariances above by Cauchy-Schwarz,

( Z Gz] k —Z‘]Ul’lvgk‘/gj‘/;lj)

i#jFEk

< mjax Var (U1ZU2kV§JV43 Z Z Z Z GijEjGilElMikﬁijMik,fil + GijFiijlelek fngm kl)
b i j;éz k#i,5 14,5,k

+ max Var (vy;v9,Vs; Vi) 3! Z G2 F2 M,

i gt ik, —1ig

77k
"7 itk
1/2 1/2
<ma’§<Var(UMv2kV3JVZLJ ( Z G k”> ( Z F2F ku)
’]’ i#j#kA i#jFhA
n 1/2 1/2

+ max Var (v102V3; Vi) < > G%Gi,M;’_Q ( Z 2FANG ”>

v z‘;ﬁjsﬁk;ﬁz i#j kAl

+ max Var (v;v9 Vs, Vi) 3 Z G2 F2 M,

ik i it ik, —ij"
i#j#k

To obtain the first inequality, observe that once we have fixed 3 indices, there are 3!
permutations of the v1;v9;V5;V4; that we can calculate covariances for. They are all bounded
above by the variance. In the various combinations, we may have different combinations of

G and F, but they are bounded above by the expression. To be precise, the 3-sum is:

Z ng k: ,—1J (szEjMzk —ij + szEksz —ik T G]z z Jjk, ]z)
Z#J#k’

+ Z ng zk ,—1J (G FkM]z —jk + szszMk] ki T Gk]Fk]Mkz k])
i#jF#k

Apply Cauchy-Schwarz to the sum and apply the commutative property of summations to

obtain the upper bound. For instance,

n 2
(Z Gz‘jFijMik,—z‘jijijsz‘,—jk) (Z G2 F2 M, _w> (Z GO F M, ]k)

i#jFk i#jFk i#j#k
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Then, observe that >, > > iz G?ijQijQi,fjk =D i Dkt Ditik G?kaijQiﬁjk

= ik Yoy GHFEM, ;. Due to AS23 Equation (22), Y, M3 ., = O(1), so
Z;éj;ék G?jFi%‘Mz%c,—ij <C Zz Zj;ﬁi G?ngi < sz' Zj;éi Gzzj‘ Similarly, Z:;éj;ék;él G?szle%c,—ij =
O) Y00, GEME, ;= O(1) Y1, G3;, which delivers the order required.

To deal with 3 stochastic terms,

Var ( Z GijEjMik,inlivzk‘/ang) = Var (Z U2z'V3jV4j (Z ijijMki,ij1k>)

i#j#k i#] ki, j

Z ijijMki,fijlk + Z GkiFkiMkj,fkile
k4,5 k#i,j

< Zvar (UZ'L"/S]'VZU) <Z ijijMki,ij1k>

i#j ki,

+ H%,EJLX Var (UQiV:”)j‘/Alj) Z Z (Z ijijMki,ij1k> <Z leFklei,klle>

itj l£ij \k#i,j kil
< Z Z\/ar (v9;V3;Vij) (Z ijijMki,ij1k>
i g k#i,j
Z ijijMki7,ij1]g + Z GkiFkiMkj,fkile

ki, j ki,

2
+ rrl;z}x\/ar (v2:V3;Vaj) Z (Z Z ijijMki,ij1k>

i \j#i k#ij

2
— mex Var (v Vs Vij) Y 0> (Z ijijMki,—ij1k>

i gFL \kFij

2
< max Var (vg;V3;Vy;) Z <Z Z ijijMki,—ij1k>

i.j
i \j#i k#ij

+ ZVar (v2:V3;Vay) (Z ijijMki,—ijlk) (Z GkiFkiMkj,—kile>

i#j k#i,j k#i,j

To get the first inequality, observe that, if for [ # i, j, we have vy instead of V3V, the

covariance must be 0. We can then bound the order by using Assumption 1.3 and Lemma 1.3.
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Similarly,

Var ( Z GijEjMik,—ijvliRQk‘/?)j‘/zlj> = Var (Z v1;V3; Vi (Z Gz‘jFijMik,—inQk>>

i#j#k i#] k#i,5
2
< II%&XV&Y (UliV:SszLj) Z (Z Z GijFijMik,—inzk)
7 i \j#i ki
+ Z ZVM (Ulz‘V},szLj) (Z GijE‘jMik,—inQk> (Z sz'FjiMjk,—inQk> .
i ji k#i,j ki)

since the expansion in the intermediate steps are entirely analogous.

Turning to the sum with two stochastic objects,

Var ( Z GijEjMik,—inliRQk‘/Bj‘/zlj> = Var (Z VaiVii (Z Z GjiFjiMjk,—inljR2k>>

i#j#k i J# k#i,j
2
= ZVar (V:%Vzu‘) (Z Z GjiF}‘iMjk,inljR%)
i J#i k#i,j
2
< max Var (V3;Vy;) Z (Z Z GjiﬂiMjk,_in1jR2k> .
. J#i k#i,j

With these inequalities, applying Assumption 1.3 suffices for the result.

Proof of Lemma 1.4(c). Expand the term:

Z Gz‘jEijl,—ilez‘VziVSszu = Z Gisz‘ijz,—ij%ini (R3j Ry + Rsjvy + vs; Ry + vsjva) .
i#i1 i#5l
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With four stochastic objects,

Var (Z Gz‘jFiijl,—z‘j‘/lz‘VQiUSjU4l)
i#J#l

n
S%&gvar(vuvzivsﬂzu) Z Z (GijEijl,fijGigjFingjl,figj + GijF‘iijl,fijGiglFiglMlj,figl)
~ i#j#l in#i,j)]

n
2 2 272
+ IlrljagiVar (V1iVaivgjug) 3! Z GLFGM; iy
i i

Simplifying the first line,

Z Z (GijFijMjy,—i;Giyj Fiyi My —iy; + Gij FiiMji —ii Gyt Fit Mij 1)

i#j AL 1274,5,
n 1/2 n 1/2
2 ~2 A2 22 A2
< ( Z Gz‘jGiszjl,—ij> ( Z Ejﬂszjl,—i2j>
i#jFIF b2 iFgF#lFi2
" 1/2 n 1/2
2 2 A2 2 2 A2
+< Z Gz’jGiglel,ij> < Z FijFilelj,izj> :
iFj Al Fi2 1#jFlF 2

These terms have the required order due to a proof analogous to Lemma 1.4(b). Next,

Var (Z Gz‘jFiijl,—z‘j‘/lz“/QiR3jU4l> = Var (Z Z Vlz‘V2iU4j (Z GilElMlj,—z‘lRm))

i£i1 i gt oy
< Z Z Var (V1;Vaiv45) <Z GilFilMlj,—ilRBl) Z GuFyM;_yRs + Z G FyMy; R
i i Ii I£i oy
+ n}aXVar (V1iVaiva;) Z Z Z (Z Gz‘lFilMlj,—z‘lRSl) (Z leFkleig,—klle)
7 i i iathj \lEi izl
2
< HZla,X Var (Vlz‘VQi"U4j) Z (Z Z GilFilMlj,—ilR3l>
7 i\ i i
+ Z Z Var (V3;Vaiv4) (Z GilFilMlj,—uRsl) (Z Gleleli,—le3l> .
i ik oy Ii
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Further, Var (Z##l GUF”MJI —ijV1iVaivs; R4l> can be bounded by a similar argument.

Turning to the sum with two stochastic objects,

n 2
ar (Z Gz‘sz‘ijl,—z'jVquz‘R?)jRu) = Z\/ar (VleQz) (Z Z Gz‘jFiijl,—in3jR4l> .

i#j#l J#i i

These inequalities suffice for the result due to Assumption 1.3.

Proof of Lemma 1.4(d). Expand the term:

Z ng k —1ij ]l—zjk‘/lz‘/QkV:’ig‘/éll
ik

Z GZ] zk —ij ]l zgk"/lzRQk (RSJR4Z + R3]U4l + U3]R4l + USJU4Z)
i€t

Z Gz] 'Lk —ij ]l z]k‘/thk (R3]R4l + R3jv4l + UBJR4Z + U3_]v4l)
ik A

Consider the vgy line first. We only have the 4-sum to contend with. For 5-sum and
above, at least one of the errors can be factored out as a zero expectation. Hence, by using

Cauchy-Schwarz and the same argument as above,

( E sz k: —ij ]l Z]kaUQkU3JU4Z)

i#j#kAl

n
<mz]1€><l;\/ar(thgkvgjv4l 4] Z GiFéMfk Z]Mfl ik
h ikt
n 2 ;. 1/2
2 12 2 12 2 2
<oy aminsoyansc(Ya) (Yr)
i#£j#k i#j i#j i#]
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By using the same expansion step as before,

E Gz] zk —zg‘/leQkU?)] Z gl —zgkR4l
1#j#k l#i,5,k
< max Var | V109503, E M —ijp Ry
7,
! i,k
n

Z (GijFijGigjFingik,fijMigk,fij + GijEjGizkEszij,fikMi2j,*ik)

i#£jF#kFEi2

+ max Var

. Viivzkvgj
1,5,k

> M

jl—ijkRal
1,5,k i

Y N> GLEM;

J# k#i,j

The Z##k#z (Gz‘jFijGinE2jMik,—ijMi2k,—ij + GijEjGingQkMij,—ikMigj,—ik) term has

the required order due to the same argument as the proof of Lemma 1.4(b). Next,

Var
i Akl

<maXVaI‘(V11'02k'U4] Z Z

i#j#k i2#£1,5,k

erax\/'ar (V1102kv4j Z Z

i#j#k i2#1,5,k

—l—maXVar(Vllvgkw;t7 ) 3! Z
bk i#i#k

n
E Gij Fij Mg —i M1, i1 Viivar R3jva

zk ,—1J

= Var
ik

E GuFuM;, —yMyj _qr R
l#1,5,k

g GuFuM;k, —aMi; —urR3
gk

I#i,5,k
2

<max Var (Vi;v2504;) ZZ Z Z GiuFyMig,—a M — i Ral

E GaFuM, g My kR
14,5,k

E GaFuMik, —aMyj _urRs3
1#i,5,k

Z G FuMiy,—u M — i, Ra

k
b k Ak \i#h. i,k

—maXVar (V14v2,v45) E g E

k  j#ki#tk,j

—i—ma])g(Var Vllvgkw;j g g E

“ k g7k \i#k.j
—maxVar Vh’ngU4J g g E

ok ko j#k itk

+maxVar(thgkv4j ) 3! Z
ok ik

1k ,—1J

I#i,5,k

I#i,5,k
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n
E V1iVar v

Z GiuFuM;y, _q M _arRs

Z GiuFyMig, —aMyj — Rl

E GaFuM;k —qMyj _yrRs3
l#1,5,k

E GigtFiyiMig i, —iniMij, —is16. B3
l#i3,5,k

g GigtFisiMiy g —igi Mg, —in1R31
l#i2,5,k
2

> GuFubi; _qMy, i Rs
i#k,J 1#4,5,k

E GaFuM;j,—aMy —y;Ra
l#1,5,k
2



The first term in the wvg line is then:

Var Z ng k ,—1] _]l —zjkvleQkR3]R4l = Var Z sz j —szhUQ] Z Z Mkl —zij3kR4l

i#jEkFL i#£j k.5 1#1,5,k
. 2
< Hila_XVar(VuUzj)Z GijFij Z Z Mij,— it M, —ijk Rak Rar
7 i) K] I0,k
n
+Hila_XVal"(V1iU2j)Z GijFij > Y Mij My, —ije Rk Ra
N i#] ki Ui,5,k

GjiFj; Z Z Mji —j1- Myt —ijk Rap R

k4,5 17,5,k
n
+nl1a_xVar(VuUzj) Z GijFij Z Z Mij —ite My, —ijk Rak R
N i#jin Wi U1,5,k

GiyiFiyj g E My — ok Myt iy ju R3pRa
k#i2,j l#i2,5,k

2
n
SHZla,XVaT(‘GiUzj)Z GijFij Z Z M — it Mg, —ij; Rax Ry
7 i#j ki g 14,5,k
n
—i—HilaxVar(VuUzj)Z Gy Fyj Z Z Mij — i1 M, — ik Rar R
7 i) kiiyg Ui,k

GjiFj; Z Z Mji My, —iji Rar R

k#i,5 1#4,5,k
2
+maXVar VhUQj Z Z Z Z GuE]Mj —szkl —1ij3kR4l
v J i#j k#4,5 1#1,5,k
2

—maxVar (Viiva) Y D 1 Y. > GijFijMij _iw My i Ran R
Jo i \k#4,J1#46,5,k

Now, we turn back to the Ry expression to complete the proof:

n
Z GijFij Mg, —ii M, —ijiViiRok (Rsj Ry + R3jog + vsjRa + v3jva) -
ik
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Consider the term with three stochastic terms first, and simplify it using the same strategy as

before:

n
Var E GijFy Mg, —i; M1 — i1 ViiRogvsjva | = Var E GijFijViivsvar E My —ij Mg, —ij1Ro
i#jFEk#l i#j#k I#i4,5,k
2

n
<maXVaI"(V11U3gU4k)<Z Z Z GijFij My, —ij Mg, —ij1Ro
ok kAj \ik.j A0,k

2

o Z Z Z Gl] l ,—1J ]k} —1]1R2l )

k#j i#k,j \l#i.3,k

+maXV&r(VnU3gv4k ZZ Z Z GiiFij My _ij Mk —ijiRay Z Z GinFir. My —ix Myj.—ira Roy

ok ko g7k \i#k,j l#i.k ik, 11,3,k

—maXVar (V14v35048) E E E E GiiFij My _ij Mk —ijiRoy E G Fi My, — it Myj, ik Ry
k j#kitk,j \I#i,j,k l#4,5,k
2
n

+maziVaT(V1iv3jU4k)3! g GijFyj g M, —i M, —ij1Ro

117

! i#j#k I#i,3,k

Next,

ZZ Z Z G’L] k ,—1J jl 71]k‘/vlzR2kU3]R4l

i gL kFg IFEG kR

2
n
< nga_xVar (Vliv3j)z Gij Fij Z Z Mg, —ij M1 — 5 Ror Ray
7 i#j kAi,g 1,5,k
n
+H112%,XV&T (Vlwsj)z GijFij Z Z Mg, —i5 M, — ik Rop Ry GjiFy; Z Z M, —i5 My, 56 Rop Ry
7 it ki ik ki ik

2

+maxV&r(VuUsj)Z ZGijFij Z Z Mg, —ij M1, —ijr RorRai

i3 , — ~
J i#£] k#i,5 1#4,5,k
2
n
— rrl;axVar (Vlﬂigj) E GijFij E E Mz’k,—iijl,—iijZkRM
7 i ki g 1,5k
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Finally,
Var( Z GijFijMik,iijl,ijkvliR%RBjRu)

itk Al

2
= ZVar (V1) (Z Z Z GijFijMik,iijl,iijZkRi’)jRéLl) :

6 kL 15k

Proof of Lemma 1.5. Proof of Lemma 1.5(a). Expand the term:

Z GijFi Vi Var Vai Vi = Z G Fir ViV (RijRok + Rijvar + v1jRop 4 v15021) -
i#j#h i#jk
With four stochastic objects,
Var ( Z GijEk%i%ivljU2k> < maXVar (Vsivzuvljvzk) Z Z (GijFikaFizk + GijEkGi2kﬂzj)
5,k

n
+max Var (Vi Vawsjog) 31 Y GLFL.
bk ik

Observe that, due to Assumption 1.3(a),

> GiFuGyFe =) (Z GijFik> (Z GijF — Gijﬂk)

i#i#kAl i#k \izjk Y
n 2 n
> (Teun) - Y an
j#k \ijk kA
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has the required order, which suffices for the bound. Next,

Var < Z Gz‘jFinginxiRuU%)

ik
= Var (Z Z Ej‘/},iwivgj (Z szR1k>>
i g k#i,5

<> N Var (VaiViws) (Z EjGikR1k> > FyGuRu+ Y FuGinRi

) k#i,j k#i,j k#i,j
+ IrZ;aXVar (ng‘szz‘Uzj) Z Z Z (Z Fz‘sz‘lek> ( Z Fz‘ngz‘glek>

7 i Aol \k#i ktia,l

2

< max Var (V3;Vy;v95) Z (Z Z EjGilek>

" i \j#i ki

+ Z Z\/ar (Véz‘VzLiUQj) <Z Fz’jGilek> <Z Fjiijle) .
i gt ki) k#i,j

Similarly,

Var ( Z Gijﬂk%i%iUuR%) = Var (Z Z V3iViivr (Z Gz’jEkRQk))

i#jFk i g# k4,5
2
< n%axVar (V:%ivzlivlj) Z (Z Z GijFikRZk> + Z (Z GijFikR2k> (Z GjiijR2k>
! i i ks j#i \kij K]

Turning to the sum with two stochastic objects,

Var ( Z Gisz‘kVE’)z'VzlileRQk> = Var <Z VaiVii (Z Z GijElejR2k>>

ik i ki

2
< max Var (V},ivzu) Z (Z Z GijFilejR2k> .

i \j#i k#ij

Proof of Lemma 1.5(b).
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Decompose the term:

n
Z Gy Fie M, i1 V1; Var Vai Vi
iR

= Z GijFikMil,fijkV:“’)ile (Rox Ryt + Rogvay + vor Ry + vagvyy)
i#i#kAl

+ Z GijEkMz'l,—ijkV?;ivlj (Rok Ry + Ropva + v Ry + varvy) -
i#iFkAl

Consider the vy; line first.

n n
Var( Z GijEkMil,—ijk‘/f’)ivljU2kU4l) < Erjl%%vaf(‘/:),w1jv2kv4l)4! Z G?jF?kMz%,fijk‘
i£j £kl b i#jEkAL

Next, by using the same expansion and simplification steps as before,

n n
Var( Z GijEkMil,—ijk‘/i’)ivljUZkR4l) = Var ( Z Gij Fi,Vsiv1v9p, Z Mil,—iij4l>
i AR ik oy

2 2
< ma?\/ar (Vgﬂhg‘v%)zz (Z Z GijEkMil,—iijzll) — Z (Z GijEkMil,—iij4l)

177
! K g#k \ \isjk ik ik Nl gk

+I?J?§<Val"(%wljvzk)zz (Z Z Gz‘jEkMil,—iijéll) (Z Z GikFijMil,—iij4l)

K i#k \iAjk £k £ Tk Lk
— max Var (Vaivrjoae) D > (Z GijEkMiz,—iij4l> (Z GikEjMil,—iijzll)
e ko g#k izik \UZigk 0,5k

i,5,k

n 2
+ max Var (‘/?n'vlj/UQk) 3! Z GZQJF;Qk ( Z Mihi]’kRzll)
i#j#k I#4,5,k
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and

r( Z GijEkMiz,—ijk%qu%mz) = Var ( Z G'ij Fir,Viv1va, Z Mik,—ile21>

ik i#j#k 1,5,k

2 2
< maXVar (Vaiv1jv4z) ZZ (Z Z GijEkMik,—ileﬂ) — Z (Z Gz‘sz'kMz’k,—ileQZ)

bk ko gk \ \iggk i,k ik \i,j.k
s Ve (V) 303 (z S Gy Rl R> (z S GuF, R)

bk K j#k \iggk Ik i,k L,k
Vo (V) 33T Y (z GFMR> (z GuF, R>

o K j#k ikik \lsijk i,k

2

+ma§(Var(V3wljv4k ) 3! Z G (Z Mik,—ilem)

b i#j#k .5,k

with (Zl;&ljk ik ﬂ]szz) < C'. Finally,

ar( Z GijFikMil,ijkVBivljRZkRéll) = Var (Z GijVsivij Z Z FikMil,iij2kR4l)

iF£jAkAL i#j k#i,5 17,5,k

2
n
<maXVar (Vaiv15) ZG” (Z Z FikMil,—iijQkRéll)

i#j ki, 14,5,k

+H11%Xvar (V?;ivlj)z (Z Z GijFikMil,—iij2kR4l) (Z Z GjiijMjl,—iij2kR4l)

i#j \k#i,jl#i,5.k k#i,5 1#1,5,k

2 2
+H}%XV8LT (Vaivi;) Y (Z >y ngszMlzgkRQkRM) = (Z > GijFikMil,iij2kR4l)

j i#] ki 1.k i#j \k#i.j ik
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Now, return to the Ryj line: 7, 5y Gij Fir Mit,—ijiVai Raj (Rox Rar + Rogvar + vor Ray + vagow),

SO

n
Var E GijFi My, ik V3iRijv2kv4 | = Var E G Fir V33025045 E M _axRy

Gaikalzall i#j#k 1#4,5,k
2
<ma]}€(Var VE}zU2kU4J ZZ Z Z GZIFMM” —zllel —ZZ Z Z GilFikMij,fillel
b § k#j \i#jk £k J o k#jitik \I#i4.k
+max Var (Vagoaros) DY | Y D GaFauellij—anBu | | Y D GuFiMix iR
ba.k J k#j \i#j4.kl#i,5,k i#7,k 1#i,5,k
—maXVar (Va;v2,045) ZZ Z Z GiuFixMij _ax Ry Z GirFyj Mg, —iij R
bk i k#jiFik \l#igk 10,5,k
2
n
—|—maxVar (Vaivav45) 3! Z Fig, Z GaM;j—arxRu |
Ik i#j#k 14,4,k
and
n n
Var [ Y GijFaMy,_ijiVsiRijoarRa | = Var | Y FyVsivg; Y Y GiMi —ijeRikRa
i£j Akl i#j k#i,5 17,5,k
2
n
Sma,XVar(vazj)Z Z Z Fij G My, i Rip Ry
J iti \k#igl#i,g,k
n
+H7}31XV3I(‘/E),7;’U2J‘)Z Z Z Fi;iGie My —ijr R Ry Z Z FijGiiMji,—ije B R
7 it \k£i,j i,k ki, j Ii,5,k
2 2
+rrz1axVar(V3iv2j)Z Z Z Z FyjGi M, —iji Rig R *Z Z Z Fij G My, —iji Ry Ray
J j i#£] k£i,j 16,5,k it \ ki, 1#6,5.k

The Z#J#k# Gij Fi My, —ijk V3i 01 Rogvy term is symmetric, because it does not matter which

R,, we use. Finally,

n
Var [ Y GijFpMi—iiVaiRijRopRy | =Y Var(Vai) | Y ) > GijFMy _ijiRijRox Ray
i£j#k#l i JFt k.5 1#4,5,k
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Proof of Lemma 1.6. The proof of Lemma 1.6 is entirely analogous to Lemmas 1.4 and 1.5

just that G; is used in place of Gj;. O

1.C.6 Proofs for Appendix 1.C

Proofs for Propositions in Appendix 1.C

Proof of Proposition 1.2. Let

Iy (Z' Z2)"* 7y
Il (22?7

With this definition, (7}, Z'Zny, 7' Z' Zny, 7' Z' Z7) = (I 11y, 11§, 11, IT'TT), and

s II
Pl anN Yoo

S9 II

Split s; and s, into the II component and a random normal component: s, = Iy + 21%

and S = I, 4+ z9x. Then, for all k,

21k 0 (_UCC an

22k 0 Wen Wi
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s1s1 >k St > My + 211)°

sisa | = | dopswesa | = | Dop Uy + 215) (g + 20k)
S552 >k S > (T + 201)

2o My + 237, ypzw, + 25, 25,

= o yvelly + >0, Oypzar + >0 Hizie + D) 21622k
Dop TR+ 237, ezor + 3o, 23,

Under the assumption, II'Tl/v/K — Cs, so \/LF >, I} — Cs. By applying the Lindeberg

CLT due to bounded moments,

> Hizie
Zk Iy 21k
> e Dy rzok
> e Mz, ~ N
Zk Z1kZ2k \/F Wen

>k 2 \/Fwnn

2k Zi VEuwg

o o o O

=l
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where V' is some variance matrix. By assumption, \/LE > Oyl — Cy and \/% S I3, —

CYY7 50

5151 2o My + 230, ypzw, + 35, 25,
\/% sisy | = \/% Yoe Myl + > My pzor + > kg + D) 21622k
S552 Do I+ 2370 Tzor + 32, 22
> ok Mezip
> e Myrzik
Cyy Zk Iy 1208

a 1
~ Cy +A\/_F S Mizop , where

C Zk 21kZ2k

Zk ng
Zk Z%k:

0200001
A=1101 0100
0002010

This means:

81181 CYY + v ngc
1 a
Wi shsy | ~ N Cy + VKuwe, AV A
$589 C+ VEKuwy,

Let ¥ = AV A’ to obtain the result as stated. To derive ¥ explicitly, I derive V' by

applying the Isserlis’ Theroem. As a special case of the Isserlis’” Theorem for X’s that are

multivariate normal and mean zero,

E[X1X:X5X,] = E[X1Xo] E [X3X4] + E [X1X3] E [XoX4] + E [X1.X4] E [X2X5] .
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Another corrolary is that if n is odd, then there is no such pairing, so the moment is

always zero. Hence,

E [szzgk} =F [zf,{} E [zgk} + 2F [z1208 E [21022K] = Weewnn + 2&%7, and

Var (z1529k) = WeeWny + wgn.

Similarly,
Var (z%k) =F [zgk} — wfm = 3@0277 — w%n = 2w72m,
Cov (21, 21k22k) = E [25p201] — E [214) E [z1220] = 0,
Cov (21, z1k22k) = E [2},200] — E [23,] E [216226)
= BwenWee — WeeWen = 2Wenwec,
Cov (sz, zgk) =F [z%kzgk] — WeeWny = ngn, and
Vin 0
V= , where
0 Vi
x Mo 2 Millviwee 5 20 Mllviwe, 5 20, Miwey
o : o wee o e 2o Millyrwe,

1 2 1
K >k Oy 74 > e Wiy g,

1 2
X Zk I wny

2
Weewnn + Wiy 2wenpwyy  2Wenwee
Voo = . 2&)37] 2@)277

2
2wCC
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If L = I — 0,L 7 2 Ik llyy — 0, % > I3, — 0 under weak identification, then we

obtain the Y expression stated in the proposition. O]

Proof of Proposition 1.3. Use an and n)” to denote the number of observations in the in-

strument and covariate groups respectively, so

4]

=2

RR an D

i j# zeNfgeNf,y;ﬁz IGNZ"JENE’,J#Z o
nw Z ). BB
ZENQ ]GNLIQ,j;éz lGNl‘f;V JENW j#i
1
=2 2 a2 X R
w gEMy 71 zENqQ ]ENqQ,jyéz 1ENY JENW j#i
Q ( Q _ 1)
ne (n 1
g \""q 2
=2 2 e ) ey 2 )RR
w \geM, M w iENW jeENW j#i

Considering the second term,

Y RR=D Y (e + ) (T + )

iENY JeENY j#i iENY JeENY j#i

= Z Z Z i)+ %) (Ta() + V)

qEMy, ZENq ]E./\/;EV,]#’L

= > @@ —1) (rg+7)+ DD D (7 + ) (Tag) + )

qEMy, qEMy, lENq jENwW JJFE
2
= anQ(an—l)(wq+7w) —I—Z Z n(? ?(wq+'yw)(7rq/—|—7w).
gEMy gEMuy ¢ EMw,q'#q
Since
Q 1 Q(,Q 2 o [ M — 1
> nd (mg + )’ — e n (n = 1) (mg+ )’ = Y nf S | (Mt )’
qEMy w qEMy, qEMy w
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w _ Q .
and n,, =\, ng, we obtain

nV —n@ ) 1
= (5 () gy X e

w \gEMy w gEMuy ¢'EMu,q' #q
2
S (S5 fme - TS e )
(]GMU) q EMw,q ;ﬁq qEMw qleMqu/?éq

_an_ 1 ( Z Z ”?”3 (g + Yw) (ﬂ'q_ﬂq’)> .

qEMy ¢ EMuy,q'#q
Then, observe that

SN 0@l (m ) ()

qEMw qleMqu/7éq

- Z Z anng/ (ﬂ-q + 7) (ﬂ-q - 7Tq’> + Z Z n?n? (ﬂ'q + ’y) (ﬂ'q — 7qu)

gEMuy ¢ EMw,q'<q gEMuy ¢ EMw,q'>q

_ Q,Q Q,Q

= E E ngng (mq +7) (7g — 7g) ngng (g +7) (g — 7g)
qEMy ¢ EMyw,q'<q qEMy ¢ EMuyw,q' <q

_ Q _ Q 2

= E E n?nq, (g —7g) (Mg +7 — Ty —7y) = E g annq, (mg —mg)”,
qEMy ¢'EMyw,q'<q gEMyw ¢'EMw,q' <q

where the second equality switches the indices of ¢ and ¢’ in the second element. Hence,

1 <Z > ndng (m, —w)2> > 0.

gEMw ¢ EMy,q'<q
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Analogously,

1
( Frimgre1 2, 2. Rl

zENqQ FENE j#i PENY JENW j#i

qQ (nQ - 1) (7Tq + ’Yw) (7TYq + 'Vw)>

1
2( o ) v 20) g 3 08
qu

1
DT 2 2 e (M) (v + )
wo Y 4EMuw ¢'EMuw,q'#q
nW —n@
Z ( Z an (nw—_lq (g + V) (Tyq + Vo)
w gEMy w

P 5 X ) (v ) )

qEMw ¢ EMuy,q' 751]

Yo ( D DU TASRTR

qEMuy ¢'EMw,q'#q

1
_ P ( Z Z anng (g — 7g) (Tyq — qu,)> ,

gEMyw ¢ EMuw,q'<q

and
=y nW -1 ( . D ndng(av, - ”YQ’)Q) = 0.

qEMy ¢ EMuy,q'<q

O

Proof of Proposition 1.4. Fix any alternative (7TA ﬂé) € § with a corresponding (,u‘f‘, s, M3A).

Due to the restriction in S,

H A o12 ,,A
My !
H =
Ha 0

H A o23 ,,A
M3 M3 — 5o M2
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is in the null space. The Neyman-Pearson test for puf against u? rejects large values of:

oy 1w

log ———=¢ .
08 dN (,LLH,Z) 0929 2 J929

Hence, the most powerful test rejects large values of X5, which is what LM does. By
Lehmann and Romano (2005) Theorem 3.8.1(i), since LM is valid for any distribution in the
null space (by Theorem 1.1) and it is most powerful for some distribution in the null space,

LM is most powerful for testing the composite null against the given alternative (7TA Wé) O]

Proof of Proposition 1.5. The first two are straightforward: Cs = s/ (c — 1) and § = pa/ s

imply u3 = (¢ — 1) Cs and pp = (¢ — 1) Cs8. For s, observe that:

2
h—\/\/—c_1 %)Z\/\/%(Ml—csﬁz), and
Cy=VEKh =/ (c—1)—Csp s

(c=1)(CsB>+Cu) = (¢ = 1) (Csf + /(¢ = 1) = Csf*) = 1y

as required. Next, since g,, = 2?03301), 033 = u<72 is immediate. Similarly, with o., =

L (% — a2 ), 093 = 2%01,,, (0ol + 02). From these two expressions, we can observe

Ovv

that:
2
2 C O93
(o-vvﬁ + Jav) - .
2 (C - 1) 033
. . 2
To obtain an expression for og, rearrange 0., = —— - (022 — ﬁ) + Zew >
Oy c—1 033 Tyv
2
033 c—1 9
022 - + (0-860-7.11} - Ugu)
033

c—1

- c (va (Usa + 01}1}62 + OupuwO¢e + 20_611/6) + (O-U’U/B + 0-87.1)2) + 0<1)7
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where the final step uses o¢e = h/oy,. This expression for o9y is of the form required in

Lemma 1.8. Then,

det (2517) = OceO0¢tOpv — 05€h2 - 0'350'1,1; + 20’550'51,]1 - O'&O'?v

2
o
2 2 2 eV,
= 0oc0¢cOyy — Occh™ — 0¢e0s, = 0.ch — 0..h" — h—=; and

O-’UU
o2 o?
det (25F> /h = Oce — O_EU - Ussh = O¢e — Usv + 0<1)
An analogous argument holds for o¢ = —h. From the oy equation, o.. — Zgz =
- <022 — %) > 0, which delivers the result that det (Xsr) /h — Cp > 0. O

Proof of Proposition 1.6. The A expressions can be written as:

A= Z Z Z Z Mil,fijkGinjGika (Yin - XiYiB0 — YiXi 80 + Xinﬂg) ;
i i ki £k

A=Y 3N My ijnGi X G Xy (YiYe — XiYeBo — ViXuBo + XiXi33) ;
i i k#i Ik

As = Z Z Z Z Mil,fiijlGjiniXi (Y}Yk — X;Y.80 — Y; X5 B0 + Xijﬁé) ;
i i ki £k

Ay = — Z Z Z Z Mjl,—ijkMik,—ijGiz‘XiXk (Y;Y: — X;Yi80 — Y; Xi 80 + X; Xu35) ; and
i i k) IEik

Ay =— Z Z Z Z Mk, —iiMji,—i56G5 G 1 Xu X, (YiY; — X;Y;80 — YiX;80 + XiX;50) -
i gt kA Ik

Since these terms have a quadratic form, the variance estimator is also quadratic in Sy,

ie.,

VLM = By + B + 32537
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where the B’s can be worked out by collecting the expressions above. For instance,

By = Z Z Z Z My, Gy X;Gi X1 Y:Y, + 2 Z Z Z Z My, iuGi; X;GriX1Y:Ys

i g ki Ik i jAi kA Ik

+ Z Z Z Z Mil,fiijlGjiniXiY}Yk
i A ket Itk

- Z Z Z Z Mﬂ,—ijkMik,—ijG?iXiXijYz - Z Z Z Z My ;M i1 GG i Xp X\ YiY;
i g ktj ik i i k2 ik

By and B, are analogous by collecting the coefficients on Sy, 32 from expressions A; to As.

The test does not reject:

(KTyx — KTXX60)2 9 ) ,
< g (KT%y — qBy) B2 — (2K TyxTxx + ¢B KTZ, — qBy) < 0.
By + B1f + B35 < g & (KTxx —qB2) B — @K TyxTxx +4B1) b + (KTyx — 4Bo) <

Solutions exist when:
D= (2KTyxTxx + qB1)* — 4 (KT%y — qBs) (KT} — qBy) > 0.

The rest of the lemma is immediate from properties of solving quadratic inequalities. O

Proofs for Lemmas in Appendix 1.C

Proof of Lemma 1.7. The joint distribution of (Y, X")' is:

Y A Lywee Tow
~ N Y ¢¢ ¢n

X 7 Inwey  Lywpy
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Stack them together with their predicted values PY = Z(Z2'Z)"'Z'Y and PX =

Z(2'2) Z'X:
Y Z’/Ty IanC Iann WCCP, wcnP’
X N A Lywey  ILnwn, wenP' wy, P’
PY Z7Ty w«PI anP/ WCCPI anP/
I P'X | I Zm || wen P wyy P wep P wiy P! |

Then, the conditional normal distribution is:

Y Z(Z2'2) 7Y Zry Z(Z2'2)Z2'Y — Zry
| ~ N + ,V
X Z(Z2'2)' 27X Zr Z(2'2)' 2X - Zn
Z(Z2'2) 7'y PY
=N V=N vV
Z(Z2'2)' Z2'X PX

Hence, PX and PY (i.e, Z'X, Z'Y) are sufficient statistics for 7y, .

To show that (s]s1,s)s9, 55s2) is a maximal invariant, let F' be some conformable or-
thogonal matrix so F'F = I. For invariance, let s} = F's;. Then, si's] = s|F'F's; = s|s;.
Invariance of (&) s2, s5s2) is analogous. Maximality states that if si'sf = §|s1, then s} = F's
for some F'. Suppose not. This means s} = Gs1, and G is not an orthogonal matrix but yet

X

sy'st = §|s1. Since G is not an orthogonal matrix, G'G # I. Hence, si's} = s1G'Gsy # s/ s1,

a contradiction. To obtain the distribution,

s1 (2'2)" 7' (Zry +) (2'2)"* 7y (2'2)"Z¢
+
59 (2'2)""* 2" (Z7 + ) (2'2)"* 7 (z'2)""* Z'y
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&mfvm(gmn*ﬂzw>:(Zzy”%m%ﬁmzzr”%:hww,

s AVARGE
o || EET Q@ Ix
So (Z'Z2)'* =

Proof of Lemma 1.8. 1 work out the gp’s first. Using the judge structure, ., M7
Zk@,zz Yz = 2 <1 We have also chosen my, o¢y, such that Y, 7

0,> 1 0eok = 0, Toewr, = 0. Then, we get the result for means:

f 7 2o (e = 1) (7RB% + 2muBocor + 0E,y,) VK (¢ = 1) (s°8° + h?)
pe | = 7= 2 (e = 1) (7B + moeor) = VK (c—1)s8
3 7= = 1) VE (¢ —1)s°
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Using a derivation similar to that of the lemma for V), expression,

Koy = Z Z Z (GiGriE [(7] RiRy 4 2G4;GriE [0:G] Ry jRi + Gi;Gir.E [17] Ry ;Ryy)
i jFi k#
+ Z Z } + GUGJ%E [771@] [njgj]) ;
i J#E
Kgll — Z Z Z E RYjRYkI (szsz + 2G2]Gk2 + G’L]le>
i jF#i k#
+Y Y E[¢ ] (G} + GiiGii) s
i J#E
Koz = Z Z Z FE [7712] RJRk (Gﬂle + QGUGM + ngsz)
i jAi ki
+Y N EW E R (G} + GyGi) :
i JF
Koy =Y Y (GiGuE [¢F] RiRyi + 2G;GiE [(?] Ry Ry + GyGiE ;i) Ry Ryy,)
i j#L k#i
+Y Y EmGIE ] (G + GiiGii) ;
i JF
Kooz = Z Z Z G;iGrE 77@ Ry ;R + 2G;;Gi B [77@2] R; Ry, + Gi;Git E iG] Rij)
i j#L k#i
+Y > EmGIE [n7] (G} + Gi;Gyi) ; and
i jF
Koz = Z Z Z E [n:¢;] Ry Ri (GiGri + 2Gi;Gri + Gi;Gig)
i jAi ki
+ Z Z E n:Gl E [n;¢] (G?j + Gi;Gji) -
e

The equalities hold regardless of whether identification is strong or weak and whether
heterogeneity converges or not. Without covariates, G = P is symmetric and the above

expressions simplify. For instance,

c—1) c—1
Koy = Z ( - ) (WCC’?W% + ngnkﬂ'kﬂ'Yk + wmﬂfﬂ-i%k) + Z T (wnnkaCk + wgnk) .
k k
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Evaluate the terms in the expression. For higher moments of my, Y, 77 = Ks* >, mp =
0, and >, m¢ = Ks*. Similarly, >, mo¢, = 0. Treating the heterogeneity in the same way,
>, 08, = KN, Then,
Z WCCkWJ% = Z (W]%U& + 2mp BOcyk + 2Tp0cg + Oce — Ugvk + JM,BQ + OO + 20§vk + QUavﬁ) Wﬁ
k k

=s°K (32055 + 0ce + 0 + Ov0ee + WP + 2051;5) ; and

ngnkﬂ'kﬂ'Yk = Z (TkO¢ok + TuuB + Ocy) Ti (T + Ocuk)
k k

- Z (amﬂQW% + oeumi 3 + W]z(fgvk) = s’K (Jwﬁz + 0.0 + h2) )
k

Now, for the P} part,

annkwcck = Z Ou (TiO¢e + 2MiB0euk + 2MpOcg + Oce — 02y, + OwoB” + OuuOee + 207, + 202,13)
k K
= Z Oww (7?,3055 + 0 — agvk + ovvﬁQ + OO + 20§vk + 20505)
k

= Ko, (32055 + 0. + 0B + Tpp0ge + h? + 2051;5) ; and

Z wgnk _ Z (Wkagvkﬂ-ko-ﬁvk + O'vvﬁﬂ'ko-ﬁvk + Oy TROevk + WkUgkavvﬁ + 0w BouS + O'svo'vvﬂ)
k k
+ Z (Wko-gvko-ev + O-Uvﬁo-ﬂ) + O'?v)

k
= Z (Wiagvk + 02 B2 + 0oy OB + O B0ey + afv) =K (52h2 + (w5 + aev)z) )
k
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Combine the expressions for g9y and impose asymptotics where s — 0 and A — 0:

1 (c—1)% ,
UQQ_E%:Th

1 —1
? Z ¢ (va (Uae + O-’UU/BQ + UUUU§§ + h2 + 20_6’05) + (vaﬁ + Uav)z) + O<1)
k

+

C

—1
= ¢ c (gvv (Uaa + va52 + Ow0¢e + 2051}5) + (0-va + 0-51))2) + 0(1)

Next, evaluate a few more sums that feature in the other o expressions:

ZWCCW%’k = Z (WZU& + 27Tkﬁdgvk + 27Tk05§ + 0z + O'UUBQ -+ OwwO¢e -+ Ué)k -+ 20'51,5)
k k

(71']%52 + 27‘(’]47&,]6 + 0’21})

1 1
17 Z chﬂ?/k =% Z agv (71']%,(755 + 27 B0¢pr + 20z + Oce + o+ Owu0ee + agvk + 20’5Uﬁ)
k k

= h2 (Uss + vaBZ + Ow0¢g + h2 + 208@5) = 0(1>;
1 1 2
17 Z w?c =% Z (7‘(‘20’55 + 2 B0¢pk + 2T02e + Oce + w3 + Tpp0ee + O'?Uk + QUEvﬁ)
k k
1 2 2
= E Z (0-55 + UU’U52 + Ovu0ge + O-gvk + 20’8’05) = (Ues + vaﬁz + Ovw0Oge + ZUsvﬁ) )
k

1 1
7 Z W@“nﬂék =% Z (TkOevk + v + Ocy) (7‘(‘262 + 27O vk + a?v)
k k

= h? (0w + 02p) = 0(1); and

1 1
e zk:wgnwgg =% zk: (TkOeok + OB + Ocyp)

(mhoee 4 2mpB0eun + 2Th0ce + Oce + Tuu 3> + OuvuOce + Oy, + 20200)

1
= =" (OwB + 020) (e + 0o + 00 + 0 + 20.0)
k

= (0uB + 0cp) (Oce + 0o 8° + OpuOge + 20.,8) + o(1).
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Using these results,

c—1
092 = (va (Usa + O-’U’U/82 + vao-ff + 20_51}5) + (o-vvﬁ + Uav)2) + 0(1);
c—1 9 2
011 = 2 (UEE + O'vvﬁ + Ovu0O¢g + QUsvﬂ) + 0(1>;
1
033 —QC O'Sv—i—O(l);
c—1 9
012 = 2 (vaﬁ + Uz—:v) (055 + vaﬁ + vaU§£ + 2U€vﬁ> + 0(1>;
—1
035 = 204 (008 + 020) + 0(1); and
c—1
013 = 2 (vaﬁ + Uz—:v)Q + 0<1)

Hence, 013 = 023 /033 + o(1) is immediate. Further, for o}y,

o 0'2 OppD + Ocy ﬂO—vv O + Ocy ?
22 (022 - = ) = 2—6 T2 — o (00 ) +o(1)

c—1__9
Oy 2 X 270-1)1)

(Owf + 0cy) (055 + 0B + Tpu0ee + 20€vﬁ) +o(1) = 12 + 0o(1).

Finally, the o1; can be obtained:

4 o2, \? 2 c—1 2
— (022 - i) = o (T (UW (055 + 0 B° + Tpu0ee + W + QUsvﬁ))) +o(1)

033 2033 o2,
c—1
=2 (065 + 0B + Tpu0ee + 20€U6)2 +o(1) =011 +0(1).

Derivations for Simulations

Derivation for continuous setup without covariates.
This subsection derives expressions for objects in the reduced-form model. Comparing

the first-stage equations, 17, = v;. As a corollary, for all i, E'[n?] = 0,,. Then, {; =
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Z (mf; — my) + viff; + €;. Define my using E'[(;] = 0 and E [v;6;] = E [v; (B4 &)] = Ocorgs)

which implies my = 78 + 0¢y,. Hence, we can rewrite ¢; as:

G = Tk)&i — Teor(s) + Vil + 0:& + &5

By substituting the expression for (;, the covariance is E [n;(; | k] = mp0e + 0uolS +
E[v2¢] + 0. By Isserlis’ theorem, F[vZ&] = 0, so E[ni¢; | k] = Trogor + w8 + 0.
The variance of (; can be derived analogously. Since E [v?f?] = 0,,5% + OpOge + Zngk by
applying Isserlis’ theorem, with wy,. := E[n? | k(i) = k|, wepe := E[Gni | k(i) = k], and

week := E[CE | k(i) = k], we obtain:

2
wnnk = Oy

Wenk = TrOgok + OB + 02y, and (1.25)

Week = 77,3055 + 27 B0¢ur + 2Tp0ce + Oce + O'?Uk + 0%+ Ovu0¢e + 2023

In this model, the local average treatment effect (LATE) of judge k relative to the base
judge 0 is:

LATE, = ™% — g4 %%k (1.26)
Tk Tk

Derivation for binary setup without covariates.

The reduced-form residuals are given by:

1— Tk Zf V; S Tk
ni | vi = ;and G = Ty Bi — Ty + 0ilBi + &
— T if v > my

Imposing E [(;] = 0, Tywu) = e + £ i3], where E 0] = —(1 —5) (2p — 1) 0¢ur.
Hence,

Tyk =mef — (1= 5) (2p — 1) o
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Due to the judge setup, the estimand is:

Dk Ty kT B Y (mB—(1—5)(2p—1)0eu) ™

k
2 2 =p
Zk Ty, Zk Ty,

because ), 0¢,pm; = 0 by construction.
Derivation for binary setup with covariates.

Consider the structural model:

Yi(x) =2(B+&) +w'y +¢&;, and

Xi(z) = I{z'm + w'y —v; > 0}.

Let N; denote the set of observations in state . Then, using the G that corresponds to
UJIVE,

Z Z G”Ryl Z Z Gz_] TYk l)+/yt )) (Wk(.?)_‘_,yt(]))

1€Ny jEN\i 1EN: jEN\i

= Z Z Gij (Tyra)Tri) + Y@ Th() + Tyre) Vi) + Ve Vi)
1eNt jEN\i
1

1
= 5x4x = 2
1_1/5 ke%]:t} 5 (7TYk7Tk+%7Tk+7TYk%+%)

1/ 0 Z Z (Ty ko) Tr(s) + %eTrG) + Tyrey v + )
= jEM\z

1
= Z 5(7rYk7rk+7t7rk+7TYk7t+vf)—§ Z 5><4(7TYk7Tk+7Yt7Tk+7TYﬂXt+%2)

ke{04} ke{0,t}
1 oy 1 ;
— §5 ) (7TYt7T0 + Ym0 + Ty + ”yt) — §5 X 5 <7Ty07Tt + e + Tyoye + ’Yt)
5
=5 § (7TYO7I_O + Ty T — TyTg — ’/TY07Tt) .
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Using the result that myy, =m0 — (1 —s) (2p — 1) o¢s,

5) 25
Z Z GinYiRj =9 <§> (7TY07T0 + Ty — Ty Mo — 7TY07Tt) = S Ty¢Tt.

i€N: jEN\i 9

Analogously, ZieM ZjeNt\i GijRiR; = %57@2. Hence, as long as ), o¢ym = 0, which is

the case for the construction in the main text, we still recover S as our estimand:

22z GigyiRy S mymy Y (mB— (1—5) (2p — 1) 0gu) 7
Yy is GikiRy Y >

_ > (1=35)@p—1)ocum
=0 Zt 7"'752 =5

regardless of ;.
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Derivations for Variance Estimands

Proof of Equation (1.19).

E [@AIO} =F Z (Z P (R; + 77_7')) (Rai + 1) + ZZ (R; +m;) (Rai +vi) (R; +mj) (Ra; +vj)

i\ g i g

=& Z (ZPinj) + (ZB‘;‘%‘) (Rai +v3)°

i J#i i

+E

Z Z Pfj (RiRai +niRai + Rivi + niv;) (R]’RAj +n;Ra; + Rjv; + njVj)]
i i

2 2
MiR? RA; +E[V]]) +ZR2AiE (Zﬂjm) +ZE Vi E (ZPMJ‘)

J#i J#i

+ ZZ P} (RiRa; + E [nivi]) (RjRa; + E [n;v;])

)
Min Rai+ B [V]) +) D PLE [0 (Ra, +v7)]
i G
+ ZZPQ (RiRai + E[nivi]) (R;Raj + E [n;v5])
L)
—ZMEZR?R ZMEZR? v +> > P Enj]+> Y P)RAE

i g i gL

+Y Y P} (RiRaiR;Ra; + E [mivi] RjRaj + RiRaiE [njv;] + E [nivi] E [n;v5])
L)
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Chapter 2

Asymptotic Theory for Two-Way

Clustering’

2.1 Introduction

Clustering standard errors on multiple dimensions is common and attractive in applied econo-
metrics because it allows observations to be dependent whenever they share a cluster on any
dimension. Though more broadly applicable, a common instance of two-way clustering is
in linear regressions, where a researcher wants to do inference on the coefficient of interest
when the residual is two-way clustered. The variance estimator proposed by Cameron et
al. (2011) (henceforth CGM) has thus been widely applied to contexts with such two-way
dependence.? For instance, Nunn and Wantchekon (2011) clustered on ethnic group and dis-
trict when studying the effect of slave trade on trust; Michalopoulos and Papaioannou (2013)
clustered on country and ethnolinguistic family when studying the effect of pre-colonial in-
stitutions on development; Jackson (2018) clustered on teacher and student when studying

the effect of the teacher on students’ skill; Neumark et al. (2019) clustered on resume and

IThis chapter is published in the Journal of Econometrics (see Yap (2025)), and presented at the Econo-
metric Society European Meeting in 2023 (Barcelona).
2CGM has 3886 citations on Google Scholar at the time of writing.
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job ad when studying the effect of age on getting a call-back. The existing justification for
the asymptotic validity of the CGM estimator and other inference procedures in two-way
clustering (e.g., MacKinnon et al. (2021); Davezies et al. (2021); Menzel (2021)) relies on
separate exchangeability, which implies homogeneity of clusters, a restriction that is not
required in one-way clustering. This paper provides sufficient general conditions for valid
inference in two-way clustering by proving that, even with cluster heterogeneity, a central
limit theorem holds, and the CGM variance estimator is consistent.

An environment with two-way clustering permits dependence whenever observations
share at least one cluster. To fix ideas, consider Jackson (2018): observations of the same
student or of the same teacher are plausibly correlated, but two observations of different
students and different teachers are assumed to be independent.®* The CGM variance esti-
mator accommodates such dependence, and a subsequent literature provided a theoretical
basis for its validity: MacKinnon et al. (2021) obtained sufficient conditions for validity of
the CGM estimator in regression models; Davezies et al. (2021) obtained analogous results
for empirical processes. Menzel (2021) also showed the validity of a bootstrap procedure for
two-way clustering that is robust to asymptotic non-normalities.* The theoretical basis for
inference thus far relies on separate exchangeability, the assumption that random variables
are exchangeable on either clustering dimension, though not necessarily both.

However, separate exchangeability implies identical marginal distributions. Separate ex-
changeability in the student-teacher example thus implies the random variables for all stu-
dents must be drawn from the same distribution, including students of different cohorts over

time. As Wooldridge (2010, p. 146) notes in the discussion of pooled data in his graduate

3This setting permits more general dependence structures than one-way clustering. If there is one-way
clustering by student, then two observations from different students are automatically independent. In two-
way clustering, two observations from different students are not necessarily independent because they may
share the same teacher.

4Menzel (2021) pointed out that a purely interactive data generating processes unique to two-way de-
pendence has an asymptotic distribution that is not normal. Section 2.2 will consider this process and show
how the assumptions of this paper rule it out.
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textbook, distributions of variables tend to change over time, so the identical distribution
assumption is not usually valid. In other examples, separate exchangeability implies that
countries (Michalopoulos and Papaioannou, 2013) and jobs (Neumark et al., 2019) are iden-
tically distributed. Applied researchers surely would want size to be controlled in such
heterogeneous environments, but the existing theories that rely on separate exchangeabil-
ity do not imply this result. Further, in linear regressions with regressor X; and residual
u;, asymptotic theory is applied to X;u;. Separate exchangeability of the product implies
that the regressors must also be separately exchangeable, which is not plausible when the
regressors include a time trend, say.

In contrast, existing asymptotic theory on one-way clustering (e.g., Hansen and Lee
(2019); Djogbenou et al. (2019)) allows the distribution of the random variable to be het-
erogeneous over clusters. Since the only available conditions for the validity of two-way
clustering require separate exchangeability, the literature lacks conditions for two-way clus-
tering that generalize one-way clustering and permit heterogeneity over clusters. This paper
fills the gap, and thus justifies two-way clustering as a more robust version of one-way clus-

tering.

Example 2.1. To illustrate separate exchangeability, consider an additive random effects
model. Indiwvidual i who belongs to cluster g(i) on the G dimension and cluster h(i) on
the H dimension is characterized by a random variable W; generated from W; = i) +
Vi) + €i, where cluster-specific ay, ..., 0, ..., QG V1, Vhy - -, YH and indwidual-specific
Ely---1Eiy---,En are mutually independent. If we assume separate exchangeability, then oy,
Y, and &; are iid.® In contrast, under one-way cluster asymptotics, the cluster-specific error
ag need not be identically distributed. The general conditions provided in this paper permit

valid inference even when oy, v, €; are not identically distributed in this model.

®To see this, for individuals i and j where g(i) # g(j), h(i) = h(j) = h, separate exchangeability implies
gy + vt & 4 Qg(j) + vn + €. Since ag, v, and €; are independent, ¢; 4 g; and oy 4 Qgr.
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The main result is a central limit theorem for two-way clustering with heterogeneous
cluster sizes and distributions. This result is proven using Stein’s method. It adapts the
strategy from Ross (2011) Theorem 3.6: I first derive an upper bound on the distance between
the distribution of a pivotal statistic and the standard normal, then show that this distance
converges to zero asymptotically. This proof strategy hence yields intermediate results on
non-asymptotic Berry-Esseen type bounds that provide worst-case bounds on the quality
of approximation between the pivotal statistic and the standard normal, which may be of
independent interest. I apply the theorem to a simple setting of a linear regression, but
it is more broadly applicable to many other econometric procedures that exhibit a similar
clustering structure.

This paper contributes to the literature on multi-way clustering and Stein’s method.
This paper differs from the existing literature on multi-way clustering (e.g., MacKinnon
et al. (2021); Davezies et al. (2021); Menzel (2021); Chiang and Sasaki (2023); Chiang et
al. (2024)) in that it does not rely on separate exchangeability. Stein’s method has been
applied to other contexts such as two-way fixed effects (Verdier, 2020), spillover effects (e.g.,
Chin (2018), Leung (2022) and Braun and Verdier (2023)), and network formation (e.g.,
Chandrasekhar and Jackson (2016)). Unlike the aforementioned papers, this paper speaks
directly to multi-way clustering, and it makes a modification to the proof of Ross (2011)

Theorem 3.6 to obtain the result instead of applying the theorem directly.

2.2 Setting and Main Result

2.2.1 Setup

Consider a setup with two-way clustering on dimensions G and H for random vectors
{W;yr,, where W; := (W, Wia, -+, Wix) € RE and i = 1,...,n is the unit of observation.

For example, G' could denote states and H could denote industries. Clustering in more than
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two dimensions is possible, and derivations are entirely analogous. This section establishes
a central limit theorem (CLT) for >, W;, as n — oco. Here and in the following, sums are
over (subsets of) {1,2,...,n}. For C € {G, H}, let N denote the set of observations in
cluster ¢ on dimension C' — this setup partitions the sample on the C' dimension.

Let ¢(i) and h(i) denote the cluster that observation i belongs to on the G and H dimen-
sions respectively. These cluster identities are nonstochastic and observed. Let N¢ := |NC|
denote the size of cluster ¢ on dimension C' € {G,H} and Ny, = [N NN/, These
cluster sizes are allowed to be heterogeneous in a way that will be formalized in the as-
sumptions below. W; is assumed to be independent of the joint distribution of {W;} for
Jjé¢ ./\ng(Z.) U ,ffz.) =: N, i.e., when i and j do not share a cluster on either dimension. Hence,
N; is the set of observations that are arbitrarily dependent with 7. This environment is

stated as Assumption 2.1.

Assumption 2.1. With N; = ./\/'gG(i) U ./\/',f(li),
(a) Wi IL {W;},en; for all i.

(b) For observations i,j and k € N;,I € N; and all nonstochastic p € R¥, if 5,1 ¢

(N; UNL), then Cov(u!'WiW]pu, W' W;W/p) = 0.

While the dependence structure is implicitly described in the setup of many clustering
papers (e.g., Hansen and Lee (2019); Menzel (2021)), Assumption 2.1 makes the dependence
structure explicit. Assumption 2.1(a) is a dissociation assumption similar to Definition 3.5
of Ross (2011) required to apply Stein’s method. Assumption 2.1(b) is required because, for
a scalar W;, a crucial step of the proof requires E[W,W;W,, W] = E[W;W}|E[W;W;| when
J, 1 do not share any cluster with ¢, k. Even when W, 1L (W;, W) and W), 1L (W, W), we
cannot conclude that E[W;W,;W,W;| = E[W,;W,]E[W;W,| in general, because independence
of marginal distributions does not imply independence of the joint distribution. Assumption
2.1(b) hence makes an assumption on the joint distribution. It can alternatively be stated

as (W;, Wy) 1L (W, W,), which is stronger but more interpretable than the zero-covariance
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assumption. I further discuss the relationship between Assumption 2.1 and the existing
literature in Section 2.2.3.

Assumption 2.1 is agnostic about the dependence structure between W; and W; when i
and j share at least one cluster. It also allows the data generating process to be arbitrarily
heterogeneous across different clusters, mimicking the heterogeneity permitted in one-way
clustering (e.g., Hansen and Lee (2019); Djogbenou et al. (2019)). Since one-way clustering
is a special case of two-way clustering where the H cluster consists of single observations,
the result here generalizes the existing results in one-way clustering. In contrast, the existing
literature on two-way clustering assumes separate exchangeability that additionally imposes
identical distribution over clusters, so it does not generalize the results on one-way clustering.

For positive definite matrix @, let Ay, (@) denote the smallest eigenvalue of ). Then, let
Qn = Var (>, W;) denote the variance of the sum and A, := A\pin(@y,) denote its smallest
eigenvalue. For example, when K = 1, W; is a scalar and A\, = @, = Var(}_, W;). Kj is

used throughout the paper to denote an arbitrary constant.

Assumption 2.2. For C € {G,H}, and k € {1,2,--- | K}, there ezists Ky < oo such that:
(a) EW3] < Ky for all i.

(b) 5= max.(NS)? = 0.

(¢) £ . (NO) < K.

Since the objective of this paper is to prove a CLT, Assumption 2.2 imposes restrictions
that rule out data generating processes that are asymptotically non-Gaussian. One such
example is explained later in Remark 2.1. Nonetheless, as reflected in Table 1 of Chiang
and Sasaki (2023), such a non-Gaussian regime is an exception rather than the norm when
considering a generic separately exchangeable process.

Assumption 2.2(a) requires the fourth moment to be bounded, which is stronger than

the moment condition in one-way clustering (e.g., Equation (7) of Hansen and Lee (2019)
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and Assumption 1 of Djogbenou et al. (2019)). The proof in one-way clustering usually ver-
ifies a Lindeberg condition then applies the Lindeberg CLT because blocks of observations
are independent of each other. With two-way dependence, we no longer have independent
blocks because each cluster can have observations that are dependent on observations from
a different cluster when these observations share a cluster on a different dimension. Hence,
a different proof strategy is required. The proof in this paper uses Stein’s method, which
requires stronger moment restrictions, but provides a non-asymptotic bound on the approx-
imation error — details are in Subsection 2.2.4. By using this strategy, a bounded fourth
moment is required.

Assumption 2.2(b) requires the size of the largest cluster to be small relative to the
total variance. This condition mimics the sparsity condition in the networks literature (e.g.,
Graham (2020)). Intuitively, this condition is required so that the removal of a cluster does
not change the variance substantively. This assumption allows the ratio of any two cluster
sizes to diverge to infinity. It is identical to Equation (12) of Hansen and Lee (2019) and
Assumption 3 of Djogbenou et al. (2019) for one-way clustering. Assumption 2.2(b) also
rules out having components that are perfectly correlated: if the components of the vector
were perfectly correlated (i.e., /'W; = 0 for some p # (0,...,0)), then A\, = 0. If cluster
sizes are uniformly bounded, and ), — oo, then Assumption 2.2(b) is satisfied.

Assumption 2.2(c) is a summability condition that requires A, not to be too small,

YNE), C e {G HYT

X

and requires )\, to be the same order as > (NY)?% ie., A,
With strictly positive covariance within clusters, A, =< > _(NY)? is satisfied. However,
if the researcher were conservative and clustered on C' when the data is indeed iid, then

An < n, which then requires Y (NY)? < n for the condition to hold. The assumption that

6 Assumption 2.2(b) is hence a more general version of sparsity than having the size of the dependency
neighborhood (i.e., the number of observations plausibly correlated with some observation ) being bounded
above. The conditions are also comparable with Verdier (2020) in the two-way fixed effects literature: when
the neighborhood size is bounded, \,, < n, which matches his assumption 2(c).

"For sequences ay,, and b, a, < b, if and only if there exists Ky < oo such that a,, /by, b, /a, € [—Ko, Ko
for all elements in the sequence.
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(1/A0) D°.(NE)? < K, matches Equation (11) of Hansen and Lee (2019) and Assumption 2
of Djogbenou et al. (2019).

In general, the structure of dependence affects \,, while the structure of clustering affects
S .(NE)2 For example, using the common shocks model of Example 1, A, < > (N&)?
when the variances of common shocks o, and +; are non-zero, but if the variances of ay
and 7, are zero, then \, < n. With a balanced clustering structure where g € {1,--- , M},
he{l,---,M} and Ny, = 1, we have n = M? and Y (N)? = M3. However, if we have
one large cluster, say when all observations are the only observation in their H cluster, i.e.,

h(i) = i, and on the G dimension, the first cluster has size N& = n'/4, while all other clusters

have size 1, then, Y (N)? < n'/2 + (n — n'/*) < n.

Remark 2.1. Assumptions 2.2(b) and 2.2(c) rule out the following purely interactive model.
For g € {1,---,M}, h € {1,---,M} and Ny, = 1, we observe Wy, = ayv,, where
oy and 7, are iid with mean zero and variances o> and 03 respectively, so there are M?>
observations. As pointed out by Menzel (2021) Example 1.7, this model has an asymp-
totic distribution that is non-normal, with no analog in one-way clustering. To see this,
>gn Won/M = (Zgag/\/ﬂ> (Zhvh/\/ﬂ> Y 7,7y, where Zy and Zy are independent
standard normal random variables. This limiting distribution is also known as Gaussian
chaos. Since maxy(NS)? /N, = M?/(M?0%02) = 1/(0%02) does not converge to 0, As-
sumption 2.2(b) fails. Further, 37 (N&)?/Ay = M?/(M?0%02) = M/o}03 — oo wiolates

Assumption 2.2(c).

Remark 2.2. Assumptions 2(b) and 2(c) mimic the Lindeberg condition as they divide
by the variance of the sum. Nonetheless, if we are willing to make stronger assumptions
on variances, we can rewrite the assumptions in terms of primitives. Consider the simple
case where Wi is a scalar. If we assume that E[W,W;] > ¢ > 0 for all i and j € N;,
then Assumption 2(c) is satisfied as A\, > ¢ (Zg (NgG)2 +>, (]\7}1;")2 =D o (Ng%q)z) >

>, (NgG)2 and A\, > ¢>°, (NH)2. Then, as long as the largest cluster is small relative to
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>, (NCC)Q, i.e., max.(NE)?/ >, (]\TCC)2 — 0, (b) is satisfied. Consequently, a stronger way
to state (b) and (c) is that max.(NE)?/>". (NCC)2 — 0 and E[W,W;] > ¢ >0 for all i and
jeN;.

2.2.2 Main Result

The main result is that the sum of a sequence of two-way clustered random variables is
asymptotically normal. Further, the plug-in variance estimator originally proposed by CGM,
Q, = Yo jen; WiW/, is consistent. This plug-in expression matches Equation (2.8) of

CGM, where W is used here in place of their .

Theorem 2.1. Under Assumptions 2.1 and 2.2, Q,_Ll/z S (Wi — E[W))) LN N(0, Ix). Fur-
ther, if E[Wi] = 0 Vi, then Qn'*QnQn""* L I,

One-way clustering is a special case of this theorem when one dimension is weakly nested
within the other: examples include G = H so both dimensions are identical, and clustering
by county and state (as counties are nested in states). A sufficient condition for consistent
variance estimation is E[W;] = 0, similar to Theorem 3 of Hansen and Lee (2019). This
assumption is sufficient in many applications: for example, linear regressions considered in
Section 2.3 are identified by requiring the expectation of the residual term to be zero. If
E[W,;] = p for all i as in Theorem 4 of Hansen and Lee (2019), consistency can be obtained

under the same assumptions.®

Remark 2.3. A double array of random wvectors, where the random wvector W, is in-
dexed by n, can be accommodated. In this setup, with K = 1 for simplicity, we can de-
fine W, as the class of distributions of n random variables {W;, }_, that satisfy Assump-
tions 2.1, 2.2(a), 2.2(c), and that for C' € {G,H}, there exists Ky < oo and € > 0 such

that ﬁrnaﬁcc(]\fco)2 < Kon~=¢ (which is a modification of Assumption 2.2(b)). Then, for

8Since (1/n) Y., W; consistently estimates x, the result follows by using W; = W; — p in place of W;.
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R, == Q,"* > i(Win — E[Wi)), dw denoting the Wasserstein distance®, and Z denoting
the standard normal random variable, we have supgy, yn e, dw(Rn,Z) — 0 as n — 0.
Consequently, normality holds for a double array uniformly over distributions in W,. The
proof of such a result is the same as the proof of Theorem 2.1. In the double array, Assump-
tion 2.2(c) rules out a balanced setting where component variances are of order smaller than
one: there are O(M?3) variance and covariance objects in \,, so when they are of order vy,
Ao = O(M?3ryr) while Y (NE)? = M3. Then, any ry that decays at any order of M violates

Assumption 2.2(c).*°

Remark 2.4. While the CGM wvariance estimator is wvalid in this environment without
separate exchangeability, we must be more careful with bootstrap methods that were devel-
oped under separate exchangeability (e.g., Menzel (2021), MacKinnon et al. (2021)). Boot-
strap methods often resample cluster-specific means, such as &, = (1/NgG) ZieNgg Wi —
(1/n) >, W;. Consider a data generating process where, with ag = (1/NY) Zie/\/gG (W;] —
(1/n) ", E[W;], odd-numbered g clusters have oy = —1 and even-numbered g clusters have
ag = 2, and there are twice as many units in odd-numbered clusters as even-numbered clus-
ters. Such a process is not exchangeable. Resampling &, ’s with equal probability results in a

positive mean, which invalidates naive bootstrap procedures.

The following two subsections discuss technicalities on the dependence structure and the

proof sketch. A general-interest audience may wish to proceed immediately to Section 2.3.

9See details in Section 2.2.4.
10These assumptions are primarily used in Lemmas 2.6 and 2.7 of the appendix, so an alternative way to
proceed with the proof of normality is to assume their conclusions 15 >, > iken; EIWilW;Wi] = o(1) and

%iVar (Zl D jeN; Win> = o(1) directly. In the balanced design where the second, third and fourth mo-
ments decay at the same rate rar, >0, > 5 pen, £ [[Wi|W;Wi] = O (M*ry) and Var (ZZ D ieN: Win) =
O (M®ry). Then, % i 2 jken, EIWW;Wi] = O (M*1/27’X41/2> and J%Var (Zz D ieN; Win) =

0] (M _17“;/[1). Hence, the conclusions can still hold if these moments decay at a rate slower than M: for
instance, if 7y = M~Y2, then O (M~1ry}) = O (M~Y/2) = o(1).
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2.2.3 Discussion of Dependence Structure

To compare the setup used in Assumption 2.1 to the existing literature, I carefully define

a few terms used in Menzel (2021), whose setup uses a dissociated separately exchangeable

array. Let Y, denote an infinite array of observations in cluster g on the G’ dimension and

cluster h on the H dimension. Yy, is a separately exchangeable array if, for any integers

G, H and permutations m : {1,...,G} = {1,...,G}and my : {1,... ,H} — {1,..., H}, we

have:

Vrstormao = Vo)
where £ denotes equality in distribution.!! Such an array is dissociated if, for any Go, Hy > 1,
(Y;h)ng’%’if% is independent of (Yyp)g>co.n>H,- Dissociation is how the existing literature
formally incorporates the multi-way clustering structure. Separate exchangeability implies
that the cluster indices are not meaningful, and it is stronger than having identical distribu-
tions across clusters. This environment is a special case of Assumption 2.1, as the following

proposition claims.
Proposition 2.1. A dissociated separately exchangeable array satisfies Assumption 2.1.

One formal generalization of separate exchangeability is relative exchangeability in Crane
and Towsner (2018), where exchangeability need not hold for the full sample, but only within
each stratum (i.e., relative to some structure), such as within cohorts of students. However,
such a generalization is insufficient in finite-population settings with two-way clustered sam-

pling. Suppose there is a finite superpopulation of outcomes {Y;}” ; that is nonstochastic,

"Due to Kallenberg (2005), {Yyn}g>1,n>1 is separately exchangeable if and only if there exists a rep-
resentation Yy, = f(og, Yh,€gn), Where (g, Yh,Egn) i UJ0,1]. The setup in this paper does not require
(g, Yns€gh) Yy [0,1], which allows some data generating processes ruled out by separate exchangeabil-
ity. For example, suppose there is some Yy, = —Ygp. These random variables are allowed to be per-
fectly correlated under Assumption 2.1 since they share a cluster. However, the representation f(.) implies
EYyn|ag] AL E[Yhs|ag], so no such representation exists.
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and two-way clustered sampling by ethnic groups and district (e.g., Nunn and Wantchekon
(2011)): a subset of districts are independently sampled, a subset of ethnic groups are in-
dependently sampled, and units are sampled from the intersections of districts and ethnic
groups that are both sampled. We are interested in the mean of Y in the finite superpopula-
tion. With R; denoting the indicator for whether individual 7 is sampled and hence observed,
the observed random variable is W; = R;Y;. Even though R; is separately exchangeable, R;Y;
is neither separately exchangeable nor relatively exchangeable due to conditioning on {Y;}",

but Assumption 2.1 is still satisfied.

2.2.4 Proof Sketch

The proof of Theorem 2.1 proceeds by first proving a CLT for a scalar random variable, then
applying the Cramer-Wold device to obtain the multivariate CLT. The scalar CLT is proven
using Stein’s method. T adapt the proof strategy from Ross (2011) Theorem 3.6 to obtain
an upper bound on the Wasserstein distance between a pivotal statistic and the standard
normal random variable. By exploiting the two-way clustering structure, the upper bound
on the distance can be shown to converge to zero. All details are in Appendix 2.A.

For ease of exposition, consider a simpler environment where K = 1, and E[W;] = 0.
Let 02 :== Q,, R = Y., W;/o,, and Z ~ N(0,1). Lemma 2.4 in Appendix 2.A provides
an explicit bound on the Wasserstein distance between R and Z. With dy/(.) denoting the
Wasserstein distance, and dg(.) denoting the Kolmogorov distance, Proposition 1.2 from
Ross (2011) implies that dx (R, Z) < (2/7)Y/*\/dw (R, Z).'* The Kolmogorov distance is the

maximal distance between two CDF'’s, so it is informative of the maximum distance between

12For completeness, I define both distance metrics using the notation in Ross (2011). For two probability
measures p and v, and family of test functions H, distances are defined as:

dy(p,v) = sup
heH

/h(z)du(x) f/h(x)du(:r)

As special cases, the Kolmogorov distance uses H = {1[- < ] : x € R} and the Wasserstein distance uses
H={h:R—=R:|hz)-hy)| <|z-yl}
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the distribution of the pivotal statistic and the standard normal. If dw (R, Z) — 0, then
dig(R,Z) — 0, so the statistic R is asymptotically normal. By using Assumption 2.1 to

adapt the proof of Theorem 3.6 in Ross (2011),

dw (R, Z) < % S E(W W] + % Var (Z > Wiwj) (2.1)

i g keN; i jeEN;

This inequality is informative of the quality of the normal approximation. This bound on
the Wasserstein distance (and hence the Kolmogorov distance) is non-asymptotic, and of the
Berry-Esseen type, thereby giving a worst-case bound on the distance between the pivotal
statistic and the standard normal. Ross (2011) Theorem 3.6 is a corollary of (2.1): the term
with the third moment is immediate, while the term with the fourth moment results from
the last line of their proof.

At this point, my proof departs from the proofs in the existing statistical literature that
employ Stein’s method (e.g., Chen and Shao (2004); Janisch and Lehéricy (2024)). Let
N; = |N;|. Hélder’s inequality is employed on objects such as D7, > oy E[|Wi|W;Wi].
The existing literature uses the L' norm of moments E[|W;|*] and the L* norm of N,
resulting in (max,, N,,)* ", E[|W;]?]. In contrast, my proof uses the L norm of E[|W;|?]

and the L' norm of N, resulting in max,, E[|W,,|*] >, N?. Hence,

1 1
FZ > E[WiW;Wi) < FmT%XEHWmF]ZNf.
nog j,kENi n A
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Since max,, E[|[W,,|?] is bounded by Assumption 2.2(a), it suffices to show that

> N2 /oy — 0. Due to Assumption 2.1(a), N; < Ny + N, so

1 1
a_gZNf Z o + Vi) <;m%X(NG+Nf)Z(Ng<i>+Nh<i>)
1 1
< [U max(Ng’' + N )} — <Z(N9G)2+Z(Nf)2)-
n ’ n g h

Since A, = 02 when K = 1, max, (NS + Nf) /o, — 0 by Assumption 2.2(b) and the final
term (ZQ(NQG)2 + Zh(N,f{F) /o2 is bounded by Assumption 2.2(c). Hence, the term is
o(1).

A similar argument is made for the fourth moment that features in Var (ZZ > JeN; VVW[G) .
To complete the proof for variance estimation, observe that since the fourth moments exist,
the consistency of the plug-in variance estimator can be proven by using Chebyshev’s

inequality and the existing intermediate results.

Remark 2.5. By modifying the proof of Theorem 3.6 in Ross (2011), the conditions in this
paper permit some forms of heterogeneity in cluster sizes that Theorem 3.6 of Ross (2011)
does not. The following is one such example. All observations are the only observation in
their H cluster, i.e., h(i) = i. On the G dimension, the first cluster has size N& = n/* while
all other clusters have size 1. Then, with positive correlation for units within each cluster such
that A, < Y .(NE)?, we have N\, < nY/? + (n —nt/*) < n and (NF)? /A, < nl/?/n = o(1), so
the conditions of Theorem 2.1 are satisfied. However, Theorem 3.6 of Ross (2011) bounds the
Wasserstein distance by (Nf/)\f’lﬂ) S, EIWi and a term that involves the fourth moment.
We have Nf/)xi/2 S EWE =< nmt Y EBIWP # o(1), so we may not obtain convergence.

This example similarly rules out using results from Janisch and Lehéricy (2024) directly.

Remark 2.6. There are several early papers in probability theory that deliver similar results,

but are insufficient for Theorem 2.1. For instance, Theorem 2 of Janson (1988) is a central
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limit theorem that uses the condition (with m = 3):

1/3 N W o\ 1/3

max; On o

In this proof sketch, I have shown that Y, N? /o2 — 0, but n(max; N;)?/os > > N2 /o3, so

the Janson (1988) condition need not hold in this environment.

2.3 Theory for Least Squares Regression

This section applies Theorem 2.1 to linear regressions, showing that using the normal ap-
proximation with the CGM variance estimator is valid. Consider a linear model where the

scalar outcome Y; is generated by:

with X; € RX. We are interested in estimating 3. Suppose E[X;u;] = 0 for all i, and

(X!, u;) is allowed to be two-way clustered. The standard OLS estimator is:

B = (Z Xl-X;) ) (Z Xﬁ@-) =B+ (Z XiX{> R (Z Xu> .

This object is assumed to be well-defined in that ), X;X] is invertible. Define S,, :=
S, E[X;X!] and @, := Var (3., Xiu;), and denote their sample analogs as S, = 3. X; X/
and Qn = > ZjeM 4;u;X; X Let the smallest eigenvalue of @, be A, = Apuin(Qn)-
The asymptotic variance of 3 and its sample analog are V(3) := S:1Q,S;" and V(f) :=
S-1Q,, 51 respectively.

Assumption 2.3 provides sufficient conditions for the estimator B to be asymptotically

normal and for the CGM variance estimator to be consistent. The conditions mimic Assump-
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tion 2.2 so that Theorem 2.1 is applicable to the random vector X;u;. The new condition
is a weak regularity condition that A, (S,/n) > K; > 0, mimicking the rank condition in

OLS.

Assumption 2.3. ForC € {G,H}, andk € {1,2,--- | K}, there exists Ky < 0o and K1 > 0
such that:

(a) Eu}|X;] < Ko, E[X}.] < Ko, E[X;u;) =0 for all .
(b) % max.(NY)? — 0.
() £ NP < Ko,

(d) (Xi,w) A {(X],u;) }jen,. For observations i,j and k € Nyl € Nj and all non-
stochastic ;€ R, if 5,1 ¢ (N;UNy), then (X7, u;, Xi,ug) 1L (X, uy, X], w)'.

(6) )\min (%Sn) 2 Kl-

Proposition 2.2. Under Assumption 2.3, QEI/2SH(B—B) 4 N(0,Ig), and [S;'Q, S S 16

n

Ig.

Proposition 2.2 is useful for performing F tests on a subvector of 3. The proof of Propo-
sition 2.2 proceeds by applying Theorem 2.1 to ), X;u;, then showing that S;lgn 5 Ik,
which uses the rank condition of Assumption 2.3(e). It then remains to show that the
remainder terms are asymptotically negligible.

The practitioner’s takeaway from Proposition 2.2 is that the existing CGM variance es-
timator can be used for valid inference with two-way clustering. The result provides the
formal theoretical guarantee for using the estimator, under conditions that permit hetero-
geneity across clusters.

Besides the application mentioned, Theorem 2.1 also has implications on the conditions
required for valid inference when the random variable is two-way clustered in many other

econometric models, including design-based settings and instrumental variables models. This
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theory is especially relevant for design-based settings where the researcher conditions on po-
tential outcomes, so the random variable cannot be separately exchangeable by construction
— see Xu and Yap (2024), for instance. Inference for estimators based on moment conditions
can be done by straightforward application of Theorem 2.1 as in linear regression. Practi-
cally, this paper has shown that the popular CGM estimator is robust in an environment
without separate exchangeability, but practitioners should exercise caution when applying
bootstrap methods to environments that are not separately exchangeable. While the results
are presented for two-way clustering, they can be easily extended to clustering on three or

more dimensions.
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Appendix

2.A  Proof of Theorem 2.1

The proof strategy is as follows. I first prove Lemma 2.1, which is a central limit theorem
(CLT) for scalars. The proof of Lemma 2.1 relies on Lemmas 2.2 to 2.7. Lemmas 2 to 4
derive an upper bound on the Wasserstein distance between a pivotal statistic and standard
normal Z. Lemmas 5 to 7 then show that the derived upper bound is o(1). With Lemma
2.1, the multivariate CLT of Theorem 2.1 is obtained by using the Cramer-Wold device.
The remainder of the proof proceeds in the following order: (i) introduce definitions and
notation, (ii) state Lemma 2.1, (iii) state and prove Lemmas 2.2 to 2.7, (iv) prove Lemma
2.1, then (v) complete the proof of Theorem 2.1.

The following definitions and notations are used throughout the proof. Let dy (X,Y)
denote the Wasserstein distance between random variables X and Y, so dw (X,Y) = 0 if
and only if the distributions of X and Y are identical. The norms of functions are defined as
the sup norm i.e., ||f|| = sup,ep | f(x)|. For vector a, ||a|| = (a’a)'/? is the Euclidean norm,
and for positive semi-definite matrix A and Ayax(A) denoting the largest eigenvalue, ||A|| =
\/m denotes the spectral norm, and A'/? denotes the symmetric matrix such that
AVZAVZ = A D iene 2jene 1s abbreviated as 37, ;¢ \o. The dependency neighborhood of
i, N; C{1,--- n}, is defined as the set of observations where i € N; and X; is independent
of {X;}zn;, and N; := || is the number of observations in 4’s dependency neighborhood.

1[A] is an indicator function that takes value 1 if A is true and 0 otherwise. In the rest of
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this proof, X; denotes a scalar random variable while W; € R¥ as stated in the main text
is a random vector. Denote the variance of the sum of the scalar random variable X; as

o2 :=Var (Y, X;). We are interested in the asymptotic distribution of (1/0,) Y, X;.
Assumption 2.4. For C € {G, H}, there exists Ky < oo such that:

(a) E[X;] =0 and E[X}'] < Ky < oo for all i;

(b) L 57 Max, (NC) — 0

(c) ¥, (NE)” < Ko < o0;

(d) Xi 1L {X;}jen;; and

(e) for observationsi,j, k € Ni,l € Nj, if (NUN)N(N;UN,) = 0, then Cov(X; X}, X; X)) =
0.

Lemma 2.1. Under Assumption 2.4, (1/0,)> , X; LN N(0,1), where o; == Var (>, X;).

Further, using feasible estimator &7 := 37,3 Xi X, 62/o% L1

Lemma 2.2. (Theorem 3.1 of Ross (2011)) If R is a random variable, Z has a standard
normal distribution, and we define the family of functions F = {f : ||f|l, I/ < 2,||f]| <
V2r}, then dw (R, Z) < supser |E[f'(R) — Rf(R)]].

The proofs of Lemmas 2.3 and 2.4 follow Ross (2011) Theorem 3.6 up to Equations (3.11)
and (3.12).

Lemma 2.3. Let X1, -+, X, be random variables such that E[X;] = 0,02 = Var(>_, X),

and define R =Y. X;/0,. If R; := Zji/\fi X;/on, then, for all f € F,

E[Rf(R ZX R)—(R-R)f'(R)|+E

Y N(R- R
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Proof. Start from right-hand side:

B = SOXU ) — f(R) — (R= R)F(R) | + B | — 37 Xi(R = R)S(R)
= B | SXR) = (R | = B |- S XA (B)| — B | YD Xof(R)
= B |- Y X(R)| = BIR(R)

The first equality in the final line comes from the fact that R; is independent of X; based

on how dependency neighborhoods are defined. Hence, E[X;f(R;)] = 0. O

Lemma 2.4. Let Xy, , X, be random variables such that, F[X;] = 0,02 = Var(>_, X),
and define R = ). X;/0,. Let the collection (X1,---,X,) have dependency neighborhoods

N;,i=1,---,n. Then for Z a standard normal random variable,

1 V2

dw(R,Z) < e Z Z E|1X| XX + WJ Var (Z Z Xin>' (2.2)
noq G kEN; n i JEN;

Proof. Due to Lemma 2.2, to bound dy (R, Z) from above, it is sufficient to bound |E[f'(R)—

Rf(R)]|, where |[f[|, [[f"|| < 2,[|f']| £ \/2/m. Define R; := 3o\, X;/0ys, so X; is indepen-

dent of R;. Then,

|E[f'(R) — Rf(R)]| = |ELf'(R)] — EIRf(R)]]

LSO (R) — F(R) = (R— R)F(R)

On

< |E[f'(R)] - E —E

i

E E

IN

+

U_ln > X f(R) = J(R) ~ (R~ R)['(R)

The first inequality applies Lemma 2.3, and the second inequality applies the triangle

inequality. Consequently, it is sufficient to show that the first term is bounded by the corre-
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sponding first term of Equation (2.2), and the second term is bounded by the corresponding
second term.
Consider the first term. By Taylor expansion of f(R;) around f(R), and the triangle

inequality, the term that generates the third moment is:

L <

Uin ZXi(f(R) — f(R) — (R—R)f'(R)) "2];” Z E[|Xi|(R — R:)’]

2
SJ%ZE | X (ZXa) :J%Z E|X| X X ]

JEN; i gkeEN;

Turning now to the second term,

E |f(R) (1-%2Xi(R—Ri)> |
Z o7 1/2
f! I
<l 3 (;X> 1 (ﬁ—;& @X)) »

V2
ST\ (Z > Xin).

n i jJEN;
]

Lemma 2.5. E[|X;X;X;|]] < max, E[|X,,)], P[|X:X;X:Xi]] < max,, E[|X,,]Y], and
|E[X: X E[X;X)]| < max,, E[|X,.|Y].

Proof. By the arithmetic mean — geometric mean (AM-GM) inequality,

1
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A similar argument yields F[| X; X; X} X;|] < max,, F[|X,,|!]. For the final result, first observe

that E[X;Xy)2 £ 2E[X; X, E[X; X)) + E[X; X2 = (E[X;X,] + E[X;X])* > 0. Hence,

|E[X X ELX X < %(E[XiXkV + BIX;X0)) < S(E[XPXL] + E[X7X]))

VAN
N | —

JUBIX] + BIXY) + BIXE + BIXY) < max B[XA]

Lemma 2.6. Under Assumption 2./, é > 2inen; B IIXG[ XX ] = o(1).

Proof. Using Lemma 2.5,

32 Y EIXilXX] <—Z S E11XGIX, X

Tn i 5,kEN; In i 5,kEN;

< max,, 0_3’X | Z Z 1 — maXm |X | ZNQ

i j,keN;

Observe max,, E[|X,,|*] < Kj since the 4th moment exists, so it remains to show that

the remaining terms are o(1). Due to Assumption 2.1, N; < Nﬁi) + N}f‘(’i), SO

1 1 1 .
5D NS 5 Y (N + NP < 5 max(NE o+ N Y (Nyy + Ny

g, h
n 9, i

Lln n;e}LLX(NG + N, )} % <Z<N9G)2 + Z(N}{fy) .

n g h

i 7

IN

n

maxy ,(NS+NH) /o, — 0 by Assumption 2.2(b) and the final term (Zg(l\ff)2 + Zh(N,fI)2> /o2

is bounded by Assumption 2.2(c). Hence, the term is o(1). O

Lemma 2.7. Under Assumption 2.4, = o Var <Z > ien; XiX; ) o(1).
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Proof. Observe that:

_W@ZM) ((mxns)] & (s s o)

i jEN; i jeEN; i jEN;

= ZZ > (BIXiX;X,.X)) — E[X: X E[X; X))

i J keN; leN;

Due to Assumption 2.1(b), when j,! do not share any cluster with 4, k, E[X;X,; X, X;| =
E[X;X|E[X;X;]. Hence, we only have to consider terms where there is at least one pair
that shares a cluster. Let A;; := 1[j € N;]. With finite 4th moment and Lemma 2.5, using

the same argument as the proof of Lemma 2.6, it is sufficient to show

ZZZ Z AU—FAZl—FAk]—i‘Akl)—O( )

) J keN;IeN;

It is sufficient to consider the A;; term because the other terms are symmetric. In particular,

220 2 A= 0.0 > A=) ) ) Ay

i j keEN;IEN; i keN; 1 jeN i J keN;leN;
222 2 Aw=2.0 0 0 Ay=2.) ) ) Ay and

i J keN;leN; k ieNy j IEN; i J keN;IEN;
222, 2 M=) 3.0 0 Au=).2 2 ) Ay

i j keN;IEN; 1 €Ny JEN; i j keN;IEN;

Considering the A;; term,

)3)IDIPIETED I D IEID DN | IDDEID N} DD D

— = _ _ - S~ ~
i j keEN;IEN; i JENG,  JENT KeNSG,  keNH IeNG,) 1Nt
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The first and last terms of the summation take the form:

20 X 2 A=) X A=) (N

3 G G G i q G
bIEN G RENG NG 9 IR IENS g

The first equality in the equation above follows from how »°, = 3> >~ ng and that if
Jj € ]\/;IC(’;), then ¢ and j share the same g and hence } ;. NG, = e NG, - The second equality
occurs as A;; = 1 when 7 and j share the same g cluster. With this equality, observe that
S, (NE) = (maxy(NE)?) 32, (NE)2. Since & max, (NE)* = o(1) and & 35, 3, oy Aij <
Ui% Zg(NgG)Z < 0o by Assumption 2.4, these terms are o(1) when divided by o2.

An upper bound can similarly be derived for the interactive terms. To explain the steps

carefully, I label the equalities and inequalities (i) to (iv):

2.0 2 2 M

ijEN keNg()leNh(J)
()ZZ ZENG []ENG] kENG ZZ ]ENh] [ZENH] .
Lk g
23w e NI € A VfENGAwZZ 7 € MWL € N
g 1,5,k
(222 (maxzz ]GNH] leNh> Z Z AU
9 i,5,keNE

s 1) (e 1) [0 5 ) = () (o) (ZWEV

leNH keNE 9 ijeEN g

The equality in (i) is obtained by transforming the conditional sums into sums over
products of indicators. The equality in (ii) is obtained from commutative and associa-
tive properties of additional and multiplication. In step (iii), the inequality is obtained
by using the upper bound on the innermost sum over h and [. In step (iv), to see how

max; Y, >, 17 € N[l € Nf] = maxy ZleNf 1, observe that once we choose the index
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7, the indicator 1[5 € N¥] can only take value 1 for one particular k, so the maximum occurs
when we choose a corresponding h that results in the largest ), vz 1. The inequality in (iv)
is due to extracting <maxg ZkeNgG 1) from (Zg Zi,j,keNgG Aij>. Since Zg(NgG)Z/aZ < Ky
and maxy N /o, = o(1),

DD DD DT ( nmaXNh> (; mgaxNG> (Ui% Z(Nf)?) = o(1).

n L GENS, keNG, leNt

Proof of Lemma 2.1. Apply Lemma 2.4 to obtain:

dw(R, Z) <—ZZ (161X, X, + ﬁ? var<ZZX,-Xj>.

On i §,kEN; i jeEN;

Applying Lemma 2.6 and 2.7 on each of the two terms, dw (R, Z) = o(1). Proof for con-

sistency of the variance estimator is equivalent to proving that (62 — 02)/02 = op(1). By

Chebyshev’s inequality,

on—on 11 Var (Zi 2 jen; Xz'Xj>
i ( o2 ) = E_FE[(U — o)l = eol = or(l).
The convergence in the last step occurs by Lemma 2.7. O]

Proof of Theorem 2.1. To show that @, /> >, (W= E[W;]) 4 N(0, Ik), due to the Cramer-
Wold device, it suffices to show that Vu € RE| M’Qﬁlm > (W= E[W]) 4 WN(O, Ig). If pis
a vector of zeroes, then /Qy "/ >o.(Wi—=E[W;]) 4 W N (0, Ir) is immediate. For ||u|| > 0, it
suffices to show (1/]|u|)'Qn "> 32,(Wi — E[Wi]) % (1/]|pl)/ N (0, Ix) = N(0,1). Without
loss of generality, we can set ||u|| = 1. For all nonstochastic u € RE\{0}, let o2(u) :=
Var (21. 1 (Qu/ )2 (W, — E[Wi])), so the following hold:
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—_

E [(u (LQ.) "o - E[Wibﬂ — 0 and B (u’ (LQ.) "o - E[Wmﬂ <

K, for all 7.

2. U%(#) max, (NCC)2 — 0.

3. % Zc(Ncc)z S KO-

(et o) ((s(20) W)

5. For observations i, j, k € Nj, 1 € N, if (N; UNE) N (N; UN;) = 0, then

1 —1/2 1 —1/2 1 —1/2 1 —1/2

For item 1, since A, := Anin(Qn), all eigenvalues of @), /A, must be at least 1. Hence,
all eigenvalues of (Q,/\,)~/? are bounded above by 1, which implies |1/ (Q,/ ) "?| < K,
for some arbitrary constant K; < oco. Item 1 then follows from Assumption 2.2(a). Observe
that o2(u) = ' (Qn/ ) 2Qn(Qn/Mn) 21 = N\,. Then, Assumption 2.2(b) yields item
2, and Assumption 2.2(c) yields item 3. Item 4 is immediate from Assumption 2.1(a), and
item 5 from Assumption 2.1(b). By applying Lemma 2.1, (1/0, (1)) ' (Qn/Xn) Y2 >, (Wi —
EWi]) % N(0,1). By using 02() = A, this result is equivalent to 1/Qy "> (W —
E[W;) 4 N(0,1) as required.

Turning to consistent variance estimation, I first show that (1/X,)(Qn — Qn) 2 Ok xx,
where Oy is a K x K matrix of zeroes. Since Q,, — Q,, = > ZjeM- WiW! — E[WEWJ’], it

suffices to show convergence elementwise. Let X; and Y; denote scalar components of W;,
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ie., X; =W, Yi =W, where m,p € {1,2,--- , K'}. Then,

(HZZXY X)) > )—%% aT<ZZXiy}>

i jEN; i JEN;

< ew SN TN BIXX VY] — E[X Y EIX,Y)

i J keN;IeN;

ZZZ Z AZJ—FAzl—FAk]—FAkl)—O( )

i J keN;IeN;

I/\

The inequality in the last line is obtained due to Holder’s inequality and finite moments.

An argument similar to that of Lemma 2.7 yields the o(1) equality. Then,

(@ Q= @)@ = (@ = Quito 250

where p is a vector whose entries are all bounded above by some arbitrary constant K; < co
by a similar argument as before. Convergence occurs because (1/ /\n)(Qn —Qn) BN

]

2.B Proof of Propositions

Proof of Proposition 2.1. For (a), take any observation ¢ and its associated clusters g(i), h(i).
Use the permutation function m(g(é)) = 1 and m(h(i)) = 1 so the array has the same
distribution as before due to separate exchangeability. Since the array is dissociated, by
setting Go = Hp = 1, W; is independent of all observations that are not in g(i) or h(z),
verifying (a).

For (b), take any ¢ and k& € N;. Without loss of generality, suppose that g(i) = g(k).
Consider the case where h(i) # h(k). Use the permutation function m(g(i)) = 1 and
mo(h(i)) = 1,ma(h(k)) = 2 to get another array that has the same distribution. Since the

array is dissociated, by setting Gy = 1, Hy = 2, (W;, W}) is independent of all observations
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that are not in (N; UNg). Since j,1 ¢ (N; UNy), (W;, Wy) 1L (W;, W,), which yields (b). If
h(k) = h(1), set ma(h(k)) =1 and Gy = 1, Hy = 1. The same argument applies. O

For Proposition 2, I first prove a consistency result.

Lemma 2.8. Under Assumptions 2.1, 2.2(a) and 2.2(b), and E[W;] = 0 Vi, ||(1/n)_ (W,W/—
E[WW)I| 0.

Proof. Tt suffices to show convergence elementwise. Let X; and Y; denote scalar components
of Wi, e, X; = Wiy, Yi = Wiy, where m,p € {1,2,--- | K'}. By Chebyshev’s inequality, and

Assumption 2.2(a) that max,, , E[W?2,] < Ky,

P (% Z(XiY; - EX3Yj]) > 6)

i

§é%E<ZZ (X,Y; — E[X,Yi])(X,Y; — E[X,Y;]) )_622221

i jEN; i jeN;

Hence, it suffices to show (35,37, r, 1)/n* = o(1). Observe

Ei EjEM 1 < max; N; (Zz 1)

n? - n n

so it suffices to show max; N;/n = o(1). Since

An < Z Z max E[W?2,] < n? max E[W?2,],
Py m m

we have:

(max; Ni)2 (max; Ni)2 max,, E[W?2,] 5 1 (max; Ni)2
= me < EW: | ————— =o(1).
n? n? max,, E[W?2,] T Wi An o(1)
Convergence occurs due to Assumption 2.2(b) and max,, E[W?2,] < Kj. [
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Proof of Proposition 2.2. Since E[u}|X;] < Ky, E[ulX}] = E[E[u}| X;)X}] < KoE[X}] <

K2 is bounded. By Theorem 2.1, Qn'/* 32, Xyu; % N(0, I).

To complete the normality result, I show that S 15, & Iy, which is the same
as showing that [|S;'(S, — S,)|| & 0. By applying Lemma 2.8, (1/n)(S, — S,) =
(1/n) > (XiX! — E[X;X]]) = op(l). Hence, it suffices that (S,/n)~! has bounded
eigenvalues, i.e., Apin(S,/n) > K; > 0, which is true by Assumption 2.3(e). Since
B =B =815 Xsu;, by Slutsky’s lemma, Qn /25, (3 — B) % N(0, Ix).

Next, proceed to consistent variance estimation. Showing that ||Q1Q, — Ix|| = op(1)
is equivalent to showing that, Vu € RE, i/ ( EI/Q(Q — Qn)Qn o2 > = op(1). Expanding

A

@n;

=3O XX =YY (u = X[(B - B))(wy — X5 — B)X.X]

i jeN; i jeEN;
:ZZuiquiX§—2<ZZuiX§(B— > (ZZX (8- B)X(B - 6)XX>
i JEN; i JEN; i JEN;

By Theorem 2.1, i Q_l/Q(Zi D jen; Wity X X5 — Q) 221 = op(1). Hence, it remains

to show:

== Op(l).

Hin/Zl (Zzuxﬁ 6XX> (ZZXﬁ B)X(B — 5)XX>]Q1/2

i jEN; i jeN;

Observe that X!(3 — 8) = (X;S;lQ;/Q) (Q;1/2Sn(3— 5)) - ( Q“Q) (Zk +

1xop(1)), where 1 is a K-vector of ones and Zx ~ N(0, I). Hence, addressing the second
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term,

X/(B—B)X)(B - B) = (X[S,'QN?) (Zk + 1xop(1))(ZKk + 1xop(1)) (XJ'*SEIQ}/?)/
= (X[S7'QY?) (IxOp(1) + 0p(1)) (X}S,'QY?)

= XésngnS;lXjOP(l)'

This equality implies:

Q-1 (Z > XHB-B)X;(5 - 5)XiX§> Q,'?

i JEN;

i JEN;
1 1 —1/2 . 1 -1 1 1 -1 , 1 —1/2
() (2 (w(s) (he) (1) x)xas] (La) o

The eigenvalues of (Q),/\,) are bounded. To see this, it suffices to show that there
exists K < oo such that Apax(@n)/An < K. Due to finite moments, @,, := Var(}_, X;) <
Kolgxr Y (N2 Since (3 (NE)?) /A, < Ko by Assumption 2.3, A, Ko > > (NE)?, which
implies A\, > (32, (N)?)/Ko. Hence,

AmaX(Qn) < ZC(NCC)QKO

< = K2.
An YNy P

Recall that (S,,/n)~! has bounded eigenvalues. The proof of Theorem 2.1 also showed that

(Qn/An)~! has bounded eigenvalues. By using Markov and Minkowski inequalities, and the
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same argument as the proof of Theorem 2.1 for p € RE ||u|| =1,

(o) (S5 (o) (a) (o) ")) (e o>
() (g (v (o) (i) ")) (o) |

max; IV; EKO%O

1
< —F
~ n2e

1
e O Nimax BN Ko < =
(2

where Ky € R is an arbitrary (finite) constant. Convergence occurs due to Assumption
2.3(b), which implies max; N;/n — 0, since max; ) ;. Ni/n = o(1) in the proof of Lemma
2.8.

Going back to the first term,

Q2N wXi(B - AXXIQ = QY w (XISIQY) (Zie + 1kop(1)) X X[Q5 2

i jEN; i jeEN;
1 ~1/2 -1/ 1/2 1 —1/2
!/ !/
o (1) "SR (v() (1) s (2) a0
i jEN;
By using Markov and Minkowski inequalities,
1 1 1/ -1/ 1/2 1 —-1/2
P — " — n 7 X/ I wn XZX, N own
(b (k) s xu(xts) (fa) )xx (o) i >

1 e —1/2 (1 -1 1 1/2 e —1/2
nmE[“(x@") Soe(x(es) (o)) xs(ie)

IN

< e 2 2, B (o X2, R
1 / /
< 2N max, B [ ] B (1000, 1y
max; IV; 1

'~ max E[X2 w2 VPEIXE V2K = o(1).
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The penultimate inequality occurs due to Holder’s inequality. Observe that max; N;/v/A, =
o(1) if and only if max.(NY)2/\, = o(1), which is given by Assumption 2.3(b). Convergence
in the last step occurs because max; N;/v/A, = o(1), and the moments are finite.

Hence, it has been shown that Q;'Q, % Ix. Then, [S;'Q.S; 'S Q.51 & I by

the continuous mapping theorem. O]
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Chapter 3

Sensitivity of Policy Relevant
Treatment Parameters to Violations

of Monotonicity!

3.1 Introduction

Since the seminal work of Heckman and Vytlacil (2005), there has been a large literature
that is concerned with identification and inference of policy relevant treatment parameters
(PRTP) in instrumental variable (IV) settings with heterogeneous treatment effects (TE).
PRTP is a general class of objects that includes the local average treatment effect (LATE) and
various TE in counterfactual environments. Existing methods that target the general class
of PRTP rely on the monotonicity assumption that the instrument affects all individuals’
treatment response in the same direction, which is usually imposed through an additively
separable treatment selection equation (e.g., Mogstad et al. (2018)). However, monotonicity
may not be realistic in many applications. Consider the Angrist and Evans (1998) study

that was interested in the effect of having a third child on the mother’s labor supply. They

! This chapter is accepted at the Journal of Applied Econometrics.
154



used an indicator for whether the first two kids are of the same sex as an instrument for the
third child. Since parents have a preference for gender balance among their children, families
with two boys or two girls are more likely to have a third child. But some parents may want
two sons or two daughters, so they would violate monotonicity, which rules out families who
would have a third child if their first two children are of the same sex, and would not have a
third child if their first two children are of different sex. Further examples of monotonicity
failure are considered in De Chaisemartin (2017). This observation raises the question of
how much bounds on PRTP would change when monotonicity fails. This paper explicitly
places a bound on the extent that monotonicity fails, which nests approaches that either
impose or drop monotonicity as special cases.

The goal is to place bounds on PRTP while accommodating limited violations of mono-
tonicity. Sensitivity restrictions characterize these violations: I use a sensitivity parameter
that places an upper bound on the proportion of defiers relative to compliers. To obtain
bounds on PRTP, I adapt the setup and linear program in Mogstad et al. (2018) to accommo-
date defiers. PRTP can be written as linear combinations of conditional means of potential
outcomes for subgroups defined by their treatment response to the instrument. Hence, with
appropriate assumptions, the linear program can be retained. The baseline specification of
the constraint set uses mean compatibility restrictions across conditional outcome distribu-
tions, but the method is amenable to additional restrictions researchers may wish to impose.
This procedure yields an identified set that is an interval, and can be modified to incorporate
covariates. Providing this tool for sensitivity analysis of PRTP is the main contribution of
the paper.

As an application of the general theoretical results, I detail a particular type of PRTP
— the treatment effect for compliers under a counterfactual policy environment, which I call
the LATE*. In the Angrist and Evans (1998) study, the estimated effect of a third child on

the mother’s employment status from the IV regression is specific to the policy environment
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surrounding childcare in the dataset. Would we still have the same conclusion when the
government gives a subsidy for childcare? What would the effect of a third child be for
compliers in this counterfactual environment? These are questions answered by LATE*
which nests LATE as a special case (i.e., when there is no extrapolation). The LATE* is one
way to think about external validity of a study’s conclusions, which researchers are often
interested in (e.g., Muralidharan et al. (2019); Tto et al. (2021)).2

In the counterfactual environment described, the treatment propensity for the entire pop-
ulation changes while the instrument values are the same. To obtain the LATE* it suffices
to characterize the mass of various treatment response groups in the original environment
becoming compliers in the counterfactual environment. At a high level, (partial) identifi-
cation of the LATE* is possible because the data places some restrictions on the means of
potential outcomes, and objects of interest merely reweight these potential outcome means.
If we are willing to put bounds on the fraction of people who respond to the instrument in
the counterfactual environment relative to the original, meaningful bounds can be obtained.
The same logic applies to other PRTP.

The procedure is implemented in the Angrist and Evans (1998) example. An instrument
is used because it is believed that the OLS estimand is downward-biased: due to unobserved
factors, women who are less likely to work are also those who are more likely to have a third
kid. Hence, when the lower bound of the IV estimand reaches the OLS estimand, the bounds
are no longer informative. I find that the bounds are informative only for small violations of
monotonicity. Consider a counterfactual environment where a childcare subsidy is available.

When the mass of defiers is more than 20% the mass of compliers, the lower bound for the

2When calculating policy effects in counterfactual environments, parametric models of Brinch et al. (2017)
and Kline and Walters (2019) are often used. However, these approaches are less useful when thinking of
LATE* as a means to check external validity: since identification of heterogeneous treatment effects are
often done without a parametric model, it seems desirable to avoid parametric models when evaluating the
robustness of results.
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LATE* falls from -0.103 under monotonicity to below the OLS benchmark of -0.134. Hence,
the informativeness of the counterfactual estimates depends crucially on monotonicity.
This paper relates to several strands of literature. First, it is related to a literature on the
failure of monotonicity in IV settings. Some papers that address violation of monotonicity
include reinterpreting the estimand for the LATE (De Chaisemartin, 2017), using weaker
monotonicity assumptions (Small et al., 2017; Heckman and Pinto, 2018; Kamat, 2018; Dahl
et al., 2023) or alternative assumptions (Klein, 2010), and testing if it is indeed a concern
(Kitagawa, 2015). Another common approach is the put bounds on the ATE or the LATE
either using worst-case bounds or through some form of sensitivity analysis (Manski, 1989;
Balke and Pearl, 1997; Horowitz and Manski, 2000; Noack, 2021; Kitagawa, 2021). There
is also a literature that place bounds on further populations (e.g., compliers, defiers, never
takers and always takers) (Richardson and Robins, 2010; Huber and Mellace, 2015; Huber et
al., 2017; Ding and Lu, 2017). By targeting the PRTP, this paper not only covers bounds on
these subpopulations, but also contributes bounds on extrapolated objects in counterfactual
environments without monotonicity. Nonetheless, the approach in this paper does not have
sharpness guarantees or closed-form solutions like in much of the existing literature.
Second, this paper is related to the literature on extrapolation and external validity in
IV settings. In counterfactual environments, parametric models are often used (Brinch et
al., 2017; Kline and Walters, 2019). Papers that target PRTP without a parametric model
rely on a separable selection equation (Heckman and Vytlacil, 2005; Mogstad et al., 2018).
The approach used in this paper neither uses a parametric model nor a separable selection
equation — the latter cannot hold by construction when allowing for defiers. In light of the
numerical equivalence between selection equations and the group primitives (Heckman and
Vytlacil, 2005; Kline and Walters, 2019), this paper additionally contributes an example of
how group primitives map to some nonseparable equation that permits extrapolation when

monotonicity fails.
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The rest of this paper discusses the proposed method and its applications. Section
3.2 explains the general framework in forming bounds for PRTP; Section 3.3 applies the
framework to LATE*. Section 3.4 applies the procedure to the Angrist and Evans (1998)

example. Section 3.5 concludes.

3.2 Framework for Identification without Monotonic-
ity

3.2.1 Setting

We observe random variables (7, Z,Y), denoting treatment, instrument, and outcome re-
spectively. We are interested in the effect of the endogenous 7" on Y in a counterfactual en-
vironment. Outcome Y can be discrete or continuous; instrument Z € Z = {0,1,--- | k—1}
takes one of k < oo discrete values, and treatment 7' € {0,1} is binary. Although the
setup can be adapted to multivalued 7', I focus on the binary case for simplicity. Let T'(z)
denote the potential treatment when given instrument z, and let Y'(¢) denote the potential
outcome when given treatment ¢, which assumes that Y is not affected by Z directly. Let
T*(2*) denote the potential treatment when given instrument z* € Z* in the counterfactual
environment, where Z* is the set of values that the instrument can take in the counterfac-
tual environment. Without loss of generality, the instrument values are ordered such that
Pr(T(z) = 1) is increasing in z.> Then, the observed T and Y are Y = Y(T) and T = T(Z).

Treatment response groups g € G are characterized by the vector of potential
treatments, i.e., ((T(2)).ez, (T*(2%)).+cz+). G is the set of all possible combinations of
((T(2))zez, (T*(2%))ez+): with a binary treatment, k instrument values, and Z* = Z,

we have |G| = 22, Without extrapolation, the counterfactual environment is the original

3There is a bijection from any set Z’ with k discrete values to Z such that for any z,2’ € Z such
that z > 2/, Pr(T(z) = 1) > Pr(T(2') = 1). Hence, beyond having k discrete values for the instrument,
assumptions on Z C N and the ordering of the values are without loss of generality.

158



environment. Then, Z* = Z and T'(z) = T*(z), Vz € Z. In general, the mass of each group

in the population is

qg = Pr(g).

Let ¢ denote a vector that stacks all g, values that are nonzero. In applications, there may
be groups with ¢, = 0. Hence, the dimension of ¢, d,, is defined as the number of groups
with nonzero mass, so d, < |G|.

For example, consider an environment with binary treatment, £ = 2 instrument values
and Z = Z*. Using terminology in the literature (e.g, Angrist et al. (1996)), the 4 response
groups in the original environment are always-takers (A) with 7°(0) = 7'(1) = 1, compliers
(C) with 7'(0) = 0 and T'(1) = 1, defiers (D) with 7°(0) = 1 and 7'(1) = 0 and never-takers
(N) with 7(0) = T(1) = 0. Then, [{((T(2)).cz, (T*(2%)).ez-)}| = 22%* = 16. If we are
not interested in the extrapolated environment, then 7'(z) = 7%(z), so we only have d, = 4
groups.

Define the conditional mean for each group as follows:

gt = E[Y (1)]g].

Similarly, let p be the vector that stacks the p, values, and let d,, := dim(u) denote the
dimension of p. It is implicitly assumed that these pg objects are well-defined. When
treatment is binary, d, = 2d,.

Following Huber et al. (2017), it suffices to have mean independence of the potential

outcomes across groups instead of full independence:
Assumption 3.1. E[Y(t)|g, z] = E[Y (t)|g] and Pr(g|z) = Pr(g) for all g, z.

These groups are the primitives of the setup. Random assignment of the instrument Z

satisfies Assumption 1. In addition to Assumption 1, following Angrist and Imbens (1994),
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many papers also assume monotonicity, the assumption that the instrument weakly affects

treatment in the same direction for all individuals.

Assumption 3.2. For all zy, 29 € Z either Pr(T(z1) > T(z2)) =1 or Pr(T(z1) < T'(22)) =
1. For zj,z5 € Z*, either Pr(T*(2f) > T*(23)) = 1 or Pr(T*(2}) < T*(25)) = 1.

Assumption 2 implies there are particular groups g with g, = 0, which, in the environment
without extrapolation, reduces number of treatment response types with nonzero mass from
2% to k4 1. This paper conducts sensitivity analysis for the failure of this assumption, so it
relaxes Assumption 2. Since this assumption is a statement about the potential treatment
response, sensitivity analysis involves careful consideration of the masses g, of various groups.

The object of interest is the PRTP, defined as any estimand that can be written as:
ﬁ = cht(Q),U/gt = C(Q)/:U“ (31>
g,t

where ¢y (¢)’s denote the weights on each of the pug,’s, and these coefficients can depend
on q. The equality requires the object of interest to be linear in p. c¢(q) is the coefficient
vector, with ¢ : [0,1]% — R% transforming the vector of proportions into weights on the
conditional expectations. Once ¢ is known, c(q) is known. Objects of interest like the
LATE and the average treatment effect (ATE) can be written in this form. For example,
the ATE uses ¢(q) = ¢ ® (1, —1)’, the average treatment effect on the treated (ATT) uses
c(q) = (ga, —q4,49c, —q9c, 90, —4p, 0,0)" /(qa+9c+qp), and the LATE* is explained in Section
3.3. This §# can be viewed as a discretized version of the PRTP defined in Mogstad et al.
(2018).

The relationship between 5 and the target object in Mogstad et al. (2018) warrants fur-
ther discussion. Mogstad et al. (2018) assumed monotonicity, so treatment can be written
as T = 1[p(Z) > ], for unobserved u ~ U[0, 1]. The primitives of their model are marginal
treatment responses E[Y (t) | u], and their target parameter integrates a weighted average of

160



E[Y () | u] over u. In the monotonic setting, u has a natural interpretation as a treatment
propensity, where high values of u correspond to N, middle values to C, and and low values
to A for a binary instrument. However, when monotonicity fails, the treatment equation be-
comes nonseparable with 7" = 1[v(Z,u) > 0]. Then, the interpretation of u is unclear unless
a researcher has a particular v(Z,u) in mind. Nonetheless, the groups remain well-defined
in general. The unobserved wu is meaningful in the target object insofar as it defines the
groups that we are interested in. Hence, this paper uses the unobserved groups g to charac-
terize conditional means, and characterizes the target object in terms of E[Y (¢) | g] instead
of E[Y(t) | u]. The relationship between this group characterization and a nonseparable

selection equation will be further clarified in Section 3.3.2 through an example.

3.2.2 Constraints on mu and q

The method places bounds on objects of interest by using the researcher’s input for a sen-
sitivity parameter. To explain this method, I first explain the constraints on p implied by
Assumption 1 in Section 3.2.2, where it is assumed that the vector ¢ is known. Then, Sec-
tion 3.2.2 shows how a single sensitivity parameter that affects ¢ captures the extent that

monotonicity is violated.

Constraint Set for p

M(q) denotes the set of u that satisfies defined equality and inequality constraints. These
constraints may depend on ¢, and may include ex ante restrictions and features of the data.
The researcher can specify what these constraints are, but I require these constraints to be
linear in g and the set M(q) to be convex.

One example of M(q) is a set of mean compatibility constraints implied by Assumption
1. InY|T =t,Z = z, the mean of the various structural p, such that T'(z) = ¢, weighted

by their proportions, is equal to the reduced-form mean E[Y|T = t,Z = z|. Hence, where
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pr. = Pr(T =t|Z = z), for all z,t, these constraints take the form:

> dotig = pEY|T =t,Z = z]. (3.2)
g:T(2)=t
Observe that (3.2) is a function of the ¢ vector, so g parameterizes the constraint set
M(q). Without ex ante restrictions, the set of p that satisfies mean compatibility is in
Equation (3.3). This set is denoted M,,(q) to avoid confusion with the general constraint
set M(q):

Mu(q) =S peRY s 3" quuu=p.EY|T=tZ=2 VzeZte{0,1};. (3.3)
g:T(2)=t

The constraints in set M., (¢q) do not exploit all distributional information, but nonethe-

less make the problem tractable, so M., (¢) can be used as a default. With binary outcomes,

fgt € [0,1] should be used as a constraint. Without binary outcomes, we may consider

additional constraints implied by Assumption 1, such as the trimming bounds of Lee (2009).

Additional restrictions that the researcher may impose include selection into treatment (e.g.,

Roy (1951)).

Sensitivity Parameter

To form a sensitivity parameter for violation of Assumption 2, I first define compliers and

defiers. For z > 2/, define sets of defiers and compliers respectively as:

Sé,z,) ={g9:T(z) <T(Z)}, and

ng,z’) = {g : T(Z) > T(zl)}

Since Pr(7'(z) = 1) is increasing in z, Pr(g € Sé .y) < Pr(g € 57, ). Assumption 2 is
equivalent to having no defiers, so the sensitivity parameter should control the proportion
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of defiers, which then affects the ¢ vector. Hence, the sensitivity parameter A imposes the

restriction that, for all pairs (z, 2'),

Z Qg < A Z Q- (3.4)

geSd QIES(CZ,ZI)

(2,2)

I refer to the inequality restriction (3.4) imposed by X as a “sensitivity restriction”.* 1
also place an analogous sensitivity restriction on the counterfactual environment with 77(.).
In particular, for SEIZZ,) = {g : T"(2) < T"(z")} and ST ) = {g : T"(2) > T"(¢)}, the
sensitivity restriction is ) gesis, s < A gesg, 99 It is possible to have a different
sensitivity parameter for every pair (z,2’) in nonbinary settings — this does not change the
method, but increases the number of sensitivity parameters. To keep the exposition simple,
I work with a single sensitivity parameter \. When A = 0, there is no pair of instrument
values for which there are defiers.

With Q(\) denoting the general constraint set, the proportion vector satisfies ¢ € Q(\).
As in the treatment of M (q), the researcher can specify additional restrictions, but I propose

the minimal set of restrictions. Namely, the proportions chosen must be compatible with

the observed p;,. Assumption 1 implies Vi, z,

Z qy = D= (3.5)

g:T(z)=t

The set Q(A\) may be empty for some choices of A. Due to Proposition 1 of Noack
(2021), there are bounds imposed on gp by the data, so if A is too small, the set will be
empty. Notably, Noack (2021) assumes full independence rather than mean independence

that is assumed in this paper, so if we assume full independence, tighter bounds on ¢p

4This sensitivity parameter was earlier proposed in Ding and Lu (2017) for the case with a binary
instrument and binary treatment when targeting subpopulations in the sample.
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can be obtained from her method.” The sensitivity restriction thus describes monotonicity
violations that are not detectable by the data. Even if qp = 0 is rejected by the data, the
existing tests can construct a confidence interval for gp that can feature as a restriction in

Q(A), which can still be used to bound the PRTP.
The minimal constraint set satisfies (3.4) and (3.5), so it takes the form Q(A) = Q,,(\):

QN i=gae0 1% Y g <A D g D G <A Y dg, Y dg=pi, V(22 0z

gesd 9'ESC, .y gES 9'EST g:T(2)=t

dx ! "
(=!,2'") (z,2") (=7,2'7)

(3.6)
Observe that > ;49 = 1 is implied by the condition that > o T(2)=t dg = Dtz, Vt, z. Follow-

ing Mogstad et al. (2018), define our identified set for PRTP:

By={beR:b=c(q)u for some p € M(q),q € Q(\)}. (3.7)

More precisely, B, is the set identified by constraints in M and Q.

Remark 3.1. Due to the generality of the framework, several extensions can be accommo-
dated. First, we can exstend the analysis to multivalued treatments. With |T| treatment
values, we can analogously define G so that |G| = |T|?2l. The object of interest remains
as a linear combination of group-specific average potential outcomes. Second, we can extend
the analysis to multiple binary instruments. With b binary variables, |Z| = 2, and we have
G| = 221 21" groups. Then, we may conduct sensitivity analysis with respect to partial mono-
tonicity (Mogstad et al., 2021) or limited monotonicity (van’t Hoff et al., 2023) by imposing

inequality (3.4) only with respect to their affected groups rather than all pairs.

5Bounds on ¢p are obtained from implications on the outcome distribution. With full independence, the
entire outcome distribution can be used to obtain the bounds, but with mean independence, we can only
use the conditional means of the outcome distribution.

164



3.2.3 Theoretical Properties

This subsection presents the main identification result of the paper, that the identified set
is an interval. The method for finding bounds on PRTP solves an optimization problem in
light of the constraints on p and ¢ from the previous subsection. Since obtaining the upper
and lower bounds of the interval involves optimizing over pu and ¢, it is helpful to break
the optimization problem into an inner problem that optimizes over p given ¢ and an outer

problem that optimizes over ¢q. Write the inner optimization problem as:

R(q) :== mi '1u, and R(q) == g 3.8
R(q) u%)cw an (9) ugﬂ@)cw (3.8)

These inner optimization problems are linear programs by assumption, given ¢. This
rewriting is convenient because linear programs are computationally cheap. The linearity
of the general program conditional on ¢ is similar to the generic framework presented in
Mogstad et al. (2018), which did not allow for monotonicity violations. Assumption 3.3

below provides sufficient conditions for the identified set to be an interval.
Assumption 3.3. For a given X\ € [0,1), the following hold:
(a) Forall g € G, if g, > 0, then py is well-defined and finite Vt € {0,1}.

(b) Restrictions in M(q) can be written as a system of linear inequalities in pu such that
M(q) = {p : AlQ)u < blq)} is continuous in (A(q),b(q)), and M(q) is conver.®

Hyperparameters A(q) and b(q) of the linear program are continuous in q.
(¢) c(q) is continuous in q.

(d) Q(X\) is a nonempty convez set.

6The set M is continuous in (A, b) if it is lower and upper hemi-continuous in (A,b). In general, M is
not lower hemi-continuous. For a counterexample, consider ¢ = (A,b) and K(t) = {z : Az < b,z > 0}. The
sequence t, = (A =v~1 b=v"1) converges to t* = (0,0). Observe that K(t,) = [0,1]. The point 2 € K (t*)
cannot be reached by any sequence {z,,v =1,---} with z,, € [0, 1].
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Theorem 3.1. (Identified Set). Suppose Assumption 1 and 3 hold for some \. Then, either
M(q) is empty for all ¢ € Q(N\) and hence By is empty, or the closure of By is equal to the

interval [@/\,BA], where

= min R(q), and B, = R(q). 3.9
B qg&g)_(q) an B nax, (9) (3.9)

The theorem claims that the identified set is an interval, so every point in the interval
is achievable by some p € M(q),q € Q(\). This property is not immediately obvious
when optimizing over (¢, u): when we optimize over ¢, the objective function is potentially
nonconvex, since ¢(q) is nonlinear in ¢. Continuity of functions and convexity of sets are
hence required for the result. Proof details are in Appendix 3.D. Notably, even if Assumption
3 fails, (3.9) still yields valid bounds, albeit conservative.

Generally, when using M,,,(¢) and Q,,(\), the bounds are not sharp in that the (¢, u)
pair that solves the problem need not be compatible with the data. The non-sharpness
arises from two problems. The first problem is that not all ¢ € Q,,(\) is compatible: for
instance, it is known in the literature that there are tests for monotonicity (e.g., Richardson
and Robins (2010); Kitagawa (2015); Huber et al. (2017); Noack (2021)), so gp = 0 need not
be compatible with the data. The second problem occurs because we have only used infor-
mation on the means across distributions, and we have not yet exploited all distributional
information. If outcomes are discrete, sharp bounds can be obtained by parameterizing the
entire joint distribution of (Y(0),Y (1), g), which is the approach taken by Balke and Pearl
(1997). If the outcome is binary and all ¢ € Q,, are compatible, then we have sharp bounds,
since M,,,(¢q) U [0, 1]% contains all distributional information.

The sensitivity parameter also has a nice feature stated in Theorem 3.2, which reduces

the number of inequality constraints.
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Theorem 3.2. Let zg,2,2' € Z. If 2965&0

1}, then desﬁz ) gy < )\ZQ’GS@Z

g < AZQ’ESF qy for all zg € Z\{k —

,20+1 z0,20+1)

qqy for any instrument value pair (z,2').
)

! /

This theorem implies that we do not need to consider all instrument pairs — it suffices
to consider adjacent instrument pairs. For intuition, when there are no defiers at both the
(z,z+ 1) and (z + 1,z + 2) margins, it must be that there are no defiers at the (z,z + 2)
margin, because the defiers at the (z, z + 2) margin must switch at either margin. In light

of this result, we only have to check k£ — 1 instead of (g) constraints.

Remark 3.2. The property in Theorem 3.2 is a feature of defining the sensitivity parameter
i this way. If we had instead defined the sensitivity parameter as an upper bound on the
proportion of defiers as done in Noack (2021), we no longer have this property. To see this,
suppose we have three discrete instrument values {0,1,2}. Sensitivity parameter n is such
that qa.00) + g0 < 0° and qoa0) + qaa0 < 0 at the (0,1) and (1,2) margin of the
instrument respectively. In the worst case, we will have qu100) = 10" and qa,1,0) = n*. Then,

at the (0,2) margin, qu00) + 41,0 = 20", which is not bounded above by n*.

Remark 3.3. Constructing the sensitivity restriction as qp/qc < A makes X interpretable
across applications. Suppose we have qp = 0.01 — if go = 0.5, then the violation of mono-
tonicity is relatively small; but if qc = 0.02, the violation would be rather large. X reflects the
difference, despite having the same qp. Nonetheless, if making an assumption on qp directly
instead of qp/qc is more interpretable in a particular application, a constraint of the form

qp < A\p can be used in Q without loss.

3.2.4 Implementation

To implement the procedure proposed in the paper, we can simply use the sample analog.

We observe data (Y;,T;, Z;) for i = 1,--- ,n. An implementable algorithm is:
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S 1Ti=t,Z;=2]

1. Estimate probability objects p;, by p, = Sz Use sample analog E Y|T =

t,Z =z2l= -3 in g Yifor EY|T =t,7 = 2|, ny, =3 | 1[Ti =1, Z; = 2.
2. For given q € Q(A),

(a) Plugin E[Y|T =t,Z = 2] and ¢ into (3.2).

(b) Set up the objective function and solve the linear program in (3.8). Output the

value of the objective function R(q).

3. For given A, optimize output of Step 2 over ¢ in the outer loop as in (3.9) using the

sample analog.

Denote the estimators obtained from the sample (é N 3\) for the lower and upper bounds
respectively for the problem in (3.9). These estimators can be shown to be consistent by
applying the Glivenko-Cantelli theorem to iid data, for instance, and applying the continuous
mapping theorem after proving continuity in the program. Inference can be done by the
projection method, and details are in Appendix 3.B. In empirical applications, the instrument
may be valid only conditional on covariates, so Appendix 3.C extends the procedure to
incorporate covariates.

While the above procedure suffices for the numerical results in this paper, as Section
3.3.1 shows how Step 3 can be reduced to a one-dimensional optimization problem, Step 3
may be unwieldy in general as the dimension of ¢ can be large. To address this concern,
Steps 2 and 3 can be combined into a bilinear program so we jointly optimize over (g, u).
Most objective functions considered can be written as linear fractionals of ¢, i.e., ¢(q)'pn =
q' Ap/d' q, for some conformable matrix A and vector d, with d’'q > 0 and linear constraints
on (u,q), say Bq < b,Cu < c¢. Applying the Charnes-Cooper transformation by defining
t :== 1/d'q,r := q/t, the program is equivalent to optimizing ' Ay over (r,t, ) such that
dr =1,Br < Bt,Cu < c¢. Then, standard algorithms for bilinear programs (Dutz et al.,

2021; Shea, 2022) can be applied.
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3.3 Identification of LATE*

The method in Section 3.2 is general, and allows partial identification of any combination
of treatment response groups. Nonetheless, researchers often care about compliers. Hence,
this section discusses and interprets LATE*, which is defined as the TE on compliers in
counterfactual policy environments.”

For ease of exposition, I consider a binary instrument using the (A,C,D,N) notation
as discussed in Section 3.2. The response groups in the counterfactual environment
{A*,C*, D*, N*} can be defined on T*(z) analogously. Using G € {A,C,D,N} and
G* € {A*,C*,D*, N*} =: G to denote response in the original and counterfactual en-
vironments respectively, ggg+ = Pr(G,G*) denotes the proportion who were G in the
original environment and G* in the new environment. Conditional probabilities are denoted
qe+c = Pr(G*|G) = QGG*/(ZH*egcf geu+). Using the definition that the LATE* is the TE

for the counterfactual compliers, and pugg+ := E[Y (t) | G, G*],

ZG lelon (,UGC’*I - ,UGC*O)

LATE" =
ZG qcex

The LATE* is useful for several reasons. First, the counterfactual environment could
differ in place or time. Since the Angrist and Evans (1998) used US data, if we believe that
the Canadian population is similar to the US, and its only difference is that it has better
childcare, then the LATE* is what the LATE in Canada would be. For extrapolation over
time, the study used 1990 data, but the current policy environment has changed since then,

so the LATE* tells us what the LATE is now. Second, the LATE* is as useful to the policy

"LATE in Angrist and Imbens (1994) is defined under monotonicity as the TE for the subpopulation
who respond (i.e., change their treatment status) to the instrument, which is equivalent to the TE on
compliers (TEC). In the presence of defiers, the TE on the marginal population (TEM) and TEC are no
longer equivalent. Since LATE was defined on a subpopulation with a particular treatment response status,
it is sensible to define it as the TEC when there are defiers present. Hence, I define LATE* in the rest of this
paper as the TEC in the counterfactual environment. We could also instead calculate TEM*, but I focus on
LATE* to be concrete.
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maker as the LATE. If LATE features in the policy function, then so must the LATE* once
the policy is implemented because the environment would have changed. For example, if
the policy maker wishes to give a $2000 subsidy in two tranches, once the first $1000 has
been rolled out, the “LATE” would have changed, and we cannot expect the second $1000
to yield the same effect. This occurs because people no longer stick to their original groups.
Such a setting is relevant when policy makers only have old studies or surveys available to
inform current policy implementation. Third, the LATE* is useful in calibration. Parameter
values in a model may be calibrated by using estimates from other studies. Then, the
approach in this paper gives an explicit way of thinking about how the study at hand differs
from the original study that the parameter value was calibrated from, and consequently the
appropriate bounds on these values. Fourth, even though the LATE* is not point-identified,
it is useful in policy choice when the social planner has a min/max objective function. The
policy-maker can then choose policy rules by using the worst-case bounds obtained. Finally,
since LATE* identifies the TE for a subpopulation, it is useful for assessing the robustness
of conclusions on TE.

Since the object of interest is the LATE*, when considering policy changes that do not
change the potential outcomes and unobservables, it suffices to characterize the proportions
of original groups becoming C* in the counterfactual environment. Hence, the counterfactual
policy environment is characterized by the four extrapolation parameters g+, denoting the
proportion of the original groups switching into our group C* of interest. Using this setup,
LATE and ATE are special cases of the LATE*: LATE is the LATE* without extrapo-
lation, and ATE is the LATE* when everyone switches into C*.® Nonetheless, in many

counterfactual policies of interest, such as increasing the instrument strength or increasing

8Observe that there is no gain in using sensitivity analysis for ATE, as observed by Kitagawa (2021),
because the bounds are the widest when the proportion of defiers is the smallest.
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treatment propensity, only gc-|ny and qc-c matter, as these counterfactual environments

imply gc+4 = 0 and go+p = 0.7 T provide two examples.

Example 3.1. (Changing Instrument Value). In Duflo and Saez (2003), people were ran-
domly given a letter that gave them $20 if they attended the meeting, but they could have
been given 330 instead. This counterfactual corresponds to changing the instrument value
(Z), say from 1 to 2. Researchers were interested in the effect of the meeting (T) on taking
up a pension plan (Y). Here, T*(0) = T'(0). The counterfactual compliers are those with
T*(2) = 1,7*(0) = 0. Groups with T(0) = 0 are the original compliers and never-takers, so

only C' and N can become the counterfactual C* group.

Example 3.2. (Changing Treatment Propensity). A policy may subsidize childcare in the
Angrist and FEvans (1998) context: regardless of a couple’s gender preference, the probability
of having a third child increases, i.e., T*(z) > T'(z). Researchers were interested in the effect
of a third child (T) on labor force participation (Y), and T is instrumented by first two kids
having the same sex (Z). The counterfactual compliers are those with T*(1) = 1,7*(0) = 0.
Since the policy weakly incentivizes treatment, individuals in C* must have had T'(0) = 0 in

the original environment, which can only include the original C' and N groups.

While we have not seen people respond to the counterfactual incentives, we have seen
people respond to other incentives. If we put bounds on the fraction of people who respond to
the counterfactual environment but not the original, we can make progress. To bound such
fractions, some economic reasoning is required for how the environment maps to the fraction:

in Duflo and Saez (2003), we require a mapping from the financial incentive to fraction of

9Recent literature that deal with counterfactual environments as in Carneiro et al. (2010), Carneiro et al.
(2011) and Mogstad et al. (2018) consider three counterfactual policies. These policy counterfactuals are in
the class considered by Heckman and Vytlacil (2005), which involves policies that do not affect the marginal
treatment response of T on Y. Their policy counterfactuals include (i) Additive « change in propensity score
with the same instrument value (ii) Proportional 1+ a change in propensity score with same instrument (iii)
Additive o shift of the jth component of Z, so Z* = Z + ae; and p*(z, z) = p(z, z). Changing the value of
the instrument corresponds to policy type (iii) and monotonically changing the probability of being treated
corresponds to (i) and (ii), so I group the first two together.
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people changing their behavior; in Angrist and Evans (1998), we require a mapping from the

subsidy amount to the fraction.

Remark 3.4. (Relation to extrapolation in Marginal Treatment Effects framework). Without
monotonicity, T = 1[v(Z,u) > 0] for some v(.). The counterfactual policies map to (1)
Change the value of the instrument so T* = 1[v(Z*,u) > 0]; and (2) Change the threshold
for everyone so T* = 1[v(Z,u) > —a], increasing treatment propensity. I defer details to

Section 3.5.2.

The objective is hence LATE* = E[Y (1) =Y (0)|g € {CC*, NC*}], which can be written
as a linear function of puge+. The sensitivity restrictions may be constructed analogously,
where A restricts the proportion in both the original and counterfactual environments. For

instance, when increasing the treatment propensity, the defier restrictions are:

qpp* + qpa- < Mgec + qea-), and
(3.10)

qpp* + qnp+ < Mgoer + qne-)-

This problem can then be written in the form of the linear program in Section 3.2,
which uses an inner linear program R(q) that is cheap, and an outer problem that optimizes
over q. The implementation for the threshold crossing counterfactual is explained in the
next subsection; the implementation for changing the instrument value is analogous, and is

explained in Appendix 3.A.1.

3.3.1 Treatment Propensity Implementation

To show how the framework of Section 3.2 applies, it suffices to specify the following: (i)
the objective function (ii) what the groups g are (iii) linear restrictions for p in the inner
problem (iv) the constraint set for ¢ in the outer optimization problem. Item (i) is LATE*,

so the rest of this subsection explains the other items.
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In our policy counterfactual, A will still be A*. C' can remain C*, or they can become
A* when the policy is strong enough to shift their Z = 0 treatment to 7' = 1. The same
argument applies to D. Finally, consider the N group. If the policy is weak, they would
remain N*. The policy may affect the outcome for only either Z = 0 or Z = 1, which
changes their response behavior to D* or C*. The policy may also be strong enough to get
the N group to T' = 1 regardless of the instrument. Then, N can change their behavior to
N* C*, D*, or A*.

Although there are 9 response types, if the researcher does not wish to impose restrictions
on qaa+ that affects the sensitivity inequalities, we can essentially deal with 6 response groups
(A,CA*,CC*, D, NC*, NC"™), where NC"™ denotes the set of groups that switch from N to
anything but C* in the counterfactual policy environment, and D is the cell that collects
all types who were defiers in the original environment. To be precise, define the following

objects when there are 9 treatment response groups:

LATE" — qeo+(poc — piecwo) + anes (ve1 — fineeo)
qccr + qnox

Y

q= (QA> qcA~,qcc+,dDA*, qDA, AN A=, YNC*, ND*, qNN* )/,

R "(¢) = max LATE", and

peMEC (q)

MIC(q) = pel0,1)®: Y quu=peEY|T=tZ=2 V2e{0,1},t€{0,1}
g:T(z)=t
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When there are 6 treatment response groups,

R(G) == max LATE",
feMm(d)

q:= (QA; qccx,qccer, 4D, gNC*, QNC’*)/a

~ /
o= (/LA1,/~LA0, Hce+1, ,UCC*OyNCC’*lyNCC’*OyNDlaNDOaMNC*laMNC*Ovﬁ‘NC’*laﬂNC’*O> , and

Mu(@) =S ne[0,1]”: > Goug =pEY|T=t,Z=2] Vze{0,1},t € {0,1}
g:T(z)=t
Proposition 3.1. Consider ¢ = (qa,qca+,qccs,dpax; qDA; AN A+, qNC+5 ND*, A=) - If

—1C -
qcor = qoas, 4o = qpa+ + qpa, and gy = qna- + qnp+ + qun+, then R (q) = R(Q).

Proposition 3.1 tells us that the bound for our object of interest does not change when we
solve the 6 response group problem instead of the 9 response group problem, as long as we
use the minimal constraint set ML (q) for u. The proof proceeds by using the observation
that LATE* is a function of (goc+, qnes, o1, hoco, UNC*1, inc=o)- Then, it remains to
argue that both optimization problems place the same restrictions on those parameters.

Finally, we can consider the constraint set on q. There are two restrictions in the form of
(3.5); two restrictions based on the chosen gc+|c, o+ as qo=jg = QGC*/(ZH*eng qcr+); and
probabilities must sum to one. In addition to the five linear equality restrictions, sensitivity
restrictions (3.10) must be satisfied. By using the linear equality restrictions, we only need
to optimize over a single parameter in the outer problem with ¢q. To see this result, there
are 5 linearly independent restrictions involving ¢, and we can also write gqp = ¢p as a
trivial relationship. Hence, using a system of 6 equations and 6 unknowns in ¢, for a given
environment, once we know ¢p, we know the rest of the ¢ vector. Details are in Appendix
3.A.2. Consequently, bounds on LATE* can be obtained by solving a cheap linear program

in 1 in the inner loop with a one-dimensional optimization over gp in the outer loop.
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Figure 3.3.1: Separable Selection Equation
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The next subsection gives examples of selection equations that justify treatment response

groups. It can be skipped without loss of continuity.

3.3.2 Example of Selection Equations

In counterfactual environments, we could augment v(Z, u) in Mogstad et al. (2018) to account
for defiers, but it is difficult to do so without more structure on how defiers feature in the
selection equation. Since characterizing the counterfactual environment based on groups
is new, it is instructive to consider how this approach relates to selection equations. In
particular, I show how selection equations under monotonicity with a binary instrument
maps to groups in the counterfactual environment. I then use that intuition to explain
what happens with a nonseparable selection equation. To begin, I consider the case without
defiers, so the selection equation is given by T' = 1[#(Z) > u], where u ~ UJ0, 1]. Since Z is

binary, 7(Z) can only take two values, and the environment is illustrated in Figure 3.3.1.
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Figure 3.3.2: Nonseparable Selection Equation

1.0
(i) 054 S . \ nu
2 o0 iy > . nuo
nui
05
101 : : :
0.00 0.25 ! 0.50 ' 0.75 ' 1.00
| u 1 1
15
1.04 _ nu
(.. - 1 Y W Y |
i) 2 o054 : . oA | : Auo
H AN A W a
nui
0.0
054 : i
0o 0.25 ; 1 0.50 1 H 1 075 Vo i1 100
1 H 1 u 1 H 1 I Vo
i i
(iii) | ART P ot I CA* 1 DA®!  DD*  INDF NN® | INAF
| |
ccr o C et |

In Figure 3.3.1, panel (i) illustrates the original environment, so low values of u are
always-takers, those with middle values of u are compliers and those with high values of u
are never-takers. Since u is uniformly distributed, g4 = 7(0),qc = 7(1) —2(0),qnv = 1—0(1).
In panel (ii), we have a counterfactual environment where the threshold is shifted by a such
that T* = 1[7(Z) + a > u]. Consequently, the A* C* N* groups are defined by the new
cutoffs at 7(0) + a and (1) + a. Panel (iii) combines the groups from panels (i) and (ii):
for instance, the C'A* group are observations with u € [7(0),7(0) + o], as they would have
been compliers in the original environment, but always-takers in the new environment. With
monotonicity, a has a natural interpretation in that propensity for treatment is increased
by a. With the existing illustration, there is no NA* group, because « is small. When «
is large enough, we will have a scenario like panel (iv), where, by doing a similar analysis

as before, an NA* group exists, but we no longer have a CC* group. A corollary is that,
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under monotonicity, we can only either have NA* or CC*, but not both. In the empirical
application, I have a relatively small «, so I have the CC* group.

When monotonicity fails, we have a nonseparable selection equation 7' = 1[v(Z,u) > 0],
u ~ UJ[0,1]. One possible v(.) function that can generate a nontrivial proportion of defiers

(though not unique or interpretable) is as follows:

v(Z,u) =1 {u < ;] sin (3u7r - ;Zuﬁ> +1 {u > g] sin (6ur — 6w — Z (3um — 3m)).

(3.11)
The v(Z,u) is application-specific. The goal here is not to argue for the empirical relevance
of any particular v(Z,u), but to show that there exists such a function that rationalizes the
group formulation. This function is more clearly illustrated in Figure 3.3.2 in panel (i). The
solid nu0 line plots v(0,u) while the dashed nul line plots v(1,u). For u < 1/3, both the
solid and dashed lines are above 0, so they form the A group. For uw € [1/3,2/3], only the
dashed line is above zero, so they would be treated when Z = 1 and untreated when Z = 0,
so they are the C' group. By doing the same analysis, u € [2/3,5/6] are the defiers and
u € [5/6,1] are the never-takers. Panel (ii) illustrates the counterfactual environment where
T* = 1[v(Z,u) + o > 0], which shifts the v function up by a = 0.5, but the shape remains
unchanged. In this non-monotonic environment, « is less interpretable. By looking at the
regions where the dashed and solid lines are above or below 0, we can work out the new
A*,C*, D*, N* groups. Panel (iii) combines the old and new groups from the previous panels
to illustrate the region of u values that form the 9 treatment response groups. Unlike the
separable case, it is possible to generate all 9 groups simultaneously.

If the researcher has a selection function v in mind, such as (3.11), then it is possible
to analytically derive the intercepts of the relevant curves and hence the ¢ vector. With ¢
known, bounds can be obtained conveniently using the linear program. Instead of estimating
v(Z,u) or imposing additional assumptions on v, the approach in this paper transparently

makes assumptions on the g vector by using gc+|c, go+|n as extrapolation parameters.
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3.4 Empirical Application

In the Angrist and Evans (1998) problem, we are interested in the effect of a third child (T)
on women’s labor force participation (Y), and the instrument is whether the first two kids
are of the same sex (Z). All variables are binary. Defiers are parents who have a preference
for either two boys or two girls. Following Angrist and Evans (1998), I focus on the 1990
IPUMS data for mothers.’® This empirical application illustrates how sensitivity analysis
bridges the two extremes of monotonicity and worst-case bounds for LATE and LATE*,
giving bounds at intermediate values of \. The bounds vary continuously with A, and are
sensitive to failures of monotonicity. As a benchmark, De Chaisemartin (2017) argues that
5% of defiers is a conservative upper bound, which translates to A = 0.44. Further, ¢gp = 0
is in the confidence interval constructed by Noack (2021).

We have n = 380007 observations and the proportions are given by lg\r(Z = 1) = 0.504,
Pr(T = 1|Z = 1) = 0402 and Pr(T = 1|Z = 0) = 0.339. Hence, the first stage is
0.063. Suppose we are interested in a counterfactual environment where there is a childcare
subsidy that has a marginal effect on the probability of a third child. Here, LATE* =
E[Y (1)=Y (0)|C*] is the TE for people who used to be C' and remain C*, and people who were
N but become C* when there is a childcare subsidy. The units in the CC* group have very
strong preference for gender balance, and are hence unmoved by the subsidy, and the units
in the NC* group may be interpreted as those with weak preference for gender balance, but
need a sufficient financial incentive to have a third child. Since existing papers (e.g., Carneiro
et al. (2010)) calculate counterfactual effects at the margin i.e., goxjc = 1,qc+ v — 0, I use
qc=1c = 0.99, go+|nv = 0.01 to mimic their approach. This environment can also be interpreted

as a 1% change in the relevant proportions.

10The baseline implementation follows their Table 5 where no additional covariates were included. The
implementation with covariates follows their Table 8(2).
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Figure 3.4.1: Plot of LATE* = E[Y (1) — Y(0)|C*] bounds against A without covariates
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Figure 3.4.1 presents the main result for sensitivity analysis. I impose the condition that
—0.3 < pgi — prgo < 0 for all g, which is reasonable when the researcher believes that the
TE for all groups is negative, and the data informs us how negative this TE is. With the
OLS benchmark of —0.134, TE of —0.3 (which is more than twice the OLS benchmark)
is a conservative a priori lower bound. Since the intersection of convex sets is convex, the
additional a priori restriction of pg — pgo € [—0.3,0] satisfies the conditions of Theorem
3.1.11 Only estimated bounds are presented, and issues on inference are omitted.

The OLS estimate of —0.134 is a benchmark for how informative the bounds are. In-
struments are used in this context because we believe that OLS is downward biased: there
are unobservable characteristics where people who are more likely to have a third child are

also those who are less likely to work. Since IV is used to correct this downward bias,

Yiig1 — pgo € [—0.3,0] is the intersection of half planes, which is convex.

179



Figure 3.4.2: Plot of LATE* = E[Y (1) — Y(0)|C*] bounds against A with covariates
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olation; LATE* has gc+ic = 0.99,gc+ v = 0.01. The red horizontal line is the OLS benchmark of
-0.164. Covariates include age of mother, age at first birth, gender of the first two kids, and race
indicators for white, black, and hispanic.
when the lower bound of the identified set hits the OLS estimate, the procedure is no longer
informative about correcting the downward bias.

The curve labeled LATE is the original policy environment (i.e., no extrapolation). At
A = 0, there is point identification, resulting in the original LATE of —0.083. It is evident
here that, even without extrapolating, bounds can be very wide (and uninformative) when
monotonicity does not hold, but sensitivity analysis allows us to obtain the intermediate
points. The lower bound of the LATE is above OLS for A < 0.2, but it becomes uninformative
for A > 0.25. Hence, we can conclude that the LATE bounds are informative only for small
values of \. In the special case where the minimal constraint set M,, is imposed, the LATE
bounds are linear in A, a result in Noack (2021).

The counterfactual environment labeled LATE* with ¢a+jc = 0.01, go+ny = 0.01 incen-

tivizes both groups into treatment. When gy ¢+ is nonzero, the worst-case bounds of {—0.3,0}
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are imposed for p e+ — pive+o, and the bounds are no longer linear in A\. When monotonicity
holds, the identified set is [—0.103, —0.0737], which is informative; the bounds become unin-
formative for A > 0.2. When we relax the sensitivity parameter, the upper bound eventually
gets close to the trivial upper bound of 0. The numerical bounds on LATE* depend on the
extrapolated environment: if we had extrapolated more, the LATE* at A = 0 can be much
wider than LATE at A = 0.1. Hence, the bounds are informative only for small violations of
monotonicity, and a counterfactual environment that differs locally.

The curve in Figure 3.4.2 uses the same set of covariates as in Angrist and Evans (1998).
Implementing the procedure in Section 3.C yields the curve in Figure 3.4.2. The result is
qualitatively similar to Figure 3.4.1, but the magnitudes differ when controls are included.
When there is no extrapolation and monotonicity holds, we point identify the TSLS estimand
from the original study. As we extrapolate the environment and allow \ to increase, we obtain
bounds on the LATE* that widen. The \ required before the result is uninformative is also

higher than the setting without covariates.

3.5 Conclusion

This paper shows how policy relevant treatment parameters, including LATE and LATE*,
can be partially identified with a sensitivity parameter that controls the extent monotonicity
fails. Identification uses assumptions on proportions of the population that have a particular
response to the instrument instead of assumptions on the outcome function. This paper
impacts empirical practice by providing a novel tool: sensitivity analysis of PRTP to failures
of monotonicity, even for various treatment effects in extrapolated environments and when
covariates are present. Depending on the empirical application, it may be more sensible to
construct some structural model on selection v(Z,u) (e.g., Chan et al. (2022)) instead of
parameterizing the problem based on E[Y(d)|g]. Having a structural model is application-

specific and left for future work.
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Appendix

3.A Details on LATE*

3.A.1 Changing Instrument Value

Suppose we have a counterfactual instrument value Z*. For illustration, I extrapolate the
instrument rightward: in the original study, we have Z € {0, 1}, but now we have Z* = 2.
The reasoning is similar if we wish to interpolate the instrument, or extrapolate leftward.!?
For every original group G € {A,C, D, N}, individuals can have two possible responses at
Z* = 2, resulting in 8 treatment response groups, given by (7°(0),T(1),7%(2)).

LATE* is the TE for the compliers in the counterfactual environment. Since LATE is
defined on an instrument pair, we have to consider which instrument pair the researcher
is referring to. In the right-extrapolation exercise, one of the instrument values is Z = 2
that we do not have data for, so the LATE* can be defined either at the (0,2) pair or the
(1,2) pair. In the Duflo and Saez (2003) running example, we ask what the LATE of the
experiment would have been if we had given people $30 instead of $20. This corresponds
to the (0,2) pair, because the control group still did not receive any financial incentive,
and the treatment group simply received a larger incentive. Hence, 7%(0) = T7(0). In

the right-extrapolation setup, compliers are those who switch their treatment status from

PInterpolation in Duflo and Saez (2003) with a $20 incentive would ask what the LATE is if $10 had
been offered.
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0 to 1 at the 0-2 instrument margin. This would be groups (0,0,1) and (0,1,1). Thus,
LATE* = E[Y(1)=Y(0)|g € {(0,0,1),(0,1,1)}]. We can write this using the ¢(q)’x notation

for the objective function:'3

LATE* = E[Y (1) - Y(0)lg € {(0,0,1), (0,1, )}] = 3" ese@)ptge = E[Y (1) — Y (0)]C"].

The four observed distributions will now each be a mixture of four extrapolated groups.
Namely, in 7' = 0, Z = 0, we originally had N and C. When extrapolating rightward, the
original N consists of (0,0,0) = NN* and (0,0,1) = NC* while the original C' consists of
(0,1,1) = CC* and (0,1,0) = CN*. Groups such as NA* cannot exist in this environment.
Hence, the distribution Y'|T' = 0, Z = 0 now contains a mixture of four groups (0,0,0), (0,0,1),
(0,1,1) and (0,1,0). Given ¢, M(q) is well defined by mean compatibility as before, specialized
to our binary context, and using only the information from the original environment that

we have data for:

MEH(q) = pe 0,1 Y quug =peEY|T=t,Z2=2  Vze{0,1},t €{0,1}
g:T(z)=t

(3.A.1)

It remains to consider what Q(\) is with extrapolation. For the extrapolation parameter,
observe that gc« 4 = go+|p = 0 by construction, so we only have to consider gc-|c and go«|n-
To make the extrapolated environment comparable with and without monotonicity, we can
set gn+jc = 0, 50 gc=jc = 1. This rules out the (0, 1,0) group, which has defiers at the 1-2

margin. Hence, the only extrapolation parameter is gc+ny = Pr((0,0,1)|N). At the 0-1 and

13The interpretation for the LATE* is the TE of the meeting for people who are somewhat sensitive
to financial incentives: this group includes (0,0,1) who are less sensitive to the incentive than the original
compliers who are (0,1,1). The coefficient takes the form:

(—=D'""q00,0,1) : _
4(0,0,1)+4(0,1,1) ifg= (O’ 0, 1)

— ) =D'""q0,1.1 . _ .
cqt(q) FRPEIET TN if g=1(0,1,1)

0 otherwise
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1-2 instrument margins, sensitivity restrictions are:

401,00) T 91,01 < AMq0,1,1) + 90,1,0)), and

(3.A.2)
q(0,1,0) + 9(1,1,0) < AQ0,0,1) + 901,0,1))-
Hence, the constraint set is:
Ex 4(0,0,1)
Qm ()‘;QC*IN) = {q . Eq (35) and (3A2), = qc*|N7Q(O,1,O) = 0} . (3A3)
4(0,0,1) + 9(0,0,0)

Corollary 3.1. Suppose pgy is finite for all g,t. Then, using M(q) = M} (q¢) and Q(X\) =
QFz()\), the identified set for the LATE* is an interval.

Extrapolation is characterized by ¢, so the analysis here does not depend on the value
of Z. Regardless of whether the counterfactual Z is 1.1 or 100, the same argument from
extrapolating rightward applies. Instead, the approach parameterizes the extent of extrapo-
lation by the g vector. Namely, Z = 1.1 is an environment that is very similar to the original
policy, so we expect go«y close to zero. In contrast, with Z = 100, or a very different
propensity score, it is analogous to a large extrapolation with g« close to 1. For instance,
this could be a monetary incentive, so having a large incentive would move all N into taking

up treatment.

Remark 3.5. When LATE* is defined as the TE on some subpopulation, we can use the
same method to obtain TE on other subpopulations that are potentially more interesting.
For instance, (1,0,1) is the group that are defiers at the 30-320 margin, and compliers at
the $20-$30 margin in Duflo and Saez (2003). Behavioral studies on fund raisers in Gneezy
and Rustichini (2000) show such behavior exist, where giving a bit of financial incentive
disincentivises intrinsic effort, but offering a large financial incentive increases their effort.
LATE* answers: For people with such behavioral responses, what is their take-up rate of a

pension plan?
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Remark 3.6. (Overpowering Experiments). Having a large incentive, say $100 in the Duflo
and Saez (2003) experiment, can incentivize many people into treatment (the meeting). But
this also includes people who go just for the money rather than because they are interested
in the pension plan. If the incentive were $§5 instead, the LATE of information on taking up
the pension plan s likely larger, since this excludes the people who are not interested in the
plan. Fxercise in extrapolation places bounds on what the results of the experiment would

have been if it had been designed differently.

3.A.2 Unified Econometric Approach

This section explains how the multi-dimensional optimization in the outer loop over the
vector ¢ in the two different counterfactual environments can be simplified into a one-
dimensional optimization problem in the outer loop. The inner loop is then a function
of this one-dimensional parameter, and solves a linear program. Hence, estimation of the
bounds is tractable. The treatment propensity counterfactual is explained in Section 3.3.1.

There is an analogous result in the counterfactual that changes the instrument value. For

right extrapolation, with ME?(q) as defined in (3.A.1), define:

EEx(q) — max LATE* — max Q(0,0,l)(N(0,0,l),l - ,U(o,o,l),o) + Q(O,l,l)(l/!(o,l,l),l - M(O,l,l),o).

neMEZ®(q) HEMEZ(q) 4(0,0,1) T 4(0,1,1)

Lemma 3.1. Consider q = (Q(O,O,O)aQ(0,0,1)7Q(0,1,0)7Q(O,l,l)aQ(1,0,0)7Q(1,0,1)7Q(1,1,0)7Q(1,1,1))- If
qa = q(1,1,0) T 9,1,1), Goc = qo,1,1), 4o = 4(0,1,0) 40 = 4(1,0,0) T 4(1,0,1), INC* = G(0,0,1), and

—Fx ~
qner = 40,0, then R (q) = R(q).

With Proposition 3.1 and Lemma 3.1 telling us that the inner loop of the two counter-
factual programs can be solved using a 6-parameter problem, the main result of this section

is:
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Theorem 3.3. With scalar qp, there exists an invertible matriz J and vector v(qp) that are

known functions of (qp, pi=, qe+|c) such that:

_TC -
max R = max R(J ' , and 3.A.4
x| () x| (4" v(ap)) (3.A.4)
_ECC ~
max R = max R(J ' , 3.A.5
hax () o (" v(ap)) (3.A.5)
where
07C () = {qD € [0,1): 4 < W} and (3.A.6)
1 — (poo + P11 — qp)(1 — qc+|c) — 24¢+|c ( —1+p11 +4gc+ v +ap
e\ = TC/\H{ : <A + >}
Qi) =237 (N) 4o “2+ gm0 = 4o 2+ g
(3.A.7)
The result for the minimum is analogous.
—TC

The upshot of Theorem 3.3 is that bounds on the object of interest such as max,core(ny £ (q)
can be obtained by solving a one-dimensional optimization problem in ¢p instead of a multi-
dimensional problem. Observe that we are using the same R, J, and v(gp) in both problems,
so the inner problem is econometrically identical. Further, R(q~) is a linear program in /i, so
it can be solved efficiently. To prove this result, first use the previous two lemmas to obtain
equivalence in the inner program. Then, observe that there are 5 linearly independent
equality constraints in the ¢ problem, so once gp is known, ¢ = J *v(gp) is known. Their
expressions are provided in the proof in Appendix 3.D. The remaining constraint set for gp

comes from sensitivity restrictions that have been set up differently.
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3.B Inference

Using Theorem 3.3, there are six groups when using M,,, and Q,,: (A,CA* CC*, D, NC*, NC"™).

Proportion restrictions on p,, yield:

E[(qCC* -+ o A —+ gnC+ —+ gnc+ — (1 — T))(l — Z)] = O, and
(3.B.8)

El(gee + qoa +qa —T)Z) = 0.

Mean compatibility constraints are:

E KQNC*MNC*O + gnepnerro + oo Hecto t qoasfloaro Y) (1-T)1-2)| =0,
qnc+ + qner + qeor + qoar

E{(QA,UAl +dqpkp1 Y)T(l —2)| =0,
qa +d4p

E {(QNC*MNC*O +qnc=pNe=o + qpipo Y) (1-T)Z| =0, and
gnex + gner + 4p
E |:(QAMA1 + qcaspcas1 + Joofpocs1
qda + qoa+ + qeo+

(3.B.9)

Finally, there are inequality constraints imposed by a binary outcome, and further re-

strictions on the ¢’s imposed by the sensitivity parameter:

0<pu<l, 0<q <1 gp<Agoes +gear), > qg=1,
g

(3.B.10)

qoo+ gNC+

——————— = (c+|c, and
qccr + qoax |

—————— =qo|N-
qNc+ + gNor |

In general, with moment equalities and inequalities, algorithms such as Andrews and
Soares (2010) can be applied. In this application, uncertainty from the data only features in
moment equalities of (3.B.8) and (3.B.9), so I proceed only with moment equalities.

Parameters are denoted 0 := (¢, 1’)’. Let m(0) = 0 denote the moment conditions of

(3.B.8) and (3.B.9), where m(0) is the vector of expectations, and let () be the sample ana-
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log. Under standard CLT assumptions, y/n(m(6)—m(0)) 4 N(0,Q), where Q is the variance
covariance matrix for the moment conditions. Since m(6) = 0, T'(6) := nm(6)'Q ' (6) 4 Xz
for the test statistic 7'(f). The x? distribution has 6 degrees of freedom because there are 6
moment conditions. We do not reject 0 if T(0) < x2(1 — a) =: ¢, for a size « test, where ¢,
denotes the critical value. Since () can be consistently estimated, plug in the sample analog
Q) to use feasible test statistic T(0) 1= nih(0)Q"1m(0) % x2 for inference.

Finally, to calculate the upper bound for the confidence interval, solve the following

problem:

~

, rr(lax) clg)p st T(0) < c,, and 6 satisfies Eq. (3.B.10). (3.B.11)
=(q" 1)

Calculating the lower bound is analogous. This problem corresponds to having a partially
identified 6 that is in confidence set Cy, and we are interested in the confidence set (CS) of
g(0) = ¢(q)' 1, and in particular the extremum of the CS of g(6). The procedure described
here is identical to the projection method described in Dufour (1997) Section 5.2 for obtaining

a CS for g(f). These optimization problems can be implemented using canned packages.

3.C Extension to Incorporate Covariates

In many situations, the instrument is valid only conditional on covariates, and hence re-
searchers may wish to incorporate covariates into their model. Covariates W feature in
the model through Assumption 1, which would be: E[Y(t)|g,z, W] = E[Y (t)|g, W] and
Pr(g|z,W) = Pr(g | W) for all g,z,W. There are at least two ways that they can be in-
corporated. One way mimics Noack (2021, appendix A3): we can run the aforementioned
procedure at every covariate level w, then reweigh the bounds by the covariate masses. While
this procedure yields more restrictions and hence tighter bounds, it is computationally in-

tensive, requires the researcher to make an assumption on defier bounds and extrapolation
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parameters for every covariate value, and does not nest the two-stage least squares (TSLS)
estimand in general. It is also cumbersome when W is continuous. Without further assump-
tions, this is the only procedure available to the best of my knowledge.

Instead, I propose a second approach for the LATE*. With covariates and without
extrapolation, researchers run the TSLS regression as a standard practice. Hence, a goal
of the procedure is to nest TSLS with covariates as a special case without extrapolation
and when monotonicity holds, and I provide conditions under which such a procedure is
reasonable. This procedure allows some dependence of ji,; and g, on W, and augments the
existing linear program.

Without extrapolation and with monotonicity, parametric assumptions are already re-
quired to interpret TSLS with heterogeneous treatment effects when there are covariates
(e.g., Blandhol et al. (2022)). In particular, theory has developed around interpreting TSLS
as some weighted average of LATE’s (i.e., weighted average of treatment effect of compliers
at different covariate values), but it is often not obvious why that particular weighting is the
most interesting. To circumvent the issue of which weighted average of LATE’s should be
targeted, I consider the environment where the treatment effect for compliers is the same at
all covariate values, motivating the assumption below.

To be clear on notation, linear regressions are run with a constant, and W does not

include the intercept term. T and Z are binary. Assume the following:

Assumption 3.4. (a) For g € {CA*,CC*,NC*,D}, q, = Pr(g|Wy) = Pr(g|Ws) for
all Wy, Wy, while for g € {NC"}, q; = o + a,W. qa can depend on W flexibly.

q € 10,1]%.

(b) 1pe(W) = nipe + €p (W); for g € {CA*,CC*NC*}, 11ge(W) = s + EW; for g €
{NC™} pgt(W) = nge + £, W Finally, pa(W) can depend on W flexibly.

(¢) E[ZW] =& +&W e [0,1].

189



There are three parts to the assumption. Part (a) makes restrictions on the ¢ vector; part
(b) makes restriction on the p vector; part (c) ensures that linear projections are interpretable
as conditional expectations.

In Assumption 3.4(a), we cannot have gca«, goc+, ¢p depend on W so that the TSLS esti-
mand does not depend on W. When we are interested in the LATE*, we additionally cannot
have gyo+ depend on W so that the target object LATE* does not depend on W. qycr+ is
linear in W so that the conditional expectation of Y|Z = 0,7 = 0, W is quadratic in W.
Other parametric forms may be possible, but the expression of the conditional expectation
has to match accordingly. ¢4 is allowed to depend on W flexibly, as it is differenced out in
the procedure.

The TE for g € {CA*,CC*, NC*, D} must be constant for all covariate values so that
the LATE* and the TSLS estimand do not depend on W. This requirement is denoted in
Assumption 3.4(b) as having the same &, for treated and untreated potential outcomes so
that the treatment effect 74, — 1,0 does not depend on W. Having the same TE is required
even without extrapolation and with monotonicity so that TSLS identifies the unique LATE.
The functional form in p(W) is required in this paper’s framework so that we can match
coefficients and obtain a linear program. &p (W) can depend flexibly on W because it is not
used in coefficient matching. In contrast, for g € {CA*, CC*, NC*}, pige(W) is linear in W so
that the conditional expectation of Y|Z = 0,7 = 0, W is quadratic in W. For g € {NC"},
pgt(W) allows &, to vary by potential treatments, and its linearity is required for coefficient
matching. No restriction is required for p(W).

Once gp and the extrapolation parameters gc-|c and go-|y are fixed, the rest of the ¢
vector and «’s are point-identified. Details are in Appendix 3.D.3. With « and ¢ point

identified, and poo(W) := Pr [T = 0|Z = 0, W], the assumption implies:

poo(W) = atn + ayenW + qnes + qoes + qoas,
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and hence

poo(W)E[Y|Z =0,T =0, W] = alnnncro + anenne-o + qoc-ncc+o + qoane ao

+ (nNC/*OOZQVC/* + OZK/'LtC/* ff\fc/*o + QNC*é-A/NC* + qcc+ é-/CC* + qc A* gch*) w + O/]VC’* ng\fc/*ow

(3.C.12)

The object of interest can then be written as:

. 1
LATE® = ———  (qeeNeo1 + qno=1ne=1 — qoeNec+0 — ANC*TINC*0) -
oo+ + qno+

Then, the proposed algorithm for finding LATE* uses the following steps (S):
S1. Run TSLS regression with the full set of controls W to obtain the TSLS estimand /.

S2. Calculate the sample analogs of ¢ and a based on the identification argument of Ap-
pendix 3.D.3 to construct poo(WW). Using the partition on 7' = 0,Z = 0, run the

regression of poo(W)Y on 1, W, and (/y.W)W. Denote the intercept as 7o.

S3. Set up the linear program, whose objective is LATE*, optimizing over parameters
7 and appropriate a priori linear restrictions. Additionally, use the following linear

restrictions:

(a) B(gcar + goc — qp) = qocr (Noc=1 — Noc+o)+qcax (Ncax1 — Neaxo)+4p (Mpo — Np1),

and
(b) 7 = al}(rltc/*mvc’*o + qno=NNc+o T qooNecxo + qoaNcAxo-

To see how this procedure is reasonable, first observe that S1 and S2 merely calculates
objects used in S3, so it suffices to motivate S3. When there is no extrapolation, the TSLS
estimand without covariates is given by [gc(nc1 — 1co) +ap(Mpo —mp1)]/(9c — qp)- Since the
assumptions are constructed such that the TSLS estimand does not depend on W, S3(a) uses

an analogous expression for the TSLS that accommodates the counterfactual environment.
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S3(b) is motivated by (3.C.12). By regressing the left-hand side on W and a quadratic term,
the intercept term ~y must match the structural objects described.
Due to the constraint in S3(a), the proposed algorithm collapses exactly to TSLS without

extrapolation and under monotonicity. We also use covariate information through S3(b).

3.D Proof of Results

3.D.1 Proofs for Section 3.2

Let b denote the target object, so for a given ¢, the set of feasible values in the inner problem
is:

B(q) ={beR:b=c(q)pn for some u € M(q)}. (3.D.1)

Lemma 3.2. Under Assumption 1, suppose that M(q) is convex for some fixed q. Then,
either M(q) is empty and hence B(q) is empty, or the closure of B(q) is equal to the in-

terval [R(q), R(q)], defined in (3.8). Further, if M(q) can be written as a system of linear

inequalities in p, both optimization problems are linear programs.

Proof of Lemma 3.2. Convex M(q) is either empty or nonempty. If M(q) is empty, then by
definition B(q) = (). Next, consider a nonempty M (q). Since a linear mapping of a convex
set also yields a convex set, and ¢(q)'p is a linear map of y, it follows that B(q) is a convex
set. Thus, any b € [R(q), R(q)] must also be in B(q). Proving that optimization problems are
indeed linear programs is straightforward from its construction. The constraints are linear

in p and the objective function is a linear function of . m

Proof of Theorem 3.1. Proof for an empty B, is identical to the proof in Lemma 3.2. Only
consider nonempty M(q). The objective is to show that any b € [ /\,3)\] is achievable for
some ¢ € Q(A). For this, I first show first show that R(q) and R(q) are continuous in q.

Continuity of these objects can then be used to complete the argument.
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Apply Theorem 2 from Wets (1985) that the objective value of a linear program is con-
tinuous in its hyperparameters. The sufficient condition for the theorem is that the feasible
set in both the primal and dual linear programs are continuous in the hyperparameters. For
the dual problem, it is assumed that M(q) is bounded by Assumption 3(a), so Corollary
11 from Wets (1985) implies that the feasible set of the dual problem is continuous in the
hyperparameters. Turning to the primal problem, continuity in the hyperparameters is given
by Assumption 3(b). The conditions for the Wets (1985) theorem is hence satisfied. Then,
using Theorem 2 from Wets (1985), and the fact that the composition of continuous func-
tions is continuous, with ¢(g) continuous in ¢ due to Assumption 3(c), R(q) and R(q) are
continuous in q.

It remains to show that any b € [3 /\,B,\] is achievable for some ¢ € Q(\). Pick a point
¢° € Q()) such that M(q°) is nonempty. This is guaranteed to exist because because we
work in the environment where 3¢ € Q(A) s.t. M(q) is nonempty. Using Lemma 3.2, any
r € [R(q"), R(q")] can be satisfied by some pu € M(q"). Since an analogous argument can
be made for [é/\,ﬁ(qo)], it suffices to show that for all b € [R(q"), 3], there exists some
q € Q()\) such that b = R(q). If R(¢°) = f3,, the desired conclusion is immediate, so I focus
on R(¢q°) < B,.

Let g be the ¢ that achieves §, i.e., 8, = R(g). With slight abuse of notation, let
[¢°,q] denote the set of convex combinations on R% between ¢° and g, so it is a convex
set. Since by Assumption 3(d) Q(\) is convex, any ¢ € [¢°,g] must also lie in Q(\) and is
hence feasible. Since convex sets are connected, [¢",q] is connected. Using the fact that the
image of a connected set is connected for a continuous mapping, R([¢°,7]) is a connected
set. Since R(¢") and R(q) are both feasible, and R(.) € R, [R(¢°), R(7)] € R([¢°,q]). Hence,
Jq € [¢°,9) € Q(N) such that R(q) € [R(¢"), R(q)]-

The following lemma is used to prove Theorem 3.2.
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Lemma 3.3. Suppose that for any z,2' € Z C N, z > 2’ implies Pr(T'(z) = 1) > Pr(T'(¢') =

1). For any ny,ns € Z, with ng > ny and z 4+ ny € Z, if desgi )qg < )\Zg,esf )qg/
z,z24+nq z,+nq

aTLd desd C_Zg S )\Zglesc ) qg/, then ZgESd (_Zg S )\Zglesc Qg’-

(z+n7,24n2) (z+ny,24n9 (2,24n2) (2,+n3)

Proof of Lemma 3.3. The defiers at the (z,z + ny) margin switch exactly once: either at
(z,z4mny) or (z+ny, 2+ ng). Individuals who switch twice are either always takers or never
takers when looking at the (z, z + ny) margin. It also means that they will be compliers at

either one of the two margins and defiers at the other margin. This implies

SQ = Sg ) C Sd ) U Sé_}_nhz_;'_nz) = Sl'

z,2+n2 (z,24+n1

To be precise, Sy consists of defiers who switch exactly once, and S;\Ss consists of defiers
who switch twice, resulting in their being compliers at one margin.

Let ¢(.) be the probability measure on sets. By assumption, q(Sészl)) < A(SC L)

and q(S?thHm)) < AG(S(,4124ny))- Due to binary treatment, the sets S(dz,ernl)? S?Z+n1,z+n2)

are disjoint. Similarly, the sets sz,z ) sz tn,ebng) AT€ also disjoint. Summing the inequal-

ities,
q(Sl) = q(S(dz,z-l—nl)) + q(Sflz—i-nl,z—i—ng)) < )\(q(s(cz,z-l—nl)) + q(S(cz—i-nl,z—i—ng)))‘

Consider the set S¢ ) USE . This set consists of compliers at the (z, z + n2)

z,2+n1 (z+n1,2+n2)

margin (which implies Sf, ., is a subset), and S1\S;. Namely, S¢, . USC ., . =

(S1\S2) U S¢ Observe that S¢ ) is the set of compliers who switch their treatment

(z,24n2)" z,24+n2
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status exactly once in the correct direction. Then, the summed inequality is:

q(S2) + (q(S1) — q(S2)) < A(q(SF, o 1ng)) +a(S1) — q(S2))
= Q(SQ) S )‘Q(S(cz,z—‘rnz)) - (1 - )‘)(Q(Sl) - Q(SQ))

= Q(ng,z-&-m)) < )\q(S(CZ7Z+n2))-

[]

Proof of Theorem 3.2. The condition of Lemma 3.3 is satisfied due to how Z is defined. For
Z' > z, we can write 2’ = z + [ with [ > 0. Thus, it is sufficient to show that desé,m) gy <
A Zg,es(cz#l) qy forany l € Z,.

Prove by induction. Apply Lemma 3.3, using n; = 1,ny = 2. Since deséﬂm qgq <
A zg/es(cz Gy and ) ga Qg S A gese gy, Obtain desg”

<A . .
,241) (241,242) (241,242) 2,2+2) g = Zg’ES 9
Suppose }_ cot gy < )\Zg,es(c gy, and we want to show » _ca g <

(z,242)
(z,241) z,z+1) (z,2+14+1)

/\Zg,esc ¢y due to adjacency. Apply Lemma 3.3 with ny = [,ng = [ + 1 to ob-

(z,2+14+1)

tain the result. O

Proof of Proposition 5.1. The objective is to show max,c yrc(q) LATE* = max;¢ v, g LATE",

where LATE* is a function of (qoo+, qnes, o1, hoc0, KNG 15 NC#0)-
Let h(p) = pa = (pco, pooo, Unc1, inc=o)' denote the function that extracts the
subvector 14 from a higher-dimensional vector u € R'8. Then, since LATE* only contains

[, MaX, e pmre(q) LATE™ = max,, e yre g LATE™, where

Mi(q) = {pa s pa = h(p), p € MIC(q)}

Let h(.) similarly extract yiy from ji € R'2. Then, max,,c o, o LATE* = max,, o, o LATE™:

Ma(@) = {1a: 14 = hu) n € Mon(@) |



Hence, it is sufficient to show that M, (§) = M%%(q) to obtain the result. Do change

of variables for MZ¢(q), with the given substitution for g. Then, the respective u’s can be

redefined:
1
UNCrH = [qNA* N A=t + QND*UND*t + ANN* NN+t s
gncr*
Upt = q—[CIDA*MDA*t + ¢pp-ppp+|, and
D

Koot = HCAxt-

Then, equality constraints characterized by ZG:T(Z):t qobct = P EY|T = t,7 = 2]
are identical to those of Mm(g) Since the counterfactual p’s are weighted averages of the
original z1’s, the counterfactual p’s in i must also lie in [0,1], so MT€(q) € My(q). Then,
it is sufficient to show My(§)\MZC(q) = 0. The set My (§)\ ML (q) contains values of ji,
where the p’s in i are in [0, 1], but the individual components that construct the averages,
such as ppp+ need not be in [0,1]. However, restrictions on py only occur through the
averages in the equality constraints, in addition to u4 € [0,1]*. Thus, since the averages in
My(§) and in MTC(q) face the same constraints, s face the same constraints in both sets.

Hence, M4(§)\MZTC(q) = 0, which then implies M4(§) = MT(q). O

3.D.2 Proofs for Appendix 3.A

Proof of Corollary 3.1. The condition satisfies Assumption 3(a). It is sufficient to check
other conditions of Assumption 3, then apply Theorem 3.1. Continuity of ¢(¢q) is immediate.
ME=(g) is convex because it is intersection of linear subspaces. To see that Q(\) = QEZ())
satisfies convexity, take any two elements ¢°,¢' € QF*()\) with ¢° # ¢'. Form convex
combination ¢* = a¢’ + (1 — a)¢*, with a € (0,1). Taking the weighted sums of the

constraints on ¢° and ¢!, ¢* € QF%()\) is immediate. O
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Proof of Lemma 3.1. By redefining groups as stated, the proof is analogous to Proposition

3.1 [l

Proof of Theorem 3.3. By defining ¢ appropriately and applying Proposition 3.1 and Lemma
3.1, R “(q) = R(@) and R (q) = R(G).

Then, consider equality restrictions in Q7¢(\) and QF*()\). In both constraint sets,
there are 5 linearly independent restrictions, with 2 from p;; and pgg, 1 from the fact that
probabilities sum to 1, and 2 from the extrapolation parameters. We can also write ¢p = qp
as a trivial relationship. Writing these 6 equations in matrix form, we have J§ = v(¢p),

where

J = , and
0 qC*lc —1 1 0 0 0
0 0 01 0 0

v(gp) = (Poo, P11, 1, 4c+ |, 4o > 4p)-

Note that det(J) = 4 — 2qc+jc — 2qc+|nv + qexjcqes v = (2 — go=n) (2 — gexic) # 0. Since
J is invertible, ¢ = J v (qp).

It remains to consider the inequality restrictions imposed by sensitivity parameters. In
ME=(q), the specific choice of gpp~ and gyp- makes restrictions on goc- and gye+. Since
gco+ and qne+ are arguments in the optimization problem, the optimum is found by using the
least restrictive setting for qoo+ and qne+. Due to Proposition 3.1, setting qpp« = qvp =0
is innocuous. Then, gpp+ + qvp+ < AMqoe+ + qne+) is automatically satisfied. The only

relevant sensitivity restriction is ¢p = gpp+ + qpa- < AM(goc+ + goa~). Using the substitution

197



in Proposition 3.1, and ¢ = J 'v(gp), the constraint set results. This constraint set will give
us the optimum, because the objective value has to perform weakly better with one fewer
constraint.

Turning now to QZ*(X), use the least restrictive values as before. One can set g1,y =0

SO ¢p = q(1,0,1), and upper bound at the 0-2 margin is the largest possible, while the inner

A(poo+p11—1)

problem does not change. Then, the constraint at the 0-1 margin will be gp < [

by using the relevant substitutions and ¢ = J 'v(gp). With the relevant substitutions, and
setting ¢(1,1,0) = O (to create the most flexible constraint), the constraint at the 1-2 margin is

qccr < Mqyes+qp). Finally, substitute ¢ = J 'v(gp) to obtain the required inequality. [

3.D.3 Derivations for Appendix 3.C

poo(W)E[Y|Z =0,T =0, W]
= (aﬁéw + Ay W) (Mnero + EncroW) + anex (Mneeo + Ene-W)
+ goer (Nocwo + §oexW) + qoas (Noaro + §oaW)
= At INeo + AN+ TINC0 + qocsNoco + qoasTcaro
+ (Mverotyer + e Enemo + aneEnes + Goc-Ee- + doasEoa) W

/ !/
+ Ay W oW

First Stage Identification. Let the first-stage regression be T'= 72 + 0y + 0'W + v.

Then, the first stage estimand is:

_E[T(Z - E [Z]W)]
E[(Z - E*[2W))]
E[EZW](1—E[ZW])(E[T|Z =1,W] - E[T|Z = 0,W])]

EE[ZIW](1 - E[Z]W])]
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Using Assumption 3.4(a),

ETZ=1W]=-E[TZ=0,W]=qiW)+ qca + qcc- — qp — qa(W)

= qca* T qccx —(qp = T.

For a given ¢gp and an extrapolation parameter gc«|c, since 7 is identified, qca«, gcco+, qp
are all identified. Since E [T|Z =0, W] — qp = qga(W) = of* + o/, W, by regressing T — ¢p
int

in the partition with Z =0 on W, o} and a4 are identified. Conversely,

1— E[TZ =1,W] = qne- + qner (W) + ap

1 — E [T‘Z = 17 W] — QNC* — QD, and = QNC/* (W) = Oé’;(fltcl* + O/]VC/*W

Observe that 1—E [T'|Z = 1] = qne++ E [gne= (W)]+qp. Since gp and ge-|n are known,
gnc~+ is identified. Then, by regressing 1 —T'— gnc+ — ¢p in the partition with Z =1 on W,
int

aNer- and ayer- are identified.

TSLS Estimand. Due to Assumption 3.4(c), the TSLS estimand is given by

g BV (Z- B [Z]W])]

E[T(Z - E*[Z]W])]
EB[E[ZW|(1-E[ZW)(E[Y|Z=1,W] - E[Y|Z=0,W))]
T EEZW(1-E[ZW)(E[T|Z=1,W] - E[T|Z=0,W])]
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Then, due to Assumptions 3.4(a) and 3.4(b),

ElY|Z=1,W]—E[Y|Z=0,W]
= qoc+ (oo (W) = peco(W)) + qoas (poan (W) — poa-o(W))
+qp (ppo(W) — pp1(W))

= goc+ (Meo<1 — Noeo) + goar (Meas1 — Neaxo) + qp (Mpo — mp1) , and

8= qoo (Moes1 — Neco) + qoax (Mea1 — Noaro) + ap (Mpo — Mp1)
qca* + qcex — 4p
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