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Abstract

This paper proposes a method to bound policy relevant treatment parameters
(PRTP) when the monotonicity assumption that the instrumental variable affects in-
dividuals’ treatment response in the same direction is weakened. The bounding frame-
work uses the proportion of defiers relative to compliers as a sensitivity parameter, and
yields an identified set that is an interval. The method is illustrated in an empirical
application where the same-sex instrument was used to calculate the effect of having
a third child on labor force participation. I find that bounds are informative only for
small violations in monotonicity.
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1 Introduction

Since the seminal work of Heckman and Vytlacil (2005), there has been a large literature
that is concerned with identification and inference of policy relevant treatment parameters
(PRTP) in instrumental variable (IV) settings with heterogeneous treatment effects (TE).
PRTP is a general class of objects that includes the local average treatment effect (LATE) and
various TE in counterfactual environments. Existing methods that target the general class
of PRTP rely on the monotonicity assumption that the instrument affects all individuals’
treatment response in the same direction, which is usually imposed through an additively
separable treatment selection equation (e.g., Mogstad et al. (2018)). However, monotonicity
may not be realistic in many applications. Consider the Angrist and Evans (1998) study
that was interested in the effect of having a third child on the mother’s labor supply. They
used an indicator for whether the first two kids are of the same sex as an instrument for the
third child. Since parents have a preference for gender balance among their children, families
with two boys or two girls are more likely to have a third child. But some parents may want
two sons or two daughters, so they would violate monotonicity, which rules out families who
would have a third child if their first two children are of the same sex, and would not have a
third child if their first two children are of different sex. Further examples of monotonicity
failure are considered in De Chaisemartin (2017). This observation raises the question of
how much bounds on PRTP would change when monotonicity fails. This paper explicitly
places a bound on the extent that monotonicity fails, which nests approaches that either
impose or drop monotonicity as special cases.

The goal is to place bounds on PRTP while accommodating limited violations of mono-



tonicity. Sensitivity restrictions characterize these violations: I use a sensitivity parameter
that places an upper bound on the proportion of defiers relative to compliers. To obtain
bounds on PRTP, T adapt the setup and linear program in Mogstad et al. (2018) to accommo-
date defiers. PRTP can be written as linear combinations of conditional means of potential
outcomes for subgroups defined by their treatment response to the instrument. Hence, with
appropriate assumptions, the linear program can be retained. The baseline specification of
the constraint set uses mean compatibility restrictions across conditional outcome distribu-
tions, but the method is amenable to additional restrictions researchers may wish to impose.
This procedure yields an identified set that is an interval, and can be modified to incorporate
covariates. Providing this tool for sensitivity analysis of PRTP is the main contribution of
the paper.

As an application of the general theoretical results, I detail a particular type of PRTP
— the treatment effect for compliers under a counterfactual policy environment, which I call
the LATE*. In the Angrist and Evans (1998) study, the estimated effect of a third child on
the mother’s employment status from the IV regression is specific to the policy environment
surrounding childcare in the dataset. Would we still have the same conclusion when the
government gives a subsidy for childcare? What would the effect of a third child be for
compliers in this counterfactual environment? These are questions answered by LATE*,
which nests LATE as a special case (i.e., when there is no extrapolation). The LATE* is one
way to think about external validity of a study’s conclusions, which researchers are often

interested in (e.g., Muralidharan et al. (2019); Ito et al. (2021)).!

"'When calculating policy effects in counterfactual environments, parametric models of Brinch et al. (2017)
and Kline and Walters (2019) are often used. However, these approaches are less useful when thinking of
LATE* as a means to check external validity: since identification of heterogeneous treatment effects are
often done without a parametric model, it seems desirable to avoid parametric models when evaluating the



In the counterfactual environment described, the treatment propensity for the entire pop-
ulation changes while the instrument values are the same. To obtain the LATE* it suffices
to characterize the mass of various treatment response groups in the original environment
becoming compliers in the counterfactual environment. At a high level, (partial) identifi-
cation of the LATE* is possible because the data places some restrictions on the means of
potential outcomes, and objects of interest merely reweight these potential outcome means.
If we are willing to put bounds on the fraction of people who respond to the instrument in
the counterfactual environment relative to the original, meaningful bounds can be obtained.
The same logic applies to other PRTP.

The procedure is implemented in the Angrist and Evans (1998) example. An instrument
is used because it is believed that the OLS estimand is downward-biased: due to unobserved
factors, women who are less likely to work are also those who are more likely to have a third
kid. Hence, when the lower bound of the IV estimand reaches the OLS estimand, the bounds
are no longer informative. I find that the bounds are informative only for small violations of
monotonicity. Consider a counterfactual environment where a childcare subsidy is available.
When the mass of defiers is more than 20% the mass of compliers, the lower bound for the
LATE* falls from -0.103 under monotonicity to below the OLS benchmark of -0.134. Hence,
the informativeness of the counterfactual estimates depends crucially on monotonicity.

This paper relates to several strands of literature. First, it is related to a literature on the
failure of monotonicity in IV settings. Some papers that address violation of monotonicity
include reinterpreting the estimand for the LATE (De Chaisemartin, 2017), using weaker

monotonicity assumptions (Small et al., 2017; Heckman and Pinto, 2018; Kamat, 2018; Dahl

robustness of results.



et al., 2023) or alternative assumptions (Klein, 2010), and testing if it is indeed a concern
(Kitagawa, 2015). Another common approach is the put bounds on the ATE or the LATE
either using worst-case bounds or through some form of sensitivity analysis (Manski, 1989;
Balke and Pearl, 1997; Horowitz and Manski, 2000; Noack, 2021; Kitagawa, 2021). There
is also a literature that place bounds on further populations (e.g., compliers, defiers, never
takers and always takers) (Richardson and Robins, 2010; Huber and Mellace, 2015; Huber
et al., 2017; Ding and Lu, 2017). By targeting the PRTP, this paper not only covers bounds on
these subpopulations, but also contributes bounds on extrapolated objects in counterfactual
environments without monotonicity. Nonetheless, the approach in this paper does not have
sharpness guarantees or closed-form solutions like in much of the existing literature.

Second, this paper is related to the literature on extrapolation and external validity in IV
settings. In counterfactual environments, parametric models are often used (Brinch et al.,
2017; Kline and Walters, 2019). Papers that target PRTP without a parametric model
rely on a separable selection equation (Heckman and Vytlacil, 2005; Mogstad et al., 2018).
The approach used in this paper neither uses a parametric model nor a separable selection
equation — the latter cannot hold by construction when allowing for defiers. In light of the
numerical equivalence between selection equations and the group primitives (Heckman and
Vytlacil, 2005; Kline and Walters, 2019), this paper additionally contributes an example of
how group primitives map to some nonseparable equation that permits extrapolation when
monotonicity fails.

The rest of this paper discusses the proposed method and its applications. Section 2
explains the general framework in forming bounds for PRTP; Section 3 applies the framework

to LATE*. Section 4 applies the procedure to the Angrist and Evans (1998) example. Section
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5 concludes.

2 Framework for Identification without Monotonicity

2.1 Setting

We observe random variables (T, Z,Y), denoting treatment, instrument, and outcome re-
spectively. We are interested in the effect of the endogenous 7" on Y in a counterfactual en-
vironment. Outcome Y can be discrete or continuous; instrument Z € Z = {0,1,--- |k —1}
takes one of k < oo discrete values, and treatment 7' € {0, 1} is binary. Although the
setup can be adapted to multivalued 7', T focus on the binary case for simplicity. Let T'(z)
denote the potential treatment when given instrument z, and let Y'(¢) denote the potential
outcome when given treatment ¢, which assumes that Y is not affected by Z directly. Let
T*(z*) denote the potential treatment when given instrument z* € Z* in the counterfactual
environment, where Z* is the set of values that the instrument can take in the counterfac-
tual environment. Without loss of generality, the instrument values are ordered such that
Pr(T(z) = 1) is increasing in 2.2 Then, the observed T and Y are Y = Y(T') and T' = T(Z).
Treatment response groups g € G are characterized by the vector of potential treatments,
e, (T(2)).ez, (T*(2%))xez+). G is the set of all possible combinations of ((T'(2)).ez, (T*(2%)).xcz+):
with a binary treatment, k instrument values, and Z* = Z, we have |G| = 22*. Without

extrapolation, the counterfactual environment is the original environment. Then, Z2* = Z

2There is a bijection from any set Z’ with k discrete values to Z such that for any z, 2z’ € Z such that z > 2/,
Pr(T(z) =1) > Pr(T(z') = 1). Hence, beyond having k discrete values for the instrument, assumptions on
Z C N and the ordering of the values are without loss of generality.



and T'(z) = T*(z), Vz € Z. In general, the mass of each group in the population is

q, := Pr(g).

Let ¢ denote a vector that stacks all g, values that are nonzero. In applications, there may
be groups with ¢, = 0. Hence, the dimension of ¢, dg, is defined as the number of groups
with nonzero mass, so d, < |G|.

For example, consider an environment with binary treatment, & = 2 instrument values
and Z = Z*. Using terminology in the literature (e.g, Angrist et al. (1996)), the 4 response
groups in the original environment are always-takers (A) with 7°(0) = 7'(1) = 1, compliers
(C) with 7'(0) = 0 and T'(1) = 1, defiers (D) with 7°(0) = 1 and 7'(1) = 0 and never-takers
(N) with 7(0) = T(1) = 0. Then, [{((T(2)).cz, (T*(2%)).ez)}| = 22%% = 16. If we are
not interested in the extrapolated environment, then 7'(z) = T7%(2), so we only have d, = 4
groups.

Define the conditional mean for each group as follows:

pgr = E[Y (1)lg].

Similarly, let 1 be the vector that stacks the pg values, and let d,, := dim(u) denote the
dimension of p. It is implicitly assumed that these p, objects are well-defined. When
treatment is binary, d, = 2d,.

Following Huber et al. (2017), it suffices to have mean independence of the potential

outcomes across groups instead of full independence:



Assumption 1. E[Y(t)|g, z] = E[Y (t)|g] and Pr(g|z) = Pr(g) for all g, z.

These groups are the primitives of the setup. Random assignment of the instrument Z
satisfies Assumption 1. In addition to Assumption 1, following Angrist and Imbens (1994),
many papers also assume monotonicity, the assumption that the instrument weakly affects

treatment in the same direction for all individuals.

Assumption 2. For all z1,29 € Z either Pr(T(z1) > T(z2)) =1 or Pr(T(z1) < T(22)) = 1.

For z7, 25 € Z*, either Pr(T*(2]) > T*(23)) =1 or Pr(T*(2}) < T*(z3)) = 1.

Assumption 2 implies there are particular groups g with ¢, = 0, which, in the environment
without extrapolation, reduces number of treatment response types with nonzero mass from
2% to k + 1. This paper conducts sensitivity analysis for the failure of this assumption, so it
relaxes Assumption 2. Since this assumption is a statement about the potential treatment
response, sensitivity analysis involves careful consideration of the masses g, of various groups.

The object of interest is the PRTP, defined as any estimand that can be written as:

5 - cht(Q)Mgt = C(Q),:u' (1)

g:t

where ¢y (¢)’s denote the weights on each of the pg,’s, and these coefficients can depend
on q. The equality requires the object of interest to be linear in p. ¢(q) is the coefficient
vector, with ¢ : [0,1]% — R% transforming the vector of proportions into weights on the
conditional expectations. Once ¢ is known, ¢(q) is known. Objects of interest like the
LATE and the average treatment effect (ATE) can be written in this form. For example,

the ATE uses ¢(q) = ¢ ® (1,—1)’, the average treatment effect on the treated (ATT) uses



c(q) = (ga, —q4,49c, —qc, 90, —4p, 0,0)" /(qa+9c+qp), and the LATE* is explained in Section
3. This f can be viewed as a discretized version of the PRTP defined in Mogstad et al. (2018).

The relationship between § and the target object in Mogstad et al. (2018) warrants fur-
ther discussion. Mogstad et al. (2018) assumed monotonicity, so treatment can be written
as T'= 1[p(Z) > u], for unobserved u ~ U|0, 1]. The primitives of their model are marginal
treatment responses E[Y () | u], and their target parameter integrates a weighted average of
E[Y(t) | u] over u. In the monotonic setting, u has a natural interpretation as a treatment
propensity, where high values of u correspond to N, middle values to C, and and low values
to A for a binary instrument. However, when monotonicity fails, the treatment equation be-
comes nonseparable with 7" = 1[v(Z,u) > 0]. Then, the interpretation of u is unclear unless
a researcher has a particular v(Z,u) in mind. Nonetheless, the groups remain well-defined
in general. The unobserved wu is meaningful in the target object insofar as it defines the
groups that we are interested in. Hence, this paper uses the unobserved groups g to charac-
terize conditional means, and characterizes the target object in terms of E[Y (¢) | g] instead
of E[Y(t) | u]. The relationship between this group characterization and a nonseparable

selection equation will be further clarified in Section 3.2 through an example.

2.2 Constraints on p and q

The method places bounds on objects of interest by using the researcher’s input for a sen-
sitivity parameter. To explain this method, I first explain the constraints on p implied by
Assumption 1 in Section 2.2.1, where it is assumed that the vector ¢ is known. Then, Sec-

tion 2.2.2 shows how a single sensitivity parameter that affects ¢ captures the extent that



monotonicity is violated.

2.2.1 Constraint Set for p

M(q) denotes the set of u that satisfies defined equality and inequality constraints. These
constraints may depend on ¢, and may include ex ante restrictions and features of the data.
The researcher can specify what these constraints are, but I require these constraints to be
linear in p and the set M(q) to be convex.

One example of M(q) is a set of mean compatibility constraints implied by Assumption
1. mnY|T =t,Z = z, the mean of the various structural g such that T'(z) = ¢, weighted
by their proportions, is equal to the reduced-form mean E[Y|T = t,Z = z|. Hence, where

p. = Pr(T =t|Z = z), for all z,t, these constraints take the form:

Y. dohtg = pEY|T =12 =z]. (2)

g:T(z)=t

Observe that (2) is a function of the ¢ vector, so ¢ parameterizes the constraint set M(q).
Without ex ante restrictions, the set of u that satisfies mean compatibility is in Equation

(3). This set is denoted M,,(q) to avoid confusion with the general constraint set M(q):

Mu(q) =S peR™ : " quy=p.EY|T=tZ=z2 VzeZtec{0,1}. (3)

g:T(z)=t

The constraints in set M,,(¢) do not exploit all distributional information, but nonethe-
less make the problem tractable, so M,,(¢) can be used as a default. With binary outcomes,

pgt € [0,1] should be used as a constraint. Without binary outcomes, we may consider
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additional constraints implied by Assumption 1, such as the trimming bounds of Lee (2009).
Additional restrictions that the researcher may impose include selection into treatment (e.g.,

Roy (1951)).

2.2.2 Sensitivity Parameter

To form a sensitivity parameter for violation of Assumption 2, I first define compliers and

defiers. For z > 2/, define sets of defiers and compliers respectively as:

Sé,z,) ={g:T(z) <T(2)}, and

S(Cz,z/) = {g : T(Z) > T(Z/)}

Since Pr(7T'(z) = 1) is increasing in z, Pr(g € S(dzvz,)) < Pr(g € S(, ). Assumption 2 is

equivalent to having no defiers, so the sensitivity parameter should control the proportion
of defiers, which then affects the ¢ vector. Hence, the sensitivity parameter A imposes the

restriction that, for all pairs (z, 2'),

Z dg < A Z dg - (4)

ges? g'ess

(2,2") (z,2)

I refer to the inequality restriction (4) imposed by A as a “sensitivity restriction”.? T

also place an analogous sensitivity restriction on the counterfactual environment with 77(.).
In particular, for Sé*’z,) = {g : T"(2) < T*(")} and SF ) := {g : T"(z) > T*(¢)}, the

sensitivity restriction is ) gest g < A gese Ay It is possible to have a different
(z,2) (2,2")

3This sensitivity parameter was earlier proposed in Ding and Lu (2017) for the case with a binary instrument
and binary treatment when targeting subpopulations in the sample.
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sensitivity parameter for every pair (z,z’) in nonbinary settings — this does not change the
method, but increases the number of sensitivity parameters. To keep the exposition simple,
I work with a single sensitivity parameter A. When A\ = 0, there is no pair of instrument
values for which there are defiers.

With Q()\) denoting the general constraint set, the proportion vector satisfies ¢ € Q(\).
As in the treatment of M(q), the researcher can specify additional restrictions, but I propose
the minimal set of restrictions. Namely, the proportions chosen must be compatible with

the observed p;,. Assumption 1 implies Vi, z,

Z qg = Piz- (5>

g:T(z)=t

The set Q(A\) may be empty for some choices of \. Due to Proposition 1 of Noack
(2021), there are bounds imposed on gp by the data, so if A is too small, the set will be
empty. Notably, Noack (2021) assumes full independence rather than mean independence
that is assumed in this paper, so if we assume full independence, tighter bounds on ¢p
can be obtained from her method.* The sensitivity restriction thus describes monotonicity
violations that are not detectable by the data. Even if qp = 0 is rejected by the data, the
existing tests can construct a confidence interval for gp that can feature as a restriction in

Q()), which can still be used to bound the PRTP.

4Bounds on gp are obtained from implications on the outcome distribution. With full independence, the
entire outcome distribution can be used to obtain the bounds, but with mean independence, we can only
use the conditional means of the outcome distribution.

12



The minimal constraint set satisfies (4) and (5), so it takes the form Q(\) = Q,,(\):

Qn(N)i=Sqel0%: > g <A D qe, Y, a <A D ags Y, qg=pi V() 8z

g€eSs? 9'€SE, iy ges? 9' €S iy g:T(2)=t
(6)

N
(=/,2"") (z,2") (2,2

Observe that > 449 = 1 is implied by the condition that > g7 ()=t dg = Prz; Vt, z. Follow-

ing Mogstad et al. (2018), define our identified set for PRTP:
By ={beR:b=c(q)n for some u € M(q),q € Q(\)}. (7)

More precisely, B) is the set identified by constraints in M and Q.

Remark 1. Due to the generality of the framework, several extensions can be accommo-
dated. First, we can extend the analysis to multivalued treatments. With |7 treatment
values, we can analogously define G so that |G| = |T|*?!. The object of interest remains as
a linear combination of group-specific average potential outcomes. Second, we can extend
the analysis to multiple binary instruments. With b binary variables, |Z| = 2, and we have
G| = 2212 groups. Then, we may conduct sensitivity analysis with respect to partial mono-
tonicity (Mogstad et al., 2021) or limited monotonicity (van’t Hoff et al., 2023) by imposing

inequality (4) only with respect to their affected groups rather than all pairs.

2.3 Theoretical Properties

This subsection presents the main identification result of the paper, that the identified set
is an interval. The method for finding bounds on PRTP solves an optimization problem in

light of the constraints on p and ¢ from the previous subsection. Since obtaining the upper
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and lower bounds of the interval involves optimizing over p and ¢, it is helpful to break
the optimization problem into an inner problem that optimizes over p given ¢ and an outer

problem that optimizes over q. Write the inner optimization problem as:

R(q) := mi "1, and R(q) := o 8
R(q) oin c(q) i, an (9) ax c(q) (8)

These inner optimization problems are linear programs by assumption, given ¢. This
rewriting is convenient because linear programs are computationally cheap. The linearity
of the general program conditional on ¢ is similar to the generic framework presented in
Mogstad et al. (2018), which did not allow for monotonicity violations. Assumption 3 below

provides sufficient conditions for the identified set to be an interval.
Assumption 3. For a given X\ € [0,1), the following hold:
(a) For all g € G, if q; > 0, then pg is well-defined and finite ¥t € {0, 1}.
(b) Restrictions in M(q) can be written as a system of linear inequalities in pu such that
M(q) = {p : Alg)p < blq)} is continuous in (A(q),b(q)), and M(q) is conver.”
Hyperparameters A(q) and b(q) of the linear program are continuous in q.

(c) c(q) is continuous in q.

(d) Q(\) is a nonempty convex set.

Theorem 1. (Identified Set). Suppose Assumption 1 and 8 hold for some A. Then, either

M(q) is empty for all ¢ € Q(N) and hence By, is empty, or the closure of By is equal to the

®The set M is continuous in (4,b) if it is lower and upper hemi-continuous in (A,b). In general, M is not

lower hemi-continuous. For a counterexample, consider ¢ = (A4,b) and K(t) = {x : Az < b,z > 0}. The
sequence t, = (A =v~1 b=1v"1) converges to t* = (0,0). Observe that K(t,) = [0,1]. The point 2 € K (t*)
cannot be reached by any sequence {z,,v =1,---} with z,, € [0,1].
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interval [@)\,B)\], where

B, = min R(q), and B, = e R(q). (9)

The theorem claims that the identified set is an interval, so every point in the interval
is achievable by some p € M(q),q € Q(A\). This property is not immediately obvious
when optimizing over (g, u): when we optimize over ¢, the objective function is potentially
nonconvex, since ¢(q) is nonlinear in ¢. Continuity of functions and convexity of sets are
hence required for the result. Proof details are in Appendix D. Notably, even if Assumption
3 fails, (9) still yields valid bounds, albeit conservative.

Generally, when using M,,,(¢) and Q,,()\), the bounds are not sharp in that the (g, u)
pair that solves the problem need not be compatible with the data. The non-sharpness
arises from two problems. The first problem is that not all ¢ € Q,,(\) is compatible: for
instance, it is known in the literature that there are tests for monotonicity (e.g., Richardson
and Robins (2010); Kitagawa (2015); Huber et al. (2017); Noack (2021)), so ¢p = 0 need not
be compatible with the data. The second problem occurs because we have only used infor-
mation on the means across distributions, and we have not yet exploited all distributional
information. If outcomes are discrete, sharp bounds can be obtained by parameterizing the
entire joint distribution of (Y(0),Y (1), ¢g), which is the approach taken by Balke and Pearl
(1997). If the outcome is binary and all ¢ € Q,, are compatible, then we have sharp bounds,
since M,,,(¢q) U [0, 1]% contains all distributional information.

The sensitivity parameter also has a nice feature stated in Theorem 2, which reduces the

number of inequality constraints.
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Theorem 2. Let 2y, 2,2’ € Z. ]fzges(io g < )\Zg,es(c gy for all zy € Z\{k—1},

,Z20+1 20,20+1)

then des(dz n <A Zg/esz I for any instrument value pair (z,2").

This theorem implies that we do not need to consider all instrument pairs — it suffices
to consider adjacent instrument pairs. For intuition, when there are no defiers at both the
(z,z+ 1) and (z + 1,z + 2) margins, it must be that there are no defiers at the (z,z + 2)
margin, because the defiers at the (z, z + 2) margin must switch at either margin. In light

of this result, we only have to check k£ — 1 instead of (g) constraints.

Remark 2. The property in Theorem 2 is a feature of defining the sensitivity parameter
in this way. If we had instead defined the sensitivity parameter as an upper bound on the
proportion of defiers as done in Noack (2021), we no longer have this property. To see this,
suppose we have three discrete instrument values {0, 1,2}. Sensitivity parameter 7 is such
that qu00) + ga01) < 7 and go1,0) + qa10 < 7* at the (0,1) and (1,2) margin of the
instrument respectively. In the worst case, we will have g ,0,0) = 1" and gq,1,0) = *. Then,

at the (0,2) margin, q(1,0,0) + q1,1,0) = 21*, which is not bounded above by n*.

Remark 3. Constructing the sensitivity restriction as ¢p/gqc < A makes A interpretable
across applications. Suppose we have gp = 0.01 — if g¢ = 0.5, then the violation of
monotonicity is relatively small; but if go = 0.02, the violation would be rather large. A
reflects the difference, despite having the same gp. Nonetheless, if making an assumption on
gp directly instead of gp/gc is more interpretable in a particular application, a constraint of

the form ¢p < Ap can be used in Q without loss.
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2.4 Implementation

To implement the procedure proposed in the paper, we can simply use the sample analog.

We observe data (Y;,T;, Z;) for i = 1,--- ,n. An implementable algorithm is:

1. Estimate probability objects p;, by p., = % Use sample analog F Y|T =

t,Z=z2= -3 in g Yifor EY|T =t,7 = 2|, ny, =3 | 1[Ti =, Z; = 2.
2. For given g € Q(\),

(a) Plugin E[Y|T =t,Z = 2] and ¢ into (2).

(b) Set up the objective function and solve the linear program in (8). Output the

value of the objective function R(q).

3. For given A, optimize output of Step 2 over ¢ in the outer loop as in (9) using the

sample analog.

Denote the estimators obtained from the sample (é \ Ex) for the lower and upper bounds
respectively for the problem in (9). These estimators can be shown to be consistent by ap-
plying the Glivenko-Cantelli theorem to iid data, for instance, and applying the continuous
mapping theorem after proving continuity in the program. Inference can be done by the
projection method, and details are in Appendix B. In empirical applications, the instru-
ment may be valid only conditional on covariates, so Appendix C extends the procedure to
incorporate covariates.

While the above procedure suffices for the numerical results in this paper, as Section
3.1 shows how Step 3 can be reduced to a one-dimensional optimization problem, Step 3
may be unwieldy in general as the dimension of ¢ can be large. To address this concern,
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Steps 2 and 3 can be combined into a bilinear program so we jointly optimize over (g, u).
Most objective functions considered can be written as linear fractionals of ¢, i.e., ¢(q)'u =
q' Ap/d' q, for some conformable matrix A and vector d, with d’'¢ > 0 and linear constraints
on (u,q), say Bq < b,Cu < c. Applying the Charnes-Cooper transformation by defining
t :== 1/d'q,r := q/t, the program is equivalent to optimizing " Ay over (r,t,u) such that
dr =1,Br < Bt,Cu < ¢. Then, standard algorithms for bilinear programs (Dutz et al.,

2021; Shea, 2022) can be applied.

3 Identification of LATE*

The method in Section 2 is general, and allows partial identification of any combination
of treatment response groups. Nonetheless, researchers often care about compliers. Hence,
this section discusses and interprets LATE*, which is defined as the TE on compliers in
counterfactual policy environments.5

For ease of exposition, I consider a binary instrument using the (A,C,D,N) notation as dis-
cussed in Section 2. The response groups in the counterfactual environment { A*, C*, D*, N*}
can be defined on T*(z) analogously. Using G € {A,C, D, N} and G* € {A*,C*, D*, N*} =:
Gs to denote response in the original and counterfactual environments respectively, gog =
Pr(G, G*) denotes the proportion who were GG in the original environment and G* in the new

environment. Conditional probabilities are denoted g+ := Pr(G*|G) = qac+ /(X preg,, don)-

SLATE in Angrist and Imbens (1994) is defined under monotonicity as the TE for the subpopulation who
respond (i.e., change their treatment status) to the instrument, which is equivalent to the TE on compliers
(TEC). In the presence of defiers, the TE on the marginal population (TEM) and TEC are no longer
equivalent. Since LATE was defined on a subpopulation with a particular treatment response status, it is
sensible to define it as the TEC when there are defiers present. Hence, I define LATE* in the rest of this
paper as the TEC in the counterfactual environment. We could also instead calculate TEM*, but I focus on
LATE* to be concrete.
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Using the definition that the LATE* is the TE for the counterfactual compliers, and pugg+s :=

EY (@) |G, 6,

LATE* — ZG lelels (,UGC*l - ,UGC*O).
ZG dao+

The LATE* is useful for several reasons. First, the counterfactual environment could
differ in place or time. Since the Angrist and Evans (1998) used US data, if we believe that
the Canadian population is similar to the US, and its only difference is that it has better
childcare, then the LATE* is what the LATE in Canada would be. For extrapolation over
time, the study used 1990 data, but the current policy environment has changed since then,
so the LATE* tells us what the LATE is now. Second, the LATE* is as useful to the policy
maker as the LATE. If LATE features in the policy function, then so must the LATE* once
the policy is implemented because the environment would have changed. For example, if
the policy maker wishes to give a $2000 subsidy in two tranches, once the first $1000 has
been rolled out, the “LATE” would have changed, and we cannot expect the second $1000
to yield the same effect. This occurs because people no longer stick to their original groups.
Such a setting is relevant when policy makers only have old studies or surveys available to
inform current policy implementation. Third, the LATE* is useful in calibration. Parameter
values in a model may be calibrated by using estimates from other studies. Then, the
approach in this paper gives an explicit way of thinking about how the study at hand differs
from the original study that the parameter value was calibrated from, and consequently the
appropriate bounds on these values. Fourth, even though the LATE* is not point-identified,

it is useful in policy choice when the social planner has a min/max objective function. The
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policy-maker can then choose policy rules by using the worst-case bounds obtained. Finally,
since LATE* identifies the TE for a subpopulation, it is useful for assessing the robustness
of conclusions on TE.

Since the object of interest is the LATE*, when considering policy changes that do not
change the potential outcomes and unobservables, it suffices to characterize the proportions
of original groups becoming C* in the counterfactual environment. Hence, the counterfactual
policy environment is characterized by the four extrapolation parameters g+, denoting the
proportion of the original groups switching into our group C* of interest. Using this setup,
LATE and ATE are special cases of the LATE*: LATE is the LATE* without extrapo-
lation, and ATE is the LATE* when everyone switches into C*.” Nonetheless, in many
counterfactual policies of interest, such as increasing the instrument strength or increasing
treatment propensity, only gc+x and gc-|c matter, as these counterfactual environments

imply gcsj4 = 0 and go+p = 0.® T provide two examples.

Example 1. (Changing Instrument Value). In Duflo and Saez (2003), people were randomly
given a letter that gave them $20 if they attended the meeting, but they could have been
given $30 instead. This counterfactual corresponds to changing the instrument value (Z),
say from 1 to 2. Researchers were interested in the effect of the meeting (T) on taking

up a pension plan (Y). Here, 7%(0) = T'(0). The counterfactual compliers are those with

"Observe that there is no gain in using sensitivity analysis for ATE, as observed by Kitagawa (2021), because
the bounds are the widest when the proportion of defiers is the smallest.

8Recent literature that deal with counterfactual environments as in Carneiro et al. (2010), Carneiro et al.
(2011) and Mogstad et al. (2018) consider three counterfactual policies. These policy counterfactuals are in
the class considered by Heckman and Vytlacil (2005), which involves policies that do not affect the marginal
treatment response of T on Y. Their policy counterfactuals include (i) Additive « change in propensity score
with the same instrument value (ii) Proportional 1+ a change in propensity score with same instrument (iii)
Additive o shift of the jth component of Z, so Z* = Z + ae; and p*(z, z) = p(z, z). Changing the value of
the instrument corresponds to policy type (iii) and monotonically changing the probability of being treated
corresponds to (i) and (ii), so I group the first two together.
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T*(2) = 1,7*(0) = 0. Groups with 7(0) = 0 are the original compliers and never-takers, so

only C' and N can become the counterfactual C* group.

Example 2. (Changing Treatment Propensity). A policy may subsidize childcare in the
Angrist and Evans (1998) context: regardless of a couple’s gender preference, the probability
of having a third child increases, i.e., T*(z) > T'(z). Researchers were interested in the effect
of a third child (T) on labor force participation (Y), and T is instrumented by first two kids
having the same sex (Z). The counterfactual compliers are those with 7*(1) = 1,7%(0) = 0.
Since the policy weakly incentivizes treatment, individuals in C* must have had 7'(0) = 0 in

the original environment, which can only include the original C' and N groups.

While we have not seen people respond to the counterfactual incentives, we have seen
people respond to other incentives. If we put bounds on the fraction of people who respond to
the counterfactual environment but not the original, we can make progress. To bound such
fractions, some economic reasoning is required for how the environment maps to the fraction:
in Duflo and Saez (2003), we require a mapping from the financial incentive to fraction of
people changing their behavior; in Angrist and Evans (1998), we require a mapping from the

subsidy amount to the fraction.

Remark 4. (Relation to extrapolation in Marginal Treatment Effects framework). Without
monotonicity, T = 1[v(Z,u) > 0] for some v(.). The counterfactual policies map to (1)
Change the value of the instrument so 7" = 1[v(Z*,u) > 0]; and (2) Change the threshold
for everyone so T* = 1[v(Z,u) > —a/, increasing treatment propensity. I defer details to

Section 3.2.

The objective is hence LATE* = E[Y (1) =Y (0)|g € {CC*, NC*}], which can be written
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as a linear function of pgg+. The sensitivity restrictions may be constructed analogously,
where A restricts the proportion in both the original and counterfactual environments. For

instance, when increasing the treatment propensity, the defier restrictions are:

qpp* + qpa < Mgee + qea), and (10)
10

qpp+ + qnp+ < Mgoo- + qne-).

This problem can then be written in the form of the linear program in Section 2, which
uses an inner linear program R(q) that is cheap, and an outer problem that optimizes over q.
The implementation for the threshold crossing counterfactual is explained in the next sub-
section; the implementation for changing the instrument value is analogous, and is explained

in Appendix A.1.

3.1 Treatment Propensity Implementation

To show how the framework of Section 2 applies, it suffices to specify the following: (i) the
objective function (ii) what the groups g are (iii) linear restrictions for x in the inner problem
(iv) the constraint set for ¢ in the outer optimization problem. Item (i) is LATE*, so the
rest of this subsection explains the other items.

In our policy counterfactual, A will still be A*. C' can remain C*, or they can become
A* when the policy is strong enough to shift their Z = 0 treatment to 7' = 1. The same
argument applies to D. Finally, consider the N group. If the policy is weak, they would
remain N*. The policy may affect the outcome for only either Z = 0 or Z = 1, which

changes their response behavior to D* or C*. The policy may also be strong enough to get
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the N group to T' = 1 regardless of the instrument. Then, N can change their behavior to
N* . C*, D*, or A*.

Although there are 9 response types, if the researcher does not wish to impose restrictions
on qgg+ that affects the sensitivity inequalities, we can essentially deal with 6 response groups
(A,CA*,CC*, D, NC*, NC"™), where NC"™ denotes the set of groups that switch from N to
anything but C* in the counterfactual policy environment, and D is the cell that collects
all types who were defiers in the original environment. To be precise, define the following

objects when there are 9 treatment response groups:

LATE"* — qeo+ (oo — poco) + qne (Uve=1 — neeo)
qcox + qnox

Y
!/
Y

q= <QA7 dca*,9cc+,9DA*, 4DA, AN A=, {NC*, N D*, QNN*)

R “(¢):= max LATE", and

peMEL (q)

MIC(q) = pel0,1]™: Y quu=p.EY|T=tZ=z2 V2e{0,1},t€{0,1}
g:T(z)=t

When there are 6 treatment response groups,

R(§) == max LATE",

AEMm (q)
N e !
q = (C_IA, gcc+;qccr*, 49D, NC*, QNC’*) )
R !
W= (uAh,qu, Hccex, MCC*O;NOC’*I;NCC’*O;HDI;MDO7HNC*I»MNC*O»MNC’*I»NNC’*O) , and

Mu(@) = e (0,1 > Goug =peEY|T=t,Z=2 Vze{0,1},t€{0,1}

g:T(z)=t
Proposition 1. Consider ¢ = (qa, gcax, gocs, qpax, qpa, gy a+, qnc+ N+, qnn+) - If qoern =

23



—T1C -
dca+s 4o = qpa+ + qpa, and gy = qnax + Qo= + qune, then R (q) = R(q).

Proposition 1 tells us that the bound for our object of interest does not change when we
solve the 6 response group problem instead of the 9 response group problem, as long as we
use the minimal constraint set M2 (q) for u. The proof proceeds by using the observation
that LATE* is a function of (qoo+, nes, oo+, feo+o, Wne+1, inco). Then, it remains to
argue that both optimization problems place the same restrictions on those parameters.

Finally, we can consider the constraint set on q. There are two restrictions in the form of
(5); two restrictions based on the chosen gc+|c, go+|n as go=ja = qGC*/(ZH*egC,- qer+); and
probabilities must sum to one. In addition to the five linear equality restrictions, sensitivity
restrictions (10) must be satisfied. By using the linear equality restrictions, we only need
to optimize over a single parameter in the outer problem with ¢q. To see this result, there
are 5 linearly independent restrictions involving ¢, and we can also write qp = ¢qp as a
trivial relationship. Hence, using a system of 6 equations and 6 unknowns in ¢, for a given
environment, once we know ¢p, we know the rest of the ¢ vector. Details are in Appendix
A.2. Consequently, bounds on LATE* can be obtained by solving a cheap linear program in
w1 in the inner loop with a one-dimensional optimization over ¢p in the outer loop.

The next subsection gives examples of selection equations that justify treatment response

groups. It can be skipped without loss of continuity.

3.2 Example of Selection Equations

In counterfactual environments, we could augment v(Z, u) in Mogstad et al. (2018) to account

for defiers, but it is difficult to do so without more structure on how defiers feature in the
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selection equation. Since characterizing the counterfactual environment based on groups
is new, it is instructive to consider how this approach relates to selection equations. In
particular, I show how selection equations under monotonicity with a binary instrument
maps to groups in the counterfactual environment. I then use that intuition to explain
what happens with a nonseparable selection equation. To begin, I consider the case without
defiers, so the selection equation is given by T' = 1[#(Z) > u], where u ~ UJ0, 1]. Since Z is
binary, 7(Z) can only take two values, and the environment is illustrated in Figure 1.

In Figure 1, panel (i) illustrates the original environment, so low values of u are always-
takers, those with middle values of u are compliers and those with high values of u are
never-takers. Since u is uniformly distributed, g4 = 7(0), gc = 7(1) — 7(0),qn = 1 — D(1).
In panel (ii), we have a counterfactual environment where the threshold is shifted by « such
that 7% = 1[0(Z) + a > u]. Consequently, the A*, C*, N* groups are defined by the new
cutoffs at 7(0) + a and (1) + «. Panel (iii) combines the groups from panels (i) and (ii):
for instance, the C'A* group are observations with u € [7(0),7(0) + aJ, as they would have
been compliers in the original environment, but always-takers in the new environment. With
monotonicity, a has a natural interpretation in that propensity for treatment is increased
by a. With the existing illustration, there is no NA* group, because « is small. When «a
is large enough, we will have a scenario like panel (iv), where, by doing a similar analysis
as before, an NA* group exists, but we no longer have a C'C* group. A corollary is that,
under monotonicity, we can only either have NA* or CC*, but not both. In the empirical
application, I have a relatively small «, so I have the CC* group.

When monotonicity fails, we have a nonseparable selection equation T = 1[v(Z,u) > 0],

u ~ UJ0,1]. One possible v(.) function that can generate a nontrivial proportion of defiers
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(though not unique or interpretable) is as follows:
2| . 3 21
v(Z,u) =1 {u < g} sin (3u7r — §Zu7r) +1 {u > 5} sin (bur — 6m — Z (3ur — 3m)). (11)

The v(Z,u) is application-specific. The goal here is not to argue for the empirical relevance
of any particular v(Z, u), but to show that there exists such a function that rationalizes the
group formulation. This function is more clearly illustrated in Figure 2 in panel (i). The
solid nu0 line plots v(0,u) while the dashed nul line plots v(1,u). For u < 1/3, both the
solid and dashed lines are above 0, so they form the A group. For uw € [1/3,2/3], only the
dashed line is above zero, so they would be treated when Z = 1 and untreated when Z = 0,
so they are the C' group. By doing the same analysis, u € [2/3,5/6] are the defiers and
u € [5/6, 1] are the never-takers. Panel (ii) illustrates the counterfactual environment where
T* = 1[v(Z,u) + a > 0], which shifts the v function up by a = 0.5, but the shape remains
unchanged. In this non-monotonic environment, « is less interpretable. By looking at the
regions where the dashed and solid lines are above or below 0, we can work out the new
A* C*, D*, N* groups. Panel (iii) combines the old and new groups from the previous panels
to illustrate the region of u values that form the 9 treatment response groups. Unlike the
separable case, it is possible to generate all 9 groups simultaneously.

If the researcher has a selection function v in mind, such as (11), then it is possible
to analytically derive the intercepts of the relevant curves and hence the ¢ vector. With ¢
known, bounds can be obtained conveniently using the linear program. Instead of estimating
v(Z,u) or imposing additional assumptions on v, the approach in this paper transparently

makes assumptions on the g vector by using gc+|c, go+|n as extrapolation parameters.
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4 Empirical Application

In the Angrist and Evans (1998) problem, we are interested in the effect of a third child (T)
on women’s labor force participation (Y), and the instrument is whether the first two kids
are of the same sex (Z). All variables are binary. Defiers are parents who have a preference
for either two boys or two girls. Following Angrist and Evans (1998), I focus on the 1990
IPUMS data for mothers.® This empirical application illustrates how sensitivity analysis
bridges the two extremes of monotonicity and worst-case bounds for LATE and LATE*,
giving bounds at intermediate values of A\. The bounds vary continuously with A\, and are
sensitive to failures of monotonicity. As a benchmark, De Chaisemartin (2017) argues that
5% of defiers is a conservative upper bound, which translates to A = 0.44. Further, ¢gp = 0
is in the confidence interval constructed by Noack (2021).

We have n = 380007 observations and the proportions are given by f’;(Z = 1) = 0.504,
Pr(T = 1|Z = 1) = 0402 and Pr(T = 1|Z = 0) = 0.339. Hence, the first stage is
0.063. Suppose we are interested in a counterfactual environment where there is a childcare
subsidy that has a marginal effect on the probability of a third child. Here, LATE* =
E[Y (1)=Y(0)|C*] is the TE for people who used to be C' and remain C*, and people who were
N but become C* when there is a childcare subsidy. The units in the CC* group have very
strong preference for gender balance, and are hence unmoved by the subsidy, and the units
in the NC* group may be interpreted as those with weak preference for gender balance, but
need a sufficient financial incentive to have a third child. Since existing papers (e.g., Carneiro

et al. (2010)) calculate counterfactual effects at the margin i.e., go«jc = 1, qc+nv — 0, I use

9The baseline implementation follows their Table 5 where no additional covariates were included. The imple-
mentation with covariates follows their Table 8(2).
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qc=1c = 0.99, gc+|nv = 0.01 to mimic their approach. This environment can also be interpreted
as a 1% change in the relevant proportions.

Figure 3 presents the main result for sensitivity analysis. I impose the condition that
—0.3 < pg1 — pgo < 0 for all g, which is reasonable when the researcher believes that the
TE for all groups is negative, and the data informs us how negative this TE is. With the
OLS benchmark of —0.134, TE of —0.3 (which is more than twice the OLS benchmark)
is a conservative a priori lower bound. Since the intersection of convex sets is convex, the
additional a priori restriction of y,1 — g0 € [—0.3, 0] satisfies the conditions of Theorem 1.*°
Only estimated bounds are presented, and issues on inference are omitted.

The OLS estimate of —0.134 is a benchmark for how informative the bounds are. In-
struments are used in this context because we believe that OLS is downward biased: there
are unobservable characteristics where people who are more likely to have a third child are
also those who are less likely to work. Since IV is used to correct this downward bias,
when the lower bound of the identified set hits the OLS estimate, the procedure is no longer
informative about correcting the downward bias.

The curve labeled LATE is the original policy environment (i.e., no extrapolation). At
A = 0, there is point identification, resulting in the original LATE of —0.083. It is evident
here that, even without extrapolating, bounds can be very wide (and uninformative) when
monotonicity does not hold, but sensitivity analysis allows us to obtain the intermediate
points. The lower bound of the LATE is above OLS for A < 0.2, but it becomes uninformative
for A > 0.25. Hence, we can conclude that the LATE bounds are informative only for small

values of \. In the special case where the minimal constraint set M,, is imposed, the LATE

10051 — pgo € [—0.3,0] is the intersection of half planes, which is convex.
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bounds are linear in A, a result in Noack (2021).

The counterfactual environment labeled LATE* with g4« = 0.01, gc=y = 0.01 incen-
tivizes both groups into treatment. When gyc~ is nonzero, the worst-case bounds of {—0.3,0}
are imposed for p e+ — pive+o, and the bounds are no longer linear in A\. When monotonicity
holds, the identified set is [—0.103, —0.0737], which is informative; the bounds become unin-
formative for A > 0.2. When we relax the sensitivity parameter, the upper bound eventually
gets close to the trivial upper bound of 0. The numerical bounds on LATE* depend on the
extrapolated environment: if we had extrapolated more, the LATE* at A = 0 can be much
wider than LATE at A = 0.1. Hence, the bounds are informative only for small violations of
monotonicity, and a counterfactual environment that differs locally.

The curve in Figure 4 uses the same set of covariates as in Angrist and Evans (1998).
Implementing the procedure in Section C yields the curve in Figure 4. The result is qual-
itatively similar to Figure 3, but the magnitudes differ when controls are included. When
there is no extrapolation and monotonicity holds, we point identify the TSLS estimand from
the original study. As we extrapolate the environment and allow A to increase, we obtain
bounds on the LATE* that widen. The X required before the result is uninformative is also

higher than the setting without covariates.

5 Conclusion

This paper shows how policy relevant treatment parameters, including LATE and LATE*,
can be partially identified with a sensitivity parameter that controls the extent monotonicity

fails. Identification uses assumptions on proportions of the population that have a particular
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response to the instrument instead of assumptions on the outcome function. This paper
impacts empirical practice by providing a novel tool: sensitivity analysis of PRTP to failures
of monotonicity, even for various treatment effects in extrapolated environments and when
covariates are present. Depending on the empirical application, it may be more sensible to
construct some structural model on selection v(Z,u) (e.g., Chan et al. (2022)) instead of
parameterizing the problem based on E[Y(d)|g]. Having a structural model is application-

specific and left for future work.
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A Details on LATE*

A.1 Changing Instrument Value

Suppose we have a counterfactual instrument value Z*. For illustration, I extrapolate the
instrument rightward: in the original study, we have Z € {0, 1}, but now we have Z* = 2.
The reasoning is similar if we wish to interpolate the instrument, or extrapolate leftward.!!
For every original group G € {A,C, D, N}, individuals can have two possible responses at
Z* = 2, resulting in 8 treatment response groups, given by (7°(0),7'(1),7*(2)).

LATE* is the TE for the compliers in the counterfactual environment. Since LATE is
defined on an instrument pair, we have to consider which instrument pair the researcher
is referring to. In the right-extrapolation exercise, one of the instrument values is Z = 2
that we do not have data for, so the LATE* can be defined either at the (0,2) pair or the
(1,2) pair. In the Duflo and Saez (2003) running example, we ask what the LATE of the
experiment would have been if we had given people $30 instead of $20. This corresponds
to the (0,2) pair, because the control group still did not receive any financial incentive,
and the treatment group simply received a larger incentive. Hence, 7%(0) = 7'(0). In
the right-extrapolation setup, compliers are those who switch their treatment status from
0 to 1 at the 0-2 instrument margin. This would be groups (0,0,1) and (0,1,1). Thus,

LATE* = E[Y(1)-Y(0)|g € {(0,0,1),(0,1,1)}]. We can write this using the ¢(g)’ notation

Hnterpolation in Duflo and Saez (2003) with a $20 incentive would ask what the LATE is if $10 had been
offered.
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for the objective function:!?

LATE" = E[Y(1) = Y(0)lg € {(0,0,1), (0, 1, 1)}] = Y _ cqul@)ge = E[Y (1) = Y(0)[C7].

gt

The four observed distributions will now each be a mixture of four extrapolated groups.
Namely, in T" = 0, Z = 0, we originally had N and C. When extrapolating rightward, the
original N consists of (0,0,0) = NN* and (0,0,1) = NC* while the original C' consists of
(0,1,1) = CC* and (0,1,0) = C'N*. Groups such as NA* cannot exist in this environment.
Hence, the distribution Y'|T' = 0, Z = 0 now contains a mixture of four groups (0,0,0), (0,0,1),
(0,1,1) and (0,1,0). Given ¢, M(q) is well defined by mean compatibility as before, specialized
to our binary context, and using only the information from the original environment that

we have data for:

ME=(q) = pe0,1]': Z Qottgt = P EY|T =t,Z = 2] Vz € {0,1},t € {0,1}
g:T(2)=t
(A.1)
It remains to consider what Q(\) is with extrapolation. For the extrapolation parameter,
observe that gc« 4 = qc+p = 0 by construction, so we only have to consider gc-|c and go«|n-

To make the extrapolated environment comparable with and without monotonicity, we can

set gn+jc = 0, 50 gc=|c = 1. This rules out the (0, 1,0) group, which has defiers at the 1-2

12The interpretation for the LATE* is the TE of the meeting for people who are somewhat sensitive to financial
incentives: this group includes (0,0,1) who are less sensitive to the incentive than the original compliers who
are (0,1,1). The coefficient takes the form:

(—=D'""q0,0,1) : _
4(0,0,1)+4(0,1,1) ifg= (O’ 0, 1)

— ) =D'""q0,1.1 . _ .
cqt(q) FRPEIET TN if g=1(0,1,1)

0 otherwise

37



margin. Hence, the only extrapolation parameter is gc+ny = Pr((0,0,1)|N). At the 0-1 and

1-2 instrument margins, sensitivity restrictions are:

401,00) T 91,00 < AMq0,1,1) + 90,1,0)), and

90,1,0) T 91,100 < Mq0,01) + 91,0,1))-

Hence, the constraint set is:

q(0,0,1)
4(0,0,1) T 4(0,0,0)

fo()\;qc*w) = {q :Eq. (5) and (A.2), = qc+|N, 4(0,1,0) = O} ) (A.3)

Corollary 1. Suppose jig is finite for all g,t. Then, using M(q) = M}, (¢q) and Q(\) =

QFz()\), the identified set for the LATE* is an interval.

Extrapolation is characterized by ¢, so the analysis here does not depend on the value
of Z. Regardless of whether the counterfactual Z is 1.1 or 100, the same argument from
extrapolating rightward applies. Instead, the approach parameterizes the extent of extrapo-
lation by the ¢ vector. Namely, Z = 1.1 is an environment that is very similar to the original
policy, so we expect go-y close to zero. In contrast, with Z = 100, or a very different
propensity score, it is analogous to a large extrapolation with gc=|n close to 1. For instance,
this could be a monetary incentive, so having a large incentive would move all N into taking

up treatment.

Remark 5. When LATE* is defined as the TE on some subpopulation, we can use the
same method to obtain TE on other subpopulations that are potentially more interesting.

For instance, (1,0,1) is the group that are defiers at the $0-$20 margin, and compliers at
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the $20-$30 margin in Duflo and Saez (2003). Behavioral studies on fund raisers in Gneezy
and Rustichini (2000) show such behavior exist, where giving a bit of financial incentive
disincentivises intrinsic effort, but offering a large financial incentive increases their effort.
LATE* answers: For people with such behavioral responses, what is their take-up rate of a

pension plan?

Remark 6. (Overpowering Experiments). Having a large incentive, say $100 in the Duflo
and Saez (2003) experiment, can incentivize many people into treatment (the meeting). But
this also includes people who go just for the money rather than because they are interested
in the pension plan. If the incentive were $5 instead, the LATE of information on taking up
the pension plan is likely larger, since this excludes the people who are not interested in the
plan. Exercise in extrapolation places bounds on what the results of the experiment would

have been if it had been designed differently.

A.2 Unified Econometric Approach

This section explains how the multi-dimensional optimization in the outer loop over the
vector ¢ in the two different counterfactual environments can be simplified into a one-
dimensional optimization problem in the outer loop. The inner loop is then a function
of this one-dimensional parameter, and solves a linear program. Hence, estimation of the
bounds is tractable. The treatment propensity counterfactual is explained in Section 3.1.

There is an analogous result in the counterfactual that changes the instrument value.
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For right extrapolation, with ME%(q) as defined in (A.1), define:

—Ex — + —
RE (q) — max LATE* — max C](0,0,1)(#(0,0,1),1 M(o,o,l),o) Q(o,1,1)(u(0,1,1),1 M(o,1,1),0).
peME=(q) peME=(q) 4(0,0,1) T 4(0,1,1)

Lemma 1. Consider ¢ = (Q(O,O,O)aQ(0,0,1)>Q(o,l,O),C](o,1,1)>Q(1,0,0),61(1,0,1)7Q(171,0),C](1,1,1))- If g4 =
q(1,1,0) + 90,1, 9ocr = qoa,1), 4o = q0,1,0), 9D = 41,000 T 41,0,1), ANC* = q(0,0,1), and

—Fx ~
qne = q(0,0,0), then R (q) = R(qG).

With Proposition 1 and Lemma 1 telling us that the inner loop of the two counterfactual

programs can be solved using a 6-parameter problem, the main result of this section is:

Theorem 3. With scalar qp, there exists an invertible matriz J and vector v(qp) that are

known functions of (qp, pi=, qe+|c) such that:

—=TC

B T 0=, R T vlao)) ond A
qeg%n}%/\) FEI(Q) = qulQ%}i(x\) R(J "v(qp)), (A.5)
where
Q50 = {ap € 0.1): gp < 200 =D g (A.6)
- (poo + p11 — qp)(1 — go+|c) — 240+ |c

0B (A) = QTN N {qD

-1 «
S)\<qD+ +p11 +qo N+QD>}.

-2+ qo+|c =2+ qc+|N

(A7)
The result for the minimum is analogous.

The upshot of Theorem 3 is that bounds on the object of interest such as max,cgre y) R (q)

can be obtained by solving a one-dimensional optimization problem in ¢p instead of a multi-
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dimensional problem. Observe that we are using the same R, .J, and v(gp) in both problems,
so the inner problem is econometrically identical. Further, R(q~) is a linear program in i, so
it can be solved efficiently. To prove this result, first use the previous two lemmas to ob-
tain equivalence in the inner program. Then, observe that there are 5 linearly independent
equality constraints in the ¢ problem, so once ¢p is known, ¢§ = J 'v(gp) is known. Their
expressions are provided in the proof in Appendix D. The remaining constraint set for ¢p

comes from sensitivity restrictions that have been set up differently.

B Inference

Using Theorem 3, there are six groups when using M,,, and Q,,,: (A4, CA*,CC*, D, NC*, NC"™).

Proportion restrictions on p,, yield:

El(qec + qoar + ane + ayew — (1= T))(1 = Z)] =0, and

El(gee + qoa +qa —T)Z) = 0.

Mean compatibility constraints are:

EKQNC*#NO*O + gner=pinerso + oo octo + qoasplearo Y) 1-T)1-2)| =0,
qnc+ +qne + qeor + qoar

E[(QAuAl +appp1 Y)T(l _2| =0
4a +dp

E KQNC*MNC*O +qnc=pNe=o + qpipo Y) (1-T)Z| =0, and
gnc+ + qne+ +4p

E [(%Mm + qcaspca + Jeofplocs1 Y> Tz
qa + qoa+ + qeor
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Finally, there are inequality constraints imposed by a binary outcome, and further re-

strictions on the ¢’s imposed by the sensitivity parameter:

Ogﬂgtg 1, qugg 17 4D S)\(QCC*+QCA*)7 quzla
g (B.10)

qco+ o d gNC+
= qc*|C» an

_ —— = (gc+|N-
qccr + qoax qNc+ + gNor |

In general, with moment equalities and inequalities, algorithms such as Andrews and
Soares (2010) can be applied. In this application, uncertainty from the data only features in
moment equalities of (B.8) and (B.9), so I proceed only with moment equalities.

Parameters are denoted 6 := (¢, ¢’)’. Let m(f) = 0 denote the moment conditions of
(B.8) and (B.9), where m(0) is the vector of expectations, and let () be the sample analog.
Under standard CLT assumptions, /n(m(6) — m(6)) 4N (0,€), where € is the variance
covariance matrix for the moment conditions. Since m(6) = 0, T'(9) := nrn(0) Q2 1m(0) 4 Xz
for the test statistic T'(f). The x? distribution has 6 degrees of freedom because there are 6
moment conditions. We do not reject 6 if T(0) < x2(1 — a) =: ¢, for a size « test, where ¢,
denotes the critical value. Since () can be consistently estimated, plug in the sample analog
Q) to use feasible test statistic T'(0) := nim(0)' Q1 (0) 4 X2 for inference.

Finally, to calculate the upper bound for the confidence interval, solve the following
problem:

~

, n?ax) clg)p st T(0) < ¢q, and 6 satisfies Eq. (B.10). (B.11)
=(q' 1)

Calculating the lower bound is analogous. This problem corresponds to having a partially
identified # that is in confidence set Cp, and we are interested in the confidence set (CS) of

g(0) = ¢(q)' 1, and in particular the extremum of the CS of g(6). The procedure described

42



here is identical to the projection method described in Dufour (1997) Section 5.2 for obtaining

a CS for g(f). These optimization problems can be implemented using canned packages.

C Extension to Incorporate Covariates

In many situations, the instrument is valid only conditional on covariates, and hence re-
searchers may wish to incorporate covariates into their model. Covariates W feature in
the model through Assumption 1, which would be: E[Y(t)|g,z, W] = E[Y (t)|g, W] and
Pr(glz, W) = Pr(g | W) for all g,z, W. There are at least two ways that they can be in-
corporated. One way mimics Noack (2021, appendix A3): we can run the aforementioned
procedure at every covariate level w, then reweigh the bounds by the covariate masses. While
this procedure yields more restrictions and hence tighter bounds, it is computationally in-
tensive, requires the researcher to make an assumption on defier bounds and extrapolation
parameters for every covariate value, and does not nest the two-stage least squares (TSLS)
estimand in general. It is also cumbersome when W is continuous. Without further assump-
tions, this is the only procedure available to the best of my knowledge.

Instead, T propose a second approach for the LATE*. With covariates and without
extrapolation, researchers run the TSLS regression as a standard practice. Hence, a goal
of the procedure is to nest TSLS with covariates as a special case without extrapolation
and when monotonicity holds, and I provide conditions under which such a procedure is
reasonable. This procedure allows some dependence of iy and g, on W, and augments the
existing linear program.

Without extrapolation and with monotonicity, parametric assumptions are already re-

43



quired to interpret TSLS with heterogeneous treatment effects when there are covariates
(e.g., Blandhol et al. (2022)). In particular, theory has developed around interpreting TSLS
as some weighted average of LATE’s (i.e., weighted average of treatment effect of compliers
at different covariate values), but it is often not obvious why that particular weighting is the
most interesting. To circumvent the issue of which weighted average of LATE’s should be
targeted, I consider the environment where the treatment effect for compliers is the same at
all covariate values, motivating the assumption below.

To be clear on notation, linear regressions are run with a constant, and W does not

include the intercept term. T and Z are binary. Assume the following:

Assumption 4. (a) For g € {CA*,CC*,NC*,D}, q, = Pr(g|W1) = Pr(g|W2) for all
Wi, Wa, while for g € {NC"}, ¢, = o + a,W. qa can depend on W flexibly.

q € [0,1]%.

(5) 1pi(W) = npi + €p (W); for g € {CA*,CC* NC*Y, (W) = g + €W for g €

{NC™} p1ge(W) = nge + &, W. Finally, j14:(W) can depend on W flexibly.
(¢c) E[Z|W]=¢&m 4+ &W e 0,1].

There are three parts to the assumption. Part (a) makes restrictions on the ¢ vector; part
(b) makes restriction on the p vector; part (c) ensures that linear projections are interpretable
as conditional expectations.

In Assumption 4(a), we cannot have goa-, goc+, gp depend on W so that the TSLS esti-
mand does not depend on W. When we are interested in the LATE*, we additionally cannot
have gyco+ depend on W so that the target object LATE* does not depend on W. gycr- is
linear in W so that the conditional expectation of Y'|Z = 0,7 = 0, W is quadratic in W.
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Other parametric forms may be possible, but the expression of the conditional expectation
has to match accordingly. g4 is allowed to depend on W flexibly, as it is differenced out in
the procedure.

The TE for g € {CA*,CC*, NC*, D} must be constant for all covariate values so that
the LATE* and the TSLS estimand do not depend on W. This requirement is denoted in
Assumption 4(b) as having the same &, for treated and untreated potential outcomes so
that the treatment effect 74, — 1,0 does not depend on W. Having the same TE is required
even without extrapolation and with monotonicity so that T'SLS identifies the unique LATE.
The functional form in p(W) is required in this paper’s framework so that we can match
coefficients and obtain a linear program. &p (W) can depend flexibly on W because it is not
used in coefficient matching. In contrast, for g € {CA*, CC*, NC*}, pi(W) is linear in W so
that the conditional expectation of Y|Z = 0,7 = 0, W is quadratic in W. For g € {NC"*},
pge(W) allows &, to vary by potential treatments, and its linearity is required for coefficient
matching. No restriction is required for s (W).

Once ¢gp and the extrapolation parameters gc-jc and g« are fixed, the rest of the
q vector and o’s are point-identified. Details are in Appendix D.3. With « and ¢ point

identified, and poo(W) := Pr [T = 0|Z = 0, W], the assumption implies:

poo(W) = az}%r* + oo W + qnes + qoo + qoas,
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and hence

poo(W)E[Y|Z =0,T =0, W] = aRtnnncro + qNe N0 + doc=Ncc+o + Goas 1o axo
+ (Mnermodyom + afionEero + anoEnes + qoe-cos + qoar€oas) W+ alyer Wy ermoW.

(C.12)

The object of interest can then be written as:

) 1
LATE* = ————  (qec+Noe1 + qneNNes1 — qocTec+o — qNCTING+0) -
oo+ + qNo+

Then, the proposed algorithm for finding LATE* uses the following steps (S):

S1. Run TSLS regression with the full set of controls W to obtain the TSLS estimand /.

S2. Calculate the sample analogs of ¢ and « based on the identification argument of Ap-
pendix D.3 to construct poo(W). Using the partition on 7" = 0,Z = 0, run the

regression of poo(W)Y on 1, W, and (/y.W)W. Denote the intercept as 7o.

S3. Set up the linear program, whose objective is LATE*, optimizing over parameters
1 and appropriate a priori linear restrictions. Additionally, use the following linear

restrictions:
(a) B (QCA* + qoor — C]D) = {qcc~ (7700*1 - 7700*0)+QCA* (770A*1 - 770A*0)+QD (77D0 - 77D1)7
and
(b) v = Oé%btcwﬁNCf*o + qno=MNc+o T qooNeo+o + qoa=TNc Axo-

To see how this procedure is reasonable, first observe that S1 and S2 merely calculates
objects used in S3, so it suffices to motivate S3. When there is no extrapolation, the TSLS
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estimand without covariates is given by [gc(nc1 — 1co) + o (Mpo —1p1)]/(gc — qp). Since the
assumptions are constructed such that the TSLS estimand does not depend on W, S3(a) uses
an analogous expression for the TSLS that accommodates the counterfactual environment.
S3(b) is motivated by (C.12). By regressing the left-hand side on W and a quadratic term,
the intercept term ~y must match the structural objects described.

Due to the constraint in S3(a), the proposed algorithm collapses exactly to TSLS without

extrapolation and under monotonicity. We also use covariate information through S3(b).

D Proof of Results

D.1 Proofs for Section 2

Let b denote the target object, so for a given ¢, the set of feasible values in the inner problem
is:

B(q) ={beR:b=c(q)pn for some u € M(q)}. (D.1)

Lemma 2. Under Assumption 1, suppose that M(q) is convex for some fixed q. Then,
either M(q) is empty and hence B(q) is empty, or the closure of B(q) is equal to the interval
[R(q), R(q)], defined in (8). Further, if M(q) can be written as a system of linear inequalities

in i, both optimization problems are linear programs.

Proof of Lemma 2. Convex M(q) is either empty or nonempty. If M(q) is empty, then by
definition B(q) = (). Next, consider a nonempty M(q). Since a linear mapping of a convex
set also yields a convex set, and ¢(q)'u is a linear map of p, it follows that B(q) is a convex

set. Thus, any b € [R(q), R(q)] must also be in B(q). Proving that optimization problems are
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indeed linear programs is straightforward from its construction. The constraints are linear

in p and the objective function is a linear function of . m

Proof of Theorem 1. Proof for an empty B, is identical to the proof in Lemma 2. Only
consider nonempty M(q). The objective is to show that any b € [ /\,BA] is achievable for
some ¢ € Q(A). For this, I first show first show that R(q) and R(q) are continuous in q.
Continuity of these objects can then be used to complete the argument.

Apply Theorem 2 from Wets (1985) that the objective value of a linear program is con-
tinuous in its hyperparameters. The sufficient condition for the theorem is that the feasible
set in both the primal and dual linear programs are continuous in the hyperparameters. For
the dual problem, it is assumed that M(q) is bounded by Assumption 3(a), so Corollary
11 from Wets (1985) implies that the feasible set of the dual problem is continuous in the
hyperparameters. Turning to the primal problem, continuity in the hyperparameters is given
by Assumption 3(b). The conditions for the Wets (1985) theorem is hence satisfied. Then,
using Theorem 2 from Wets (1985), and the fact that the composition of continuous func-
tions is continuous, with ¢(g) continuous in ¢ due to Assumption 3(c), R(q) and R(q) are
continuous in q.

It remains to show that any b € [ /\,B/\] is achievable for some ¢ € Q(\). Pick a point
¢° € Q()) such that M(q°) is nonempty. This is guaranteed to exist because because we
work in the environment where 3¢ € Q()\) s.t. M(q) is nonempty. Using Lemma 2, any
r € [R(¢°), R(¢")] can be satisfied by some p € M(q). Since an analogous argument can
be made for [8,, R(¢")], it suffices to show that for all b € [R(q°), B,], there exists some

q € Q(A) such that b = R(q). If R(¢°) = B, the desired conclusion is immediate, so I focus
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on R(¢°) < By.

Let g be the ¢ that achieves 8, i.e., B, = R(g). With slight abuse of notation, let
[¢°,q] denote the set of convex combinations on R% between ¢ and g, so it is a convex
set. Since by Assumption 3(d) Q()) is convex, any q € [¢°,q] must also lie in Q()\) and is
hence feasible. Since convex sets are connected, [¢°,q] is connected. Using the fact that the

image of a connected set is connected for a continuous mapping, R([¢",7]) is a connected

set. Since R(q°) and R(q) are both feasible, and R(.) € R, [R(¢q°), R(q)] € R([¢°,q]). Hence,

Jq € [¢°,q] € Q(A) such that R(q) € [R(¢°), R(q)].

The following lemma is used to prove Theorem 2.

Lemma 3. Suppose that for any z,2' € Z C N, z > 2’ implies Pr(T(z) = 1) > Pr(T'(') =

1). For any ny,ny € Z, with ny > ny and z +ny € Z, if desé,z o < )\ZQ’ESC 4y

+ (z,+n1)

and desd g < )\Zg’ESC g’ then ZgESd g < )\Zg’eSc g -

(24nq,24n) (z4n1,24n) (z,24n2) (2,+n2)
Proof of Lemma 3. The defiers at the (z,z 4+ ng) margin switch exactly once: either at
(z,24mny) or (z+ny,z+n2). Individuals who switch twice are either always takers or never
takers when looking at the (z,z + ny) margin. It also means that they will be compliers at
either one of the two margins and defiers at the other margin. This implies

SQ = S(d ) C S?Z,ZJFTLI) U Sd = Sl'

z,2+n2 (z+n1,2+n2)

To be precise, Sy consists of defiers who switch exactly once, and S;\ Sy consists of defiers

who switch twice, resulting in their being compliers at one margin.
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Let ¢(.) be the probability measure on sets. By assumption, q(S¢

(z,z—f—nl)) < Aq(

(z,24n1) )

Sd

(Z+n1 ,Z+TL2)

and ¢(S% < Aq(S¢

1e +n2)) Due to binary treatment, the sets S

(z4n1, z+n2)) (z,24n1)°

SC

are disjoint. Similarly, the sets SC (o1 24n2)

() are also disjoint. Summing the inequal-

ities,
(Sl) - Q(S(z z+n1)) + q(S(z-l—nl z—l—nz)) < )\( (S (= z+n1)) + q(S(z-l—nl z—l—ng)))

Consider the set SC U S¢

(o otnn) This set consists of compliers at the (z, z + no)

(z4n1,z4+n2)"

margin (which implies S is a subset), and S1\S2. Namely, S¢

(2,2+n2) (z,2411) U S(Cz-&-m,z-l-m) -

(S1\S2) USE, 4. Observe that SF

(s.24n2) 1s the set of compliers who switch their treatment

status exactly once in the correct direction. Then, the summed inequality is:

q(S2) + (q(S1) — q(S2)) < A(q(SF, 14ny)) +a(S1) — q(S2))
q(S2) < AG(S( 2iny)) — (1= A)(q(S1) — q(S2))

= Q(Sé,z—&-ng)) < )\Q(S(Cz,z—i-ng))'

]

Proof of Theorem 2. The condition of Lemma 3 is satisfied due to how Z is defined. For

/ : ;_ . o .
7z > z, we can write 2’ = z + [ with [ > 0. Thus, it is sufficient to show that des(z " qq <

)\ Zgles(cz@-‘-l) qg/ fOI‘ any l I~ Z+.
Prove by induction. Apply Lemma 3, using n; = 1,ny = 2. Since > <

ges(z z+1) q
A ZQ’ESC <A Zg 'eS¢

(z,2+ )\ Zg ¢
, 4o and we want to show desd

Azg eS¢

gy, obtain ) ga

(z,z+2)

N and des

(=+1, +2)

)\ Zg ESC

(z4+1,24+2) (z,24+2)

Suppose Y ¢ g

(z,241) 2+ +z+1)
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(=, z+z+1>
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due to adjacency. Apply Lemma 3 with n; =1,ns =1+ 1 to obtain the result. [

Proof of Proposition 1. The objective is to show max,,c pze ) LATE* = max;c g, 5 LATE™,
where LATE* is a function of (qoos, qne, o1, oc0, BNC 15 KNC*0)-

Let h(p) = pg == (peos1, pocro, bnc=1, inc+o)' denote the function that extracts the
subvector p4 from a higher-dimensional vector € R'®. Then, since LATE* only contains

fa, MaX, e pmro(q) LATE™ = max, e e ) LATE™, where

M (q) = {pa: pa = h(p), p € ML ()}

Let h(.) similarly extract 114 from ji € R'2. Then, max ¢ . ) LATE* = max,,, . o, LATE*:

Ma@) = {pa 4= Bl) i € Manld)
Hence, it is sufficient to show that My(§) = MT%(q) to obtain the result. Do change
of variables for MZ%(q), with the given substitution for g. Then, the respective u’s can be

redefined:

1
UNCrt = [qN A+ N A=t + QN D*UND*t + NN IUNN*t] s
gncr+
1
1Dt = q—[qDA*MDA*t + qpp+iipp+t|, and
D

Hecort = HoAxt-

Then, equality constraints characterized by ZG:T(Z):t ot = P EY|T = t,Z = 2]

are identical to those of Mm(Q) Since the counterfactual p’s are weighted averages of the
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original z1’s, the counterfactual y’s in fi must also lie in [0,1], so MT€(q) € My(G). Then,
it is sufficient to show My(§)\MZIC(q) = 0. The set My (§)\ ML (q) contains values of s,
where the p’s in i are in [0, 1], but the individual components that construct the averages,
such as pupp+ need not be in [0,1]. However, restrictions on py only occur through the
averages in the equality constraints, in addition to u4 € [0,1]*. Thus, since the averages in
My(g) and in MTC(q) face the same constraints, y4 face the same constraints in both sets.

Hence, ./\>l4(cj)\./\/l4Tc(q) = (), which then implies /\;14((]) = MTCq). O

D.2 Proofs for Appendix A

Proof of Corollary 1. The condition satisfies Assumption 3(a). It is sufficient to check other
conditions of Assumption 3, then apply Theorem 1. Continuity of ¢(q) is immediate. ME®(q)
is convex because it is intersection of linear subspaces. To see that Q(A\) = QF%()\) satisfies
convexity, take any two elements ¢°, ¢! € QF()\) with ¢° # ¢'. Form convex combination
¢ = aq’+ (1 —a)q', with a € (0,1). Taking the weighted sums of the constraints on ¢° and

q', ¢* € QF=()\) is immediate. ]

Proof of Lemma 1. By redefining groups as stated, the proof is analogous to Proposition

1. O

Proof of Theorem 3. By defining ¢ appropriately and applying Proposition 1 and Lemma 1,
—=TC ~ —Ex ~
R (q) = R(¢) and R (q) = R(q)-

Then, consider equality restrictions in QX¢(\) and QE%(X\). In both constraint sets,

there are 5 linearly independent restrictions, with 2 from p;; and pgg, 1 from the fact that

probabilities sum to 1, and 2 from the extrapolation parameters. We can also write gp = gp
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as a trivial relationship. Writing these 6 equations in matrix form, we have J§ = v(qp),

where

J = , and

0 0 0 0 QC*|N_]—

e}

v(gp) = (Poos P11, 1, go+|c de= v+ ap)'-

Note that det(J) = 4 — 2qc+jc — 2qc+|n + qorjcqer v = (2 — go=n ) (2 — ge=|c) # 0. Since
J is invertible, ¢ = J v (qp).

It remains to consider the inequality restrictions imposed by sensitivity parameters. In
ME?=(q), the specific choice of gpp~ and gyp- makes restrictions on goc and gye+. Since
oo and gyco+ are arguments in the optimization problem, the optimum is found by using the
least restrictive setting for goo+ and qyes. Due to Proposition 1, setting ¢pp« = qvp = 0
is innocuous. Then, ¢pp- + gnvp+ < A(goo + qne+) is automatically satisfied. The only
relevant sensitivity restriction is ¢p = qpp+ + gpas < AM(qco+ + qoa+). Using the substitution
in Proposition 1, and ¢ = J~'v(gp), the constraint set results. This constraint set will give
us the optimum, because the objective value has to perform weakly better with one fewer
constraint.

Turning now to QZ*(\), use the least restrictive values as before. One can set g(1,00) = 0
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SO gp = q(1,0,1), and upper bound at the 0-2 margin is the largest possible, while the inner

A(poo+p11—1)

problem does not change. Then, the constraint at the 0-1 margin will be ¢gp < -

by using the relevant substitutions and ¢ = J 'v(qp). With the relevant substitutions, and
setting q(1,1,0) = 0 (to create the most flexible constraint), the constraint at the 1-2 margin is

qgoc < Mgnes+qp). Finally, substitute ¢ = J 'v(gp) to obtain the required inequality. [

D.3 Derivations for Appendix C

poo(W)EY|Z =0,T = 0,W] = (¥t + ayen W) (ncro + EnernoW) + aner (vero + EneW)
goc (Meco + Ecex W) + qoar (Neaso + EgasW)
= 04?%/* NNCr+0 T gNe=TINC+0 T qeo=Tcc+0 + qoa=Tc Axo
nt

+ (nNC/*OaiNC/* + aNC’*é-;VC’*O + QNC*gg\[C* + ch*f/CC* + QCA*S/CA*) W

/ !/
+ &y WE W

First Stage Identification. Let the first-stage regression be T'= 72 + 6y + 0'W + v.

Then, the first stage estimand is:

__EB[T(Z-B'[ZW))

E[(Z - B [Z[W])]
E[E|Z|W] (1~ E[Z|W]) (E[T|Z = 1, W] - E[T|Z = 0,W])
E[EZIW] (1 - B[ZIW]) |
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Using Assumption 4(a),

ETZ=1W]=-E[TZ=0,W]=qiW)+ qca + qcc- — qp — qa(W)

= dqca* tqco- —qp = 7.

For a given gp and an extrapolation parameter qc-|c, since 7 is identified, gca«, qcc+, qp
are all identified. Since E [T|Z = 0,W| — qp = qa(W) = o* + o/,W, by regressing T — qp
int

in the partition with Z =0 on W, o} and a4 are identified. Conversely,

1—E[T|Z =1,W] = qne- + quer (W) + ap

1-E[T|Z=1,W] - qno- — qp, and = gnor (W) = aen + e W.

Observe that 1 —F [T'|Z = 1] = gne++E [qne (W)]+¢p. Since gp and ge+| v are known,
qnc~ is identified. Then, by regressing 1 —T'— gnc+ — ¢p in the partition with Z =1 on W,
int

aNer and ayer+ are identified.

TSLS Estimand. Due to Assumption 4(c), the TSLS estimand is given by

5 EIY (Z- B [Z]W])
E[T(Z " [Z]W))

_ B[E[ZIW] (- E[ZIW])(E[Y|Z = 1,W] - E[Y]Z = 0,)]

T EEZWI(1-EZW) (EIIZ=1W]|-E[T|Z=0,W)
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Figure 1: Separable Selection Equation

A c N
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(i) | | \ \ | | u
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(iv) | | | | | o
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Then, due to Assumptions 4(a) and 4(b),

EY|Z=1,W]-E[Y|Z=0,W]=qcc- (tcc1(W) = proco(W)) + gear (poa1(W) — proaso(W))
+ qp (po(W) — ppr(W))

= geo (Noe+1 — Neewo) + qoas (Neas1 — Nearo) + qo (Mpo — mp1) , and

8= qgeo+ (o1 — Necwo) + qoax (Noas1 — Nearo) + 4o (Mpo — 1Mp1)
dca+r +qco — 4o

E Figures
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Figure 2: Nonseparable Selection Equation
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Figure 3: Plot of LATE* = E[Y (1) — Y(0)|C*] bounds against A\ without covariates. Impose —0.3
pg1 — pgo < 0 for all g. LATE has gc-jc = 1,q¢+|ny = 0 so there is no extrapolation; LATE* has q¢-|¢
0.99, gc+|nv = 0.01. The red horizontal line is the OLS benchmark of -0.134.
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